Filomat 33:3 (2019), 773-787
https://doi.org/10.2298/FIL1903773A

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Global Existence Results for Second Order Functional Differential
Equations with Delay

Eman Alaidarous?, Mouffak Benchohra?, Imene Medjadj*

?Department of Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
bLaboratory of Mathematics, Djillali Liabes University of Sidi Bel-Abbes, P.O. Box 89, Bel-Abbes 22000, Algeria
¢Department of Mathematics, University of Sciences and Technology of Oran Mohammed Boudiaf, USTO, B.P.1505 El Mnaouar, Bir El Djir
31000, Oran, Algeria.

Abstract. Our aim in this work is to study the existence of global mild solutions of a second order functional
differential equation with delay. We use the Schauder fixed point theorem combined with the cosine family
of linear bounded operators for the existence of solutions.

1. Introduction

In this work we provide sufficient conditions for the existence of global mild solutions for two classes of
second order semilinear functional equations with delay. Our investigations will be situated in the Banach
space of real continuous and bounded functions on the real half axis [0, +c0). First, we will consider the
following problem

y'(t) = Ay®t) + f(t, ), ae. te]:=[0,+c0) @

y(t) = ¢(t)/ te [—1’, O]/ 3/’(0) = §0/ (2)

where f : [xC([-7,0], E) — Eis given function, A : D(A) C E — E is the infinitesimal generator of a strongly
continuous cosine family of bounded linear operators (C(t));er, on E, ¢ : [-7,0] — E is given continuous
function, and (E, | -|) is a real Banach space. For any function y defined on [—-7, +o0) and any ¢ € |, we denote
by y; the element of C([-,0], E) defined by y:(0) = y(t + 0), 0 € [-r,0]. Here y;(-) represents the history of
the state from time ¢ — r, up to the present time ¢.

Later, we consider the following problem

v () = Ayt) + f(t, Yoey), ae te€]:=[0,+e) 3)

y(t) = ¢(t), te(=00,0], ¥'(0)=¢, (4)
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where f : | x 8 — E is given function, A : D(A) C E — E as in problem (1)-(2), p € B, p : [ X B — (-0, +0),
and (E, |- |) is a real Banach space. For any function y defined on [-7, +c0) and any t € |, we denote by y;
the element of 8 defined by y:(6) = y(t + 0), 0 € (—o0,0]. We assume that the histories y; belongs to some
abstract phases 8. The main results are based upon Schauder’s fixed theorem combined with the family of
cosine operators.

The cosine function theory is related to abstract linear second order differential equations in the same
manner that the semigroup theory of bounded linear operators is related to first order partial differen-
tial equations and its equally appealing devoted their generality and simplicity. For basic concepts and
applications of this theory, we refer to the reader to Fattorini [20], Travis and Weeb [41].

In the literature there are many papers study the problems of differential equations using different
methods. Among them, the fixed point method combined by semigroup theory in Fréchet space, see for
instance Baghli and Benchohra [5-7]. Our purpose in this work is to consider a simultaneous generalization
of the classical second order abstract Cauchy problem studied by Travis and Weeb in [40, 41]. Additionally,
we observe that the ideas and techniques in this paper permit the reformulation of the problems studied in
[8, 12, 21, 35, 36] to the context of partial second order differential equations, see ([40], pp. 557) and the
referred papers for details.

Complicated situations in which the delay depends on the unknown functions have been studied in
the recent years (see for instance [1, 4, 38, 42, 43] and the references therein). Over the past several
years it has become apparent that equations with state-dependent delay arise also in several areas such as
classical electrodynamics [16], in population models [10], models of commodity price fluctuations [11, 33],
and models of blood cell productions [34]. These equations are frequently called equations with state-
dependent delay. The literature devoted differential equations with state-dependent delay is concerned
fundamentally with first order functional differential equations for which the state belong to some finite
dimensional space, see among another works [2, 9, 13, 15, 17-19]. The problem of the existence of solutions
for first and second order partial functional differential with state-dependent delay have treated recently in
[3,25-29, 32, 37, 38]. The literature relative second order differential system with state-dependent delay is
very restrict, and related this matter we only cite [39] for ordinary differential system and [24] for abstract
partial differential systems.

To the best of our knowledge, the study of the existence of solutions for abstract second order functional
differential equations with state-dependent delay on unbounded interval is an untreated topic in the
literature and this fact, is the main motivation of the present work.

This paper is organized as follows. In Section 2 we introduce some preliminary results which are used
in the following section. Our main result will be presented in Section 3, while in Section 4 we provide two
examples to illustrate the abstract theory.

