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Abstract. Our main goal with this paper is to construct soft topology and fuzzifying soft topology induced
by fuzzy soft metric. For this, we present fuzzy soft metric spaces compatible to soft set theory and studied
some of its basic properties. Then we investigate soft topological structures induced by fuzzy soft metrics.

1. Introduction

Conventional classical methods are not enough to solve complex problems in economics, engineering,
environmental science, physics, computer science, social sciences, health sciences and other fields. Some
mathematical theories such as probability theory, fuzzy set theory, intuitionistic fuzzy set, rough set theory,
vague set theory and interval mathematics have been developed to define uncertainty.

One of those the theory of fuzzy sets was introduced by Zadeh in 1965 [44]. After C.L. Chang [11]
introduced the fuzzy topological space in 1968, concepts in the general topology began to move into fuzzy
topological space. Fuzzy topology, as an important research field in fuzzy set theory, has been developed
into a quite mature discipline [24, 25, 43], etc. has also been applied to other areas such as fuzzy automata
theory [12, 36]. Many authors have tried successfully to generalize the theory of general topology to the
fuzzy setting with crisp methods. From a different direction, the fundamental idea of a topology itself
being fuzzy, first appeared in 1980 in [20] and in 1991 in [27] in which a topology was a fuzzy subset of
a traditional power set of crisp subsets. Besides one of the most important problems in fuzzy topology is
finding an appropriate fuzzy metric space concept. This problem has been tackled in different ways by
various researchers [16, 19, 23], etc. In particular, George and Veeramani [19] have introduced and studied
a notion of fuzzy metric space with the help of continuous f-norms. Until recently only crisp topological
structures induced by fuzzy metric have been studied. Lately some authors have studied fuzzification of
topologies by using the ”“fuzziness” of fuzzy metric in [30-32], etc.

In 1999, Molodtsov pointed out in [33] previous concepts (probability theory, fuzzy set theory, intuition-
istic fuzzy set and the other) have their own difficulties because of the inadequacy of the parametrization
tool in these theory and gave the concept of “soft set theory”, a completely new approach to models of
uncertainty and indecision. At present, works on the soft set theory are progressing rapidly. Maji et al.
[27, 28] presented an application of soft sets in decision making problems. The topological structure of soft
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set theory were first studied by Shabir and Naz [41]. Some authors [3, 35, 39, 45], etc. also studied some of
basic properties of soft topological spaces. The algebraic structure of soft set theory has also been studied
in more details [1, 18, 22], etc. Recently, Das and Samanta [14, 15] are introduced soft metric and they gave
some of the properties of soft metric spaces.

In 2001, Maji et al. [26] combined fuzzy sets and soft sets and introduced the concept of fuzzy soft sets,
and they presented an application of fuzzy soft sets in a decision making problem. Ahmad and Kharal
[5] presented some more properties of fuzzy soft sets. After then topological structures of fuzzy soft sets
studied by many authors [4, 10, 34], etc. Recently, many authors [6-8, 17], etc. studied on fuzzy soft metric
space. Beaula et al. gave the notion of fuzzy soft point and introduce fuzzy soft metric space in terms of
fuzzy soft point in [6] and Beaula and Priyanga [7] gave fuzzy soft normed linear space. In 2017, Erduran
et al [17] defined the soft fuzzy metric space by considering soft point. And then, in [37, 38] application of
fuzzy soft sets to the fixed point theory is studied.

In this paper, in order to construct fuzzy soft metric we consider soft elements instead of soft points.
The previous constructions of fuzzy soft metric are related with soft points. Therefore we define fuzzy soft
metric in terms of soft elements. In this point of view our definition is not comparable with the presented
definitions of fuzzy soft metric until now. Then we show the relation between George and Veeramani’s
fuzzy metric and fuzzy soft metric. We investigate some characteristic properties of fuzzy soft metric and
give some related examples. Then we give the definition of restricted soft element in order to obtain soft
topological structures. After that we construct soft topology and fuzzifying soft topology induced by strong
fuzzy soft metric and study their properties.