2. Preliminaries

In this section we present briefly some notations, definition, and a theorem that are used throughout
this work. In this paper, we will employ an axiomatic definition of the phase space 8 introduced by Hale
and Kato in [23] and follow the terminology used in [30]. Thus, (8, || - ||g) will be a seminormed linear space
of functions mapping (—oo, 0] into E, and satisfying the following axioms :

(A1) If y : (=o0,b) = E,b > 0, is continuous on | and y € B, then for every t € | the following conditions
hold :
)y eB;
(if) There exists a positive constant H such that [y(f)| < Hl|y:llg ;
(iii) There exist two functions L(-), M(:) : Ry — R, independent of y with L continuous and bounded,
and M locally bounded such that :

lyellz < L(E) supf [y(s)] : 0 < s < £} + M(H)llyolls.

(A2) For the function y in (A1), y; is a 8—valued continuous function on J.
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(A3) The space B is complete.

Denote
I=sup{lL(t): t €]},

and
m = sup{M(t) : t € J}.

Remark 2.1. 1. (ii) is equivalent to |p(0)| < H||pl|s for every ¢ € B.

2. Since || - |lg is a seminorm, two elements ¢, € B can verify ||p — Pllg = 0 without necessarily ¢(0) = P(6)
forall 0 <0.

3. From the equivalence of in the first remark, we can see that for all ¢, € B such that ||p — Pllg = 0: We
necessarily have that ¢(0) = ¢(0).

Example 2.2. (The phase space (C; x LP(g, E)).)

Let g : (=00, —r) — R be a positive Lebesgue integrable function and assume that there exists a non-negative
and locally bounded function y on (—oo,0] such that g(& + 0) < p(&)g(0), for all £ < 0 and 6 € (—oo,—1) \ Ng,
where N¢ C (=00, —1) is a set with Lebesgue measure zero. The space C, X LV(g, E) consists of all classes of functions
@(—00,0] = R such that ¢ is continuous on [—r,0], Lebesgue-measurable and g||$||’ is Lebesgue integrable on
(=00, =1). The seminorm in C, X LP(g, E) is defined by

li¢lls := suplllp(O)ll : —r < 6 < 0} + (f_ g(G)IICP(@)II”dQ)p

Assume that g(-) verifies the condition (§—5), (9—6) and (g—7) in the nomenclature [30]. In this case, B = C,XLP(g, E)
verifies assumptions (A1), (Az), (Az) see ([30] Theorem 1.3.8) for details. Moreover, when r = 0 and p = 2 we have
0 1

that H=1,M(t) = y(—t)% and L(f) =1+ (f g(@)d@)zfort >0.

By BUC we denote the space of bounded uniformly continuous functions defined from (—oo,0] to E.

Next we mention a few results and notations respect of the cosine function theory which are needed to
establish our results. Along of this section, A is the infinitesimal generator of a strongly continuous cosine
function of bounded linear operators (C(f));er on Banach space (E, || - [). We denote by (5(f))i«er the sine

¢
function associated with (C(t));er Which is defined by S(t)y = f C(s)yds, fory e Eand t € R.
0

The notation [D(A)] stands for the domain of the operator A endowed with the graph norm ||y|[x =
lyll + llAyll, y € D(A). Moreover, in this work, X is the space formed by the vector y € E for which C()y is of
class C! on R. It was proved by Kisinsky [31] that X endowed with the norm

lyllx = llyll + sup |AS(®H)yll, y € X,

0<t<1

is a Banach space. The operator valued function

[ <oy so
G(t)‘( AS() C(t))

is a strongly continuous group of bounded linear operators on the space X X E generated by the operator

(1)
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defined on D(A) x X. It follows that AS(t) : X — E is a bounded linear operator and AS(T)y — 0, t — 0,
¢

for each y € X. Furthermore, if y : [0, +00) — E is a locally integrable function, then z(t) = f S(t = s)y(s)ds
0

defined an X—valued continuous function. This is a consequence of the fact that:

t
" S(t = s)y(s)ds
f G(t—s)( 0 )ds = jo‘
0

t
yee) f C(t - 8)y(s)ds
0

defines an X X E— valued continuous function. The existence of solutions for the second order abstract
Cauchy problem

{ Y’ (1) = Ay(t) + h(t), te]:=[0,+c0),

y(0) = vo, ¥'(0) =, (5)

where I : | — E is an integrable function has been discussed in [40]. Similarly, the existence of solutions of
the semilinear second order abstract Cauchy problem has been treated in [41].

Definition 2.3. The function y(-) given by

t
y(t) = C()yo + S(H)y1 + f S(t —s)h(s)ds, t €],
0

is called mild solution of (5).

Remark 2.4. Let yy € X, then y is continuously differentiable and we have

y'(t) = AS(H)yo + C(Hy1 + j: C(t — s)h(s)ds.
For additional details about cosine function theory, we refer to the reader to [40, 41].
We need the following definitions in the sequel.
Definition 2.5. Amap f : ] X C([-+,0], E) — E is said to be Carathéodory if
(i) t — f(t,y) is measurable for all y € C([-r,0], E),
(ii) y — f(t,y) is continuous for almost each t € |.
Remark 2.6. In the case of state-dependent delay we substitute C([—r,0), E) by phase space B.

Theorem 2.7. (Schauder’s fixed point [22])

Let B be a closed, convex and nonempty subset of a Banach space E. Let N : B — B be a continuous mapping such
that N(B) is a relatively compact subset of &. Then N has at least one fixed point in B, that is, there exists y € B such
that Ny = y.

Lemma 2.8. (Corduneanu [14])
Let D c BC([0, +00), E). Then D is relatively compact if the following conditions hold:

(a) D is bounded in BC.

(b) The function belonging to D is almost equicontinuous on [0, +0), i.e., equicontinuous on every compact of
[0, +c0).

(c) The set D(t) := {y(t) : y € D} is relatively compact on every compact of [0, +00).

(d) The function from D is equiconvergent, that is, given € > 0, responds T(€) > 0 such that [u(t) — tlim u(f) <e,
—+00
forany t > T(€) and u € D.
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3. Existing result for the finite delay case

In this section by BC := BC([-t,+0)) we denote the Banach space of all bounded and continuous
functions from [~#, +00) into E equipped with the standard norm

lyllsc = sup [yl

te[—r,+00)

Now we give our main existence result for problem (1)-(2). Before starting and proving this result, we give
the definition of a mild solution.

Definition 3.1. We say that a continuous function y : [~r,+00) — E is a mild solution of problem (1)-(2) if
y() = §(t), t € [-1,0], y() and y'(0) = p,and

y(t) = C(t)p(0) + S(H)p + j(; C(t—5)f(s,ys)ds, t € ].

Let
M = sup{l|C(t)llgE) : t = 0}, M" = sup{l|S(t)llp) : t > 0}.

Let us introduce the following hypotheses.
(H1) C(t) is compact for t > 0.
(Hz) The function f : | x C([-r,0], E) — E is Carathéodory.
(H3) There exists a continuous function k : ] — [0, +0c0) such that:
|f(t, 1)l < k(®)llull, t € ], u € C([-1,0],E)

and

t
k= supf k(s)ds < oo.
0

te]

(H4) For each bounded B ¢ BCand t € | the set :

t
{f C(t=s)f(s,yr)ds:y € B}
0

is relatively compact in E.

Remark 3.2. Condition (Hy) is satisfied if for each t € |, the function u v f(t,u) maps bounded sets into relatively
compact sets.

Theorem 3.3. Assume that (H1) — (Hy) hold. If K'M < 1, then the problem (1)-(2) has at least one mild solution.

Proof. We transform the problem (1)-(2) into a fixed point problem. Consider the operator: N : BC — BC
define by:

(P(t)/ ifte [—1’, 0],

Nyt = t
C(t) ¢(0) + S(H)p + [) C(t—s) f(s,ys)ds, ifte].
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The operator N maps BC into BC; indeed the map N(y) is continuous on [, +0) for any y € BC, and for
each t € |, we have

t
INGOI < Mgl + Mgl + M fo 1£(s, y)lds

IN

t
Ml + Mligll + M f K@) llyslds
0
Ml + Mgl + Milyllsck’ := c.

IA

Hence, N(y) € BC. Let

C = Mllgll + M'liell-

Moreover, let ¥ > 0 be such that r > 1—_5/11«' and B, be the closed ball in BC centered at the origin and of radius
r.Let y € B, and t € [0, +00). Then,

IN()(D)| < C +Mk'r.

Thus,

INWllsc <7,

which means that the operator N transforms the ball B, into itself.

Now we prove that N : B, — B, satisfies the assumptions of Schauder’s fixed theorem. The proof will
be given in several steps.

Step 1: N is continuous in B,.
Let {y,} be a sequence such that y, — y in B,. We have

f
NGO - NO)Bl < M fo 1£6,ys,) — £G5, ys)lds.

Then by (H;) we have f(s,v5,) = f(s,¥;), asn — oo, for a.e. s € J, and by the Lebesgue dominated
convergence theorem we have

IIN(y,) = N(y)llsc = 0, as n — oco.