2. Preliminaries

2.1. Fuzzy Metric

Definition 2.1. ([40]) A binary operation = : [0,1] X [0,1] — [0, 1] is continuous triangular norm(t-norm) if
foralla,b,c,d € [0,1] the following condition hold:

arb=>b=xa

axl=a

(@*b)yxc=ax(b=+c)
a*b<cx*d,whenevera<candb <d
* operation is continuous.

NS

Definition 2.2. ([19]) A fuzzy metric space is an ordered triple (X, M, *) such that X is a (non-empty)set,
is a continuous t-norm and M : X x X X (0, c0) — (0, 1] is a map satisfying the following conditions for all
x,Y,z€ Xand t,s > 0:

F1 M(x,y,t) >0,

F2 M(x,y,t)=1ifand only if x = y,

E3 M(x,y,t) = M(y,x,1),

F4 M(x,y,t)*M(y,z,5) < M(x,z,t+5),

F5 M(x,y,-): (0,00) — (0,1] is continuous.

A fuzzy metric space is called a strong fuzzy metric space [21] if it is satisfies the following condition:

(SF) M(x,y,t)* M(y,z,t) < M(x,z,t) forall x,y,z € X and forall t ; 0.

Notice that every strong fuzzy metric space is itself a fuzzy metric space.
Definition 2.3. Let (X, M, *) be a fuzzy metric space. The set
Bx,n,)={ye X :M(x,y,t)>1—-r}

is called open ball with centre x € X and radius r € (0,1).
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2.2. Soft Set and Soft Topology

Throughout this study, X refers to an initial universe set and E is the set of all parameters. Let P(X)
denotes the power set of X and U C E.

Definition 2.4. ([28]) A pair (F, U) is called a soft set over the universe X, where F is a mapping given by
F:U—- P(X)and U CE.

According to [29], any soft set (F, U) can be extended to a soft set of type (F, E), where F(e) # 0, for all
e€ Uand F(e) = 0, for all e € E — U. Thus, a more general definition can be given as follows.

Definition 2.5. ([29]) A soft set F;; over the universe X is a mapping from the parameter set E to the power
set P(X) of X, i.e., Fy : E — P(X), whereF; (e) # 0,ifee U C Eand Fy(e) =0 ife ¢ U.

The subscript A in the notation Fy; indicates where the image of Fy; is non-empty.
A soft set can also be defined by the set of ordered pairs [9]

Fuy={(e,Fu(e)) :e € E, Fy(e) € P(X)}.
From now on, S (X, E) denotes the family of all soft sets over X.
Definition 2.6. ([28]) The soft set Fy € S (X, E) is called null soft set, if Fy (¢) = 0, for all e € E. denoted by .

Definition 2.7. ([28]) Let Fr € S(X,E) be a soft set. If Fr (¢) = X for all e € E then Fr is called absolute soft

set, denoted by E.

Definition 2.8. ([28]) Let a soft set Fi; € S(X,E). If F4 (¢) = X for all e € U then Fy; is called U-absolute soft

set, denoted by U.

Definition 2.9. ([28]) Let Fy;, Gv € S(X,E) be two soft sets. We say that Fi; is a soft subset of Gy if
Fu(e) € Gy (e), for each e € E, denoted by Fy; C Gy.

Definition 2.10. ([28]) The union of two soft sets Fy;, Gy € S(X,E) is a soft set Hy defined by Hy(e) =
Fu(e) UGy (e) for all e € W, where W = U U V. We denote by (H, W) = (F, U) L (G, V).

Definition 2.11. ([28]) The intersection of two soft sets Fy;, Gy € S (X, E) is a soft set Hy defined by Hy(e) =
Fue)NGy(e)foralle € E, where W=UNV.