Thus, N is continuous.
Step 2 : N(B,) C B, this is clear.

Step 3: N(B,) is equicontinuous on every compact interval [0, b] of [0, +o0) for b > 0. Let 71,7, € [0, b]
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with 7, > 71, we have

IN(y)(t2) — N(y)(T1)|
[IC(t2 = 5) = C(71 = 9)llE)lpll + 11S(T2 — 5) — S5(71 = 9)lIB(Ry Il

. f C(e2 = ) = C(x1 = 9llso s, yolds
0

IA

+ f IC(T2 = 9)llsee)lf (s, ys)lds
< IC(t2 = 5) = C(11 = )l llpll + IS(T2 = 5) = S(T1 = 9)llsE) lI@ll

+ f 1 IC(t2 — s) — C(t1 = s)llpw) | f (s, ys)lds
0

+ f IC(T2 = 9)llaee)lf (s, ys)lds
< IC(t2 = 5) = C(11 = s)llpllpll + IS(T2 = 5) = S(71 = 9)llsE) Il

+ Tf ||C(T2 - S) - C(’l’l - s)||B(E)k(s)ds
0
T2
+ f’f IC(72 = $)lIpE)k(s)ds.

When 7, — 1, , the right-hand side of the above inequality tends to zero, since C(t), S(t) are a strongly
continuous operator and the compactness of C(t), S(t) for ¢t > 0, implies the continuity in the uniform
operator topology (see [40, 41]). This proves the equicontinuity of the set N(B,).

Step 4:N(B,) is relatively compact on every compact interval of [0, o0) by (Hs).
Step 5: N(B,) is equiconvergent.
Let y € B,and t € J. We have

IN)®I - < MII¢|I+M’II<PII+MJ;If(S,}/s)IdS

<
t
< C+Mr f k(s)ds.
0
Then
IN(y))| = I < C+Mk'r, as t— +oo.
Hence,

IN(y)(t) = N(y)(+o0)] = 0, as t — +oo.

As a consequence of Steps 1-5, with Lemma 2.8, we can conclude that N : B, — B, is continuous and
compact. From Schauder’s theorem, we deduce that N has a fixed point y* which is a mild solution of the
problem (1)-(2).

4. The state-dependent delay case

In this section by BC := BC(—o0, +o0) we denote the Banach space of all bounded and continuous
functions from (—oo, +o0) into E equipped with the standard norm

lyllec = sup [y(t)l.

te(—o0,+00)
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Finally, by BC" := BC’([0, +c0)) we denote the Banach space of all bounded and continuous functions from
[0, +00) into E equipped with the standard norm

Iyl = sup |yl

te[0,+00)

Now we give our main existence result for problem (3)-(4). Before starting and proving this result, we
give the definition of a mild solution.

Definition 4.1. We say that a continuous function y : (—oo,+00) — E is a mild solution of problem (3)-(4) if
y(t) = p(t), t € (—o0,0], y(-) is continuously differentiable and y'(0) = ¢ and

t
y(t) = C(t)p(0) + S(H)p + fo C(t —8)f(s, Yp(ty))ds, t € ].

Set
R(p™) =1{pls, @) : (s,) € [ x B, p(s,P) <0}

We always assume that p : ] X 8 — R is continuous. Additionally, we introduce following hypothesis:

(Hy) The function t — ¢; is continuous from R(p~) into B and there exists a continuous and bounded
function L% : R(p~) — (0, o0) such that

lpell < LEDlgll  for every t € R(p7).

Remark 4.2. The condition (Hy), is frequently verified by functions continuous and bounded. For more details, see
for instance [30].

Lemma 4.3. ([29], Lemma 2.4) If y : (—o0, +00) — E is a function such that yo = ¢, then

lyslls < (m + L?)llgllg + Isupfly(0)]; O € [0, max{0,s}]}, s € R(p™) U],

where £ = sup LO(t).
teR(p~)

Let us introduce the following hypotheses:

(D1) C(t) is compact for t > 0.
(D7) The function f : | x 8 — E is Carathéodory.
(D3) There exists a continuous function k : | — [0, +0c0) such that:
lf(E )l < k@llull, te], ueB

and

¢
k= supf k(s)ds < oo.
0

te]

(D4) For each bounded B ¢ BC' and t € | the set :

t
{jov C(f — S)f(S, yp(t,y[))ds Ty € B}

is relatively compact in E.
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Theorem 4.4. Assume that (D1) — (Ds), (Hy) hold. If K'MI < 1, then the problem (3)-(4) has at least one mild
solution on BC.

Proof. We transform the problem (3)-(4) into a fixed point problem. Consider the operator N : BC — BC
define by:

o(1), if t € (—o0,0],

Ny)(t) = ‘
C(t) p(0) + S(t)p + fo C(t = 5) f(5, Yp(ry) ds, ifte€].

Let x(-) : (=00, +00) — E be the function defined by:
P(b); if t € (—o0,0];
{ C(t) 9(0); ifte],
then xg = ¢. For each z € BC with z(0) = 0, ' (0) = ¢ = z’(0) = ¢1, we denote by z the function

{ 0; if t € (—o0,0];
() =
Aty ifte .

x(t) =

If y satisfies y(t) = N(y)(t), we can decompose it as y(f) = z(t) + x(t), t € J, which implies y; = z; + x; for
every t € | and the function z(-) satisfies

t
z(t) = S(H)p1 + f C(t = 5) f(5,Zp(s,ze4x0) + Xp(s,z04x,) )8, 1 € ].
0
Set
BCj = {z € BC' : z(0) = 0}

and let
llzllsc; = sup{lz(t)| : t € J}, z € BG,.

BCj is a Banach space with the norm || - llsc;- We define the operator A : BC; — BC| by:
t
ﬂ(Z)(f) = S(t)@l + f C(t - S) f(S/ Zp(s,zs-#xs) + xp(s,zs+x5))ds/ te ]
0

We shall show that the operator A satisfies all conditions of Schauder’s fixed point theorem. The operator
A maps BCj into BC), indeed the map A(z) is continuous on [0, +0) for any z € BC}, and for each t € | we
have

t
ADB < Mgl +M f 16, Zotomrn + Xsmosny s
0

IN

t
M,H@ln + Mf k(5)||zp(s,zs+x5) + xp(s,zs+x5)”8d5
0

IA

t
Mgl + M fo KE)U=()] + (1t + L2 + IMED|Iblla)ds.

Let
C = (m+ L%+ IMH)|}llz.

Then, we have:

\AE)®)]

IN

t t
M'||p1ll + MC[ k(s)ds + le k(s)|z(s)|ds
0 0
Mlgpall + MCk* + Ml||zllpc; k"

IA
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Hence, A(z) € BC},.

Moreover, let ¥ > 0 be such that r > ]\W, and B, be the closed ball in BCj centered at the origin

and of radius . Let y € B, and t € [0, +0). Then,
[Az)B)] < M|lp1ll + MCk* + Mik*r.
Thus,
A@)lsc, <1,
which means that the operator N transforms the ball B, into itself.

Now we prove that A : B, — B, satisfies the assumptions of Schauder’s fixed theorem. The proof will
be given in several steps.

Step 1: A is continuous in B,.
Let {z,} be a sequence such that z, — z in B,. At the first, we study the convergence of the sequences
(2 e, S € |
If s € J is such that p(s, z5) > 0, then we have,

||ZZ(5,2;’) - Zp(s,zs)“B = ”ZZ(s,zg) - Zp(s,z;“)”B + ”Zp(s,z;’) - Zp(s,zs)”B

A

IA

Nz = zlIB, + l1Zp(s,21) = Zp(s 20185

which proves that ZZ(S 2 ™ Zplsz) in Basn — oo for every s € | such that p(s, z;) > 0. Similarly, is p(s, zs) < 0
, we get

”ZZ(s,z;’) — Zp(sz)lls = ||¢Z<s,z;') — ¢psz)lla =0

which also shows that zg(s ) ™ Zplsz) N Basn — oo for every s € | such that p(s, z;) < 0. Combining the

pervious arguments, we can prove that z’;(szb) — ¢ for every s € | such that p(s, z;) = 0. Finally,

Az () = AR)(D)]
t
< M fO (8 256 ey + Xplozr4x0) = f(8) Zp(s.zi4w) + Xp(szetx) 1S,
Then by (D) we have
f( 20 aranyy F Xpsz14x0) =[S, Zpzeex) + Xp(s.z4x), @S 1 —> 00,
and by the Lebesgue dominated convergence theorem we get,
A(zn) — A2)llgc; — 0, asn — oo.

Thus A is continuous.
Step 2 : A(B,) C B, this is clear.