Definition 2.12. ([41]) A soft topology 7 is a family of soft sets over X satisfying the following properties:

(1)D,E e,
Q) If Fy, Gy € t,then Fy NGy €1,

(B) If (Fy), € 7, foreach A € A then | | (Fy), € t.
AeA

Definition 2.13. ([3]) An enriched soft topology 7 is a family of soft sets over X satisfying the following
properties:

(1)d,UertforallUCE,

(2) If F,Gyet, thenFynGy e,

(3) If (Fy), € 7, foreach A € A then | | (Fy), € 7.
AeA

Definition 2.14. ([14]) A soft set Fr € S (X, E) is said to be a soft point, if there exist x € X and e € E such
that F (¢) = {x} and F(e') =0 some x € X and for all ¢ € E\ {¢}. It is denoted by x,.
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Definition 2.15. ([13]) Let X be a non-empty set and E be a non-empty parameter set. Then a function
x: E — P(X) is said to be a soft element of X, denoted by x, where x(e) is a singleton for each e € E.

A soft element X of X is said to belong to a soft set Fr € S (X, E), denoted by Y € F,if X(e) € F (e), for all
ecE.

Definition 2.16. Let x be a soft element of X and U C E be parameter set. Then x; is said to be U-restricted
soft element of x, where

~ | x(),ecU
*ule) = { 0, otherwise

Definition 2.17. ([13]) Let R be the set of real numbers, B(R) be the collection of all non-empty bounded
subsets of R and U be a set of parameters. Then a mapping F : U — B(RR) is called a soft real set.

If, in particular, F4 is a soft element on R then it will be called a soft real number. The set of soft real
numbers is denoted by R.

We use notations 7, 5,; to denote soft real numbers whereas , 5,; will denote a particular type of soft
real numbers such that r(e) = r for all e € U etc. For example 0 is the soft real number where (_)(e) =0, for all

ee U.

Definition 2.18. ([14]) For two soft real numbers 7, s we define

sifr(e) <s(e), foralle e U,
sifr(e) >s(e), foralle € U

sifr(e) <s(e), foralle e U,
r>sifr(e)>s(e), foralle € U

L.
N Y
AUV UIAR

A soft real number 7 is said to be positive if 7 > 0.

Definition 2.19. ([42])Letr,s € R be two soft real numbers. The operation + is r+s = {(e, r(e) + E(e)) : forall e € E} .

Definition 2.20. ([17]) Let I be the set of all soft real numbers taking value at [0, 1] and * be a continuous

t-norm. Then % is called a continuous soft t-norm defined by (ﬁil;) (e) =d(e)=b(e), foreache € Eand 4,b € L.

Definition 2.21. ([26]) fa is called a fuzzy soft set over X, where f : A — [X is a function (I = [0, 1]).
Thatis, for eacha € A, f (a) = f, : X — I is a fuzzy set on X.

The collection of all fuzzy soft set denoted by FS (X, E).

Definition 2.22. ([2]) A fuzzy soft set fr on X is called a A-absolute fuzzy soft set and denoted by L, if f, = A,
foreache € E.

3. Main Result

Throughout this paper = is a continuous soft t-norm, R is the set of all positive soft real numbers and I
be the set of all soft real numbers taking value at (0,1]. Fy be a soft set over X. The collection of all soft

elements of Fy; is denoted by SE (Fy;) and S(X, E) denotes the family of all soft sets over X.
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3.1. Fuzzy Soft Metric Spaces

In [7] and [17] there are two definitions of fuzzy soft metric. As well as having some characteristic
differences, they are comparable and both associate two soft point with a value. However in this paper
we give another definition of fuzzy soft metric by considering soft elements instead of soft points. The
purpose of considering soft elements over soft points is the construction of soft elements is compatible with
soft set theory. That is, a soft set may be thought of a parameterized family of subset of the universal set.
Correlatively, a soft element may also be thought of a parameterized family of points.