Step 3: A(B,) is equicontinuous on every compact interval [0, b] of [0, +o0) for b > 0. Let 11,7, € [0, b]
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with 7, > 71, we have
[A(z)(12) — A2)(T1)|
IS(t2 = 8) = S(11 = 9)lIaE)llPall

T1
+ f IC(72 = ) = C(71 = 9)llBE)|f (S, Z56 1) + X223 ldlS
; :

IN

T2
+ f IC(T2 = $)lBeE) £ (5 Ziy(s ) T Xpls,zrem)MedS

1

< IS(t2 =) = S(11 = 9)lIaE)llall

T1
+ f IC(72 = ) = C(71 = 9)llBE)|f (5, Z56 1) + Xpls224x))IAlS
; \

T2
+ f IC(T2 = $)lBeE) £ (5 Zy(s o) T Xpls,zem) el

1

< IS(t2 = s) = S(11 = 9)lIaE)llall
+ Cf IC(t2 = 5) = C(11 — 8)lIp(E)k(s5)ds
0

+ lrf IC(72 = 5) = C(71 = $)llBE)k(s)ds
0

+ Cf IC (72 — 9)lIpeyk(s)ds

T2
+ Ir f IC(72 = 5)lIBeyk(s)ds.
T1
When 7, — 15, the right-hand side of the above inequality tends to zero, since C(t) are a strongly continuous

operator and the compactness of C(t) for t > 0, implies he continuity in the uniform operator topology (see
[40, 41]). This proves the equicontinuity of the set A(B,).

Step 4:N(B,) is relatively compact on every compact interval of [0, c0). This is a consequence of (Ds).

Step 5: N(B,) is equiconvergent.
Let y € B,, we have:

t
[A@z)(F)] < M’||gol||+MfO |f(s’ZZ(s,z;‘+x5)+xP(S,Z§'+X5))|dS

IA

f
M'llgal| + MCK + M f K(s)ds.
0

Then
[AE) )] = L < M|lpill + MK (C +1Ir), as t — +oo.

Hence,
[A(2)(t) — A(z)(+0)| > 0, as t — +oo.

As a consequence of Steps 1-5, with Lemma 2.8, we can conclude that A : B, — B, is continuous and
compact. we deduce that A has a fixed point z*. Then y* = z* + x is a fixed point of the operators N, which
is a mild solution of the problem (3)-(4).

5. Examples

Example 1. Consider the functional partial differential equation of second order

9 9 1 Jz(t—1,x)

ﬁz(t, x) = ﬁz(trx) + 20 T+ =1, x€[0,m], te]=][0,+00), (6)
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z(t,0) =z(t,m) =0, t €], (7)
0z(0, x)
z(t, x) = ¢(t), —5r " w(x), t € [-1,0], x € [0, ]. (8)

Take E = L?[0, 7] and define A : E — E by Aw = "’ with domain
y
D(A) = {w € E; w, w'are absolutely continuous, w” € E, (0) = w(n) = 0}.

It is well known that A is the infinitesimal generator of a strongly continuous cosine function (C(f));eron
E, respectively. Moreover, A has discrete spectrum, the eigenvalues are —n%,n € IN with corresponding

normalized eigenvectors
1

2\7 |
Zu(7) = (E) sinnt,
and the following properties hold:
(@) {z,:n € N}is an orthonormal basis of E.
(b) Ify € E, then Ay = =Y " n* <y, 2, > Zy.

(c) Fory € E,C(t)y = Y.,uq cos(nt) < y,z, > z,, and the associated sine family is

(]

i t
Sty = Z smr(ln ) <Y, zy > 2zy

n=1

which implies that the operator S(t) is compact for all t > 0 and that

ICHI = ISl < 1, forall t > 0.

(d) If @ denotes the group of translations on E defined by
D(Hy(&) = J(E +1),

where 7 is the extension of y with period 27, then
Clt) = 5(@(0) + (- A = B,
where B is the infinitesimal generator of the group ® on
X={ye HY0,7) : y(0) = x(m) = 0}.

For more details, see [20].

Then the problem (1)-(2) in an abstract formulation of the problem (6)-(8). It is clear that (H;) — (Hy4) are
satisfied with k* = % Theorem 3.3 implies that the problem (6)-(8) has at least one mild solution.

Example 2. Take E = L2[0, 7]; B = Cy X L*(g, E) and define A : E — E by Aw = @ with domain
D(A) = {w € E; w, w'are absolutely continuous, w” € E, w(0) = w(r) = 0}.

It is well known that A is the infinitesimal generator of a strongly continuous cosine function (C(t));eron
E, respectively. Moreover, A has discrete spectrum, the eigenvalues are —n%,n € IN with corresponding
normalized eigenvectors

1
Zu(7) = (E)z sinnr,
T

and the following properties hold.
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(@) {z,:n € N}is an orthonormal basis of E.
(b) If y € E, then Ay = =Y " n> <Y,z > zy.

(c) Fory € E,C(t)y = Y.y cos(nt) < y,z, > z,, and the associated sine family is

00

Sty = Z Sm}int) <Y, Zn > Zn

n=1

which implies that the operator S(t) is compact, for all t € | and that

ICHI = IS <1, forall t € R.

(d) If @ denotes the group of translations on E defined by
DHY(E) = §E +1),
where 7 is the extension of y with period 2r. Then
C(t = %((I)(t) +®(-1); A = B?,
where B is the infinitesimal generator of the group ® on
X ={y € H'(0,n) : y(0) = x(n) = O}.
For more details, see [20].

Consider the functional partial differential equation of second order

&2 32 0

ﬁz(f/ x) = ﬁz(t, x) +j: a(s — t)z(s — p1(H)p2(lz(H))), x)ds, x € [0, 7], t €], )
z(t,0) =z(t,m) =0, t €], (10)
2(t %) = (1), 20,0 _ w(x), € [-1,0], x € [0, 7, (11)

ot

where | := [0, +00), p; : [0,00) — [0, 0), a: R — R be continuous, and

1
0 2 2
a%(s) )
Li= —>ds| <o
! (Lo g(s)
We define the functions f: [ X8 = E,p: ] x 8 — Rby

0

6, 9)0) = f a(s)(s, x)ds,
p(s, ) = s = p1(s)p2(llg(O)I).

We have ||f(t,)lls < Ly.
Then the problem (3)-(4) in an abstract formulation of the problem (9)-(11). Theorem 4.4 implies that
the problem (9)-(11) has at least one mild solution.



E. Alaidarous et al. / Filomat 33:3 (2019), 773-787 786

References

(1]
[2]

(3]
[4]
[5]
(6]
(71
(8]
[9]

[10]
[11]

[12]
[13]

[14]
[15]

[16]

[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]
[35]

S. Abbas and M. Benchohra, Advanced Functional Evolution Equations and Inclusions, Springer, Cham, 2015.

W.G. Aiello, H.I. Freedman and J. Wu, Analysis of a model representing stage-structured population growth with state-dependent
time delay, SIAM ]. Appl. Math. 52 (1992), 855-869.

A. Anguraj, M. M. Arjunan and E. Herndndz, Existence results for an impulsive neutral functional differential equation with
state-dependent delay, Appl. Anal. 86 (2007), 861-872.

O. Arino, K. Boushaba and A. Boussouar, A mathematical model of the dynamics of the phytoplankton-nutrient system. Spatial
heterogeneity in ecological models (Alcal de Henares, 1998). Nonlinear Anal. RWA 1 (1) (2000), 69-87.

S. Baghli and M. Benchohra, Uniqueness results for partial functional differential equations in Fréchet spaces, Fixed Point Theory
9 (2) (2008), 395-406.

S. Baghli and M. Benchohra, Perturbed functional and neutral functional evolution equations with infinite delay in Frchet spaces,
Electron. |. Differential Equations, 2008 (69) (2008), 1-19.

S. Baghli and M. Benchohra, Global uniqueness results for partial functional and neutral functional evolution equations with
infinite delay, Differential Integral Equations, 23 (1&2) (2010), 31-50.

K. Balachandran and S. M. Anthoni, Existence of solutions of second order neutral functional differential equations. Tamkang J.
Math. 30 (1999), 299-309.

M. Bartha, Periodic solutions for differential equations with state-dependent delay and positive feedback, Nonlinear Anal. TMA
53 (2003), 839-857.

J. Bélair, Population models with state-dependent delays. Lect. Notes Pure Appl. Math., Dekker, New York, 131 (1990), 165-176.

J. Bélair and M.C. Mackey, Consumer memory and price fluctuations on commodity markets: An integrodifferential model. J.
Dynam. Differential Equations 1 (1989), 299-325.

M. Benchohra, J. Henderson and S.K. Ntouyas, Existence results for impulsive multivalued semilinear neutral functional differ-
ential inclusions in Banach spaces. J. Math. Anal. Appl. 263 (2001), 763-780.

Y. Cao, J. Fan and T.C. Gard, The effects of state-dependent time delay on a stage-structured population growth model, Nonlinear
Anal. TMA 19 (1992), 95-105.

C. Corduneanu, Integral Equations and Stability of Feedback Systems. Acedemic Press, New York, 1973.

A. Domoshnitsky, M. Drakhlin and E. Litsyn, On equations with delay depending on solution, Nonlinear Anal. TMA 49 (2002),
689701.

R. D. Driver, and M. J. Norris, Note on uniqueness for a one-dimensional two- body problem of classical electrodynamics. Ann.
Phys. 42 (1967), 347-351.