Definition 3.1. Let M : SE (IN:") X SE (]NS) xR — I be a map defined by M(x, g, Z)(e) 2 M, (JNC(e), g(e),;(e)),
where M, : X X X X (0, 0) — (0,1] is a map for each e € E. Then M is said to be a fuzzy soft metric if the
following conditions are satisfied for all X, 3},2 €SE (];") and ;,g € ]INQ :

FSM1 M(x, 7,t) >0,

FSM2 M(x, y, ;) =1forall f > 0if and only if x = y,

FSM3 MY, ¥, t) = M(y, %, 1),

FSM4 M(x,Z,t +5) > M(%, ¥, t) * M(7, 2, 5),

FSM5 M(x, , ) : R — I is continuous , where R and I has product topology on it.
Then the triple (SE (5() M, ;) is said to be a fuzzy soft metric space.

If the fuzzy soft metric space satisfy the condition
SFSM M(JNC, z, ;) > M(;c, g, ;) ¥ M(g, z, 5) for all x, }N/,E € SE (E) and for all ~,§ € R, then the triple
(SE (E) M, ;) is called a strong fuzzy soft metric space.

Example 3.2. Let X be an arbitrary nonempty set, E = (0, 1) be a parameter set and d, be a metric on X for

each e € E. Define (;z * 5) (e) = a(e) l~7 (e) and M(x, ]N/, ;) (e) = m, where £ (e) > 0 for each e € E.Then
e)+d.(x(e),y(e
M is a fuzzy soft metric.

Remark 3.3. A fuzzy soft metric M : SE (E) X SE (E) xR — I can be represented by a mapping from E to

[Xx0%) and the conditions SM1-SM5 can be written as follows for all e € E, x, , z € SE (}N() and t,5 € II~{,

FSM1 M.(x(e), (), £ (¢)) > 0,

FSM2 M,(x(e),y(e), t (¢)) = lif and only if x = y,

FSM3 M.(x(e),y(e), t (¢)) = Me(y (¢) , X (¢) £ (¢)), _

FSM4 M, (x (¢),z (), £ (e) +5(€)) = Me(x(€) , y (€) , £ (€)) * Me(y (€) , 2 (€) , 5 (e)),

FSM5 M.(x(e),y(e),®) : (0, 00) — (0,1] is continuous.

It is clear that M, is a fuzzy metric on X, for each e € E by the sense of George and Veeramani [19].

If M is strong fuzzy soft metric then M, is strong fuzzy metric for each e € E.
This remark shows that the concept of fuzzy soft metric is compatible with the soft set theory.

y
v

Example 3.4. Let U be a nonempty finite subset of parameters and (SE (]NS), M, ;) be a fuzzy soft metric

space. The mapping D : SE (E) x SE (IN:") xR — I

D(%,y,t) = minM(x(0), (), £ (©))
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is a fuzzy metric on SE (]g

Definition 3.5. Let (SE (N) ,M, ;) be a fuzzy soft metric space and re (0,~1) and f € R. Then
B@Jj)={gém{éyh4@55);i_@

is called open ball with center x and radius 7.

Example 3.6. Let X = R, E = {1, 2, 3} be a parameter set, the map M, (.‘)NC, ]N/, 2) = % be fuzzy metric
e)+d.(x(e),y(e
where
d€1 (x/ y) = |X - ]/|
1, x#
e = { g3
-]
dﬁs (X, y) =
1-|x—y|

os]
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Definition 3.7. Let (SE (E) M, ;) be a fuzzy soft metric space. Then the soft set F; is said to be open if and
only if for each ¥&SE (Fy;) there exists re (0,~1) and t € IINQ such that B (JZ, r, Z) C SE (Fu).
Theorem 3.8. Every open ball in fuzzy soft metric space is an open set.

Proof. Let (SE (f() , M, ;) be a fuzzy soft metric space. Consider an open ball B(%, 7, ;) and 7E€B(%, 7, ;). This
means that i (¢) EB(¥ (e), 7(e), t (e)) for each e € E. Then M, (J?(e), 7o, t (e)) >1-7(e) for all e € E. We can
find a # such that M, (¥(e), 7 (¢), £5) > 1 - 7 (¢) for all e € E.

Let tNO(e) = t; and 7o () 2 g = Me(i(e),y(e),{o(e)) > 1 - r(e). Since rg > 1- 7(e), we can find a
5() =5 €(0,1)suchthatrg>1-5,>1-7().

Now for a given r{ and s, such that 7§ > 1 —s,, we can find 1 () 4 1 €(0,1), such that 7§ *{ > 1 —s,.

Now consider the ball B(ij(e),1 — ri,;(e) — t;) for each e € E. We claim B((e),1 - ri,;(e) - t)) C

B(%(e),7 (@), ¢ (¢)). ) )
Now Z (e) € B(f7(e), 1 —1{, t (e) — t;), implies that M.(§ (e) ,Z(e) , t (e) — ) > r{. Therefore

]\/L,’(j (6) s y (e) ’ tf)) * Mé’(y (e) ’ z (6) ’ t (e) - tg)
et

1-s,.

1-7(e).

M,(%(e),2(e), £ (o))

V IV IV IV
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Therefore 2 (¢) € B(Z(e), 7 (¢),,  (¢)) and hence B(j (), 1 — %, t (¢) — ££) € B(% (¢), 7 (¢), £ (¢)) for each e € E. [

Remark 3.9. Unfortunately the collection {B (;c, 7, ;) : X&SE(Fy), r € (O,Nl), e ]Ii} may not induce a soft

topology over X. Indeed, the non-null soft set B (J~c,1’~1, ;) mnB (9, s, §) may not have any soft element. In

order to obtain soft topology we define following soft set by using restricted soft element ,

B(xu,;,;):{ B(70,70,1@) e u

0, otherwise

Corollary 3.10. The open ball B (fu, r, E) of Xy is an open set.

The family

B = {B (J?u, 7, ;) : ¥y is U — restricted soft element of X, 7 € (0,~1), ; € lli}
is a base for soft topology. Indeed, let B(J?u,fl,;) M B(?V, Iy 5) # @®. Then there exists W C U NV
and a soft element z such that z, € B(}Zu,fl,;) mnB (]}V, 7, g) By the Theorem 3.8, we have ;3 and ﬁ
such that B (Zw, P, l~<) CB (iu,fl,;) and B (Zw, q, ;) CB @vr 7, §) If we define 7y (¢) = min {f) (€),q (e)} and
ZO (e) = min {fc (e), T(e)}, for each e € E ,then B (Zw, 7o, Zo) CB (iu, , Z) mMB @V, 7, 5) .

From Corollary 3.10 and ljl = || B (;cu, 7, ;) we have the following theorem.

;CuEU

Theorem 3.11. The collection
™ = {Fu € S(X, E)V&y&Fy At € Rand 37 € (0,1) : B(Fy, 7, ) T SE (Fu)}
is an enriched soft topology.

3.2. Fuzzifying Soft Topology

Definition 3.12. ([4]) A mapping 7 : E — [0,1]7®Pis called an enriched fuzzy soft topology on X if it
satisfies the following conditions for each e € E:

(1) . (EA) =1foreach A € [0,1],
(2) e (fu M gs) = te (fu) N\ te (g8), for each fi;, gg € FS (X, E),

) (u (fu>,-) > \ () for (), € FS (B

Definition 3.13. ([10]) A mapping 7 : E — [0, 1]°*Pis called an enriched fuzzifying soft topology on X if it
satisfies the following conditions for each ¢ € E:

(1) 7. (®) =1 and 7, (l:l) =1 for each nonempty U C E,

(2) . (Fy 1 Gg) = 7. (Fy) A\ 7. (Gp), for each Fy;, Gg € S(X, E),

() . (I_I (Fu)i) > A te ((Fu),), for (Fu); € S(X,E) i € A
ieA ieA
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In order to construct a fuzzifying soft topology, let consider the mapping ¢ : R — (O 1), defined

by (p( )(e) = t(te(E) for each e € E. Obviously the inverse of ¢ is the mapping v : (0 1)—>]R where

1/;( )(e) “(e) for eachec E.