F. Hartung, Parameter estimation by quasilinearization in functional differential equations state-dependent delays: a numerical
study. Proceedings of the Third World Congress of Nonlinear Analysts, Part 7 (Catania, 2000), Nonlinear Anal. TMA 47 (2001),
4557-4566.

F. Hartung and J. Turi, Identification of parameters in delay equations with state-dependent lays, Nonlinear Anal. TMA 29 (1997),
1303-1318.

F. Hartung, T. L. Herdman and J. Turin, Parameter identification in classes of neutral difential equations with state-dependent
delays, Nonlinear Anal. TMA 39 (2000), 305-325.

H. O. Fattorini, Second Order Linear Differential Equations in Banach Spaces, North- Holland Mathematics Studies, Vol. 108, North-
Holland, Amsterdam, 1985.

A. Kozak, A fundamental solution of a second order differential equation in Banach space. Univ. lagel. Acta Math. 32 (1995),
275-289.

A. Granas, ]. Dugundji, Fixed Point Theory. Springer-Verlag New York, 2003.

J. Hale, and J. Kato, Phase space for retarded equations with infinite delay, Funkcial. Ekvac. 21 (1978), 11-41.

E. Hernéndez, Existence of solutions for a second order abstract functional differential equation with state-dependent delay,
Electron. |. Differential Equations 21 (2007), 1-10.

E. Herndndez and M. Mckibben, On state-dependent delay partial neutral functional differential equations, Appl. Math. Comput.
186 (2007), 294-301.

E. Hernandez, M. Pierri and G. Unido, Existence results for a impulsive abstract partial differential equation with state-dependent
delay, Comput. Math. Appl. 52 (2006), 411-420.

E. Hernandez, A. Prokopczyk and L.A. Ladeira, A note on state dependent partial functional differential equations with un-
bounded delay, Nonlinear Anal. R.W.A. 7 (2006), 510-519.

E. Hernandez, M. Rabello and H. Henriquez, Existence of solutions for impulsive partial neutral functional differential equations,
J. Math. Anal. Appl. 331 (2007), 1135-1158.

E. Herndndez, R. Sakthivel and S. Tanaka, Existence results for impulsive evolution differential equations with state-dependent
delay, Electron. |. Differential Equations 28 (2008), 1-11.

Y. Hino, S. Murakami and T. Naito, Functional Differential Equations with Unbounded Delay, Springer-Verlag, Berlin, 1991.

J. Kisynski, On cosine operator functions and oneparameter group of operators, Studia Math. 49 (1972), 93-105.

W.-S. Li, Y.-K. Chang and J. ]. Nieto, Solvability of impulsive neutral evolution differential inclusions with state-dependent delay,
Math. Comput. Modelling 49 (2009), 1920-1927.

M. C. Mackey, Commodity price fluctuations: price dependent delays and non- linearities as explanatory factors. J. Econ. Theory
48 (1989), 497-509.

M. C. Mackey, and J. Milton, Feedback delays and the origin of blood cell dynamics, Comm. Theor. Biol. 1 (1990), 299-327.

S. K. Ntouyas, Global existence results for certain second order delay integrodifferential equations with nonlocal conditions.
Dynam. Systems Appl. 7 (1998), 415-425.



[36]
[37]
[38]
[39]
[40]
[41]

[42]
[43]

E. Alaidarous et al. / Filomat 33:3 (2019), 773-787 787

S. K. Ntouyas and P. Ch. Tsamatos, Global existence for second order semilinear ordinary and delay integrodifferential equations
with nonlocal conditions. Appl. Anal. 67 (1997), 245-257.

A.Rezounenko, Partial differential equations with discrete and distributed state-dependent delays, J. Math. Anal. Appl. 326 (2007),
1031-1045.

A. Rezounenko and ]J. WU, A non-local PDE model for population dynamics with state-selective delay: local theory and global
attractors, J. Comput. Appl. Math. 190 (2006), 99-113.

J.-G. Si and X. P. Wang, Analytic solutions of a second-order functional differential equation with a state dependent delay, Results
Math. 39 (2001), 345-352.

C. C. Travis and G. E. Webb, Compactness, regularity, and uniform continuity properties of strongly continuous cosine families,
Houston |. Math. 3 (1977), 555-567.

C. C. Travis and G. FE. Webb, Cosine families and abstract nonlinear second order differential equations, Acta Math. Acad. Sci.
Hung. 32 (1978), 76-96.

H.-O. Walther, Differential equations with locally bounded delay. J. Differential Equations 252 (2012), 3001-3039.

D. R. Willé and C. T. H. Baker, Stepsize control and continuity consistency for state-dependent delay-differential equations, J.
Comput. Appl. Math. 53 (2) (1994), 163-170.