Let (SE (E) M, ;) be a strong fuzzy soft metric space. For fixed & € (O,~1) consider the family

By = {B(fcu, 7D | 3esE (E) ?é(o,])}, where £ = ().
Since M! (JNC, g) =M (JNC, JN/, ;) is a fuzzy soft metric for fixed Z € ]INQ, B; is a base of an enriched soft topology.
We can characterize this soft topology as the following way

FueTs e 37 e(0,1): B(Fy, 7, 1) C Fy where f = ¢ (a@).

Theorem 3.14. Let @ € (0,~1) and let Fy be a soft set. Then Fy € Ty if and only if for each %y € Fy; there exists
7&(0,1) such that B(Zv, 1, ;) C Fy,where f € ¥ (@).

Proof. Let Fyy € T4 for fixed @ € (0,~1) and ¥y € Fy. Then there exists ]}V € Fyand ¢ € (0,~1)such that Xy €
B @V, g f) C Fy where f € ¢ (@). One can find 0 < 6, < ¢ (e) for each e € E such that M, (JNC (e),g(e),;(e)) >
1 — 0., for each e € V. Since * is continuous for e € E and 1 — 6, > 1 — &(e) there exists 7, € (0,1) such
that (1 —7,) = (1 —-0,) > 1 — €(e) for each e € E. Hence B(%y, 7, Z) C B@V, g, f). Indeed, if zy € B(%y, 7, ;)
then M, (;c (e),z(e), ! (e)) > 1 -7 (e) for each e € V. Since M is strong, it follows that M, (9 ),z (e), t (e)) >
M, @(e),;c(e),f(e)) * M, (gc(e),g(e),f(e)) >(1-06,)*(1—r)>1-¢(e) foreache € V. Thus zy € B(]N/V, E,f).

Conversely, let assume that for each %y € Fi; there exists fxé(O,Nl) such that B (¥y,#,f) € Fy. Then
Fyu= || B(&y,#,f).Itfollowsthat Fy € T,. O

xyeFy

Corollary 3.15. If Fy € Ty, then Fy € Ty whenever pa.
Corollary 3.16. {T& ta e (071)} is a decreasing family of soft topologies.

Theorem 3.17. Let ™ : E — ISEX) be a fuzzy soft set defined by ™™ (Fy) = \/ {@(e) : Fy € Ta}. Then ™ isa
fuzzifying soft topology over E.

Proof. 1) ™(P) =1 (E) =1, since ®, A € T; for every & € (O,~1).

2) Let 7 (Fy) = @ and 7 (Gy) =  and assume that @ < f. If @ = 0 then the statement is obvious. Otherwise
a(e) = sup {/\ (e):0< A< 54} and Fy, Gy € Tj for every A < @ Hence FyNGy € T;, whenever A < @and
therefore ™ (Fy; M Gy) > @ = ™ (Fy) A ™ (Gy).

3) Let consider a family {(Fy); : i € I} € S (X, E) and \ ™ ((Fu);) = &.

If @ = 0 then the statement is obvious. Otherwise @ (e) = sup {)\ (e):0<A< (1} and hence ™ ((Fy);) > 7,
for every i € I and every A < &. Therefore for every A < &, {(Fy); : i € I} C Ty. This means that | | (Fy); € T

iel
for every A < @ and hence ™ (U (Fu);) = @ = A ™ ((Fy),). O
i
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4. Conclusion

In this paper we have given the definition of fuzzy soft metric space. Then we have defined the collection
of B (fcu, 7, ;) and by using this collection we have obtained a soft topology. Then we have constructed a
fuzzifying soft topology induced by fuzzy soft metric. And we have investigated its properties.
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