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On Hermite-Hadamard Type Inequalities Via Fractional Integral
Operators

Tuba Tun¢?, Mehmet Zeki Sarikaya®
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Abstract. In this paper, we give new definitions related to fractional integral operators for two variables
functions using the class of integral operators. We are interested to give the Hermite-Hadamard inequality
for a rectangle in plane via convex functions on co-ordinates involving fractional integral operators.

1. Introduction

The most well-known inequality related to the integral mean of a convex function is the Hermite
Hadamard inequality. Let f : I € R — IR be convex function defined on the interval I of real numbers
and a,b € I, with a < b. Then the following double inequality is known in the literature as the Hermite-
Hadamard’s inequality for convex functions [8]:

f(a+b) ff( f(a)+f(b) o

The inequalities (1) have become an important cornerstone in mathematical analysis and optimization and
many uses of these inequalities have been discovered in a variety of settings. Many generalizations and
extensions of the Hermite-Hadamard inequality exist in the literature; (see [3],[4] and [30]) and references
therein.

Let us consider a bidimensional interval A =: [a,b] X [c,d] in R> with a < b and ¢ < d. A function
fiAC R?> — R is said to be convex on A if for all (x, Y),(z,w) € Aand t € [0,1], it satisfies the following
inequality:

ftx+(1 -tz ty+(1-Hw) <t flx,y)+ (1 -1 fz,w).

A modification for convex function on A was defined by Dragomir [29], as follows:

A function f : A — Ris said to be convex on the co-ordinates on A if the partial mappings f, : [4,b] — R,
fy(w) = f(u,y)and f, : [c,d] = R, f(v) = f(x,v) are convex where defined for all x € [a,b] and y € [c,d].

A formal definition for co-ordinated convex function may be stated as follows:
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Definition 1.1. A function f : A — Ris called co-ordinated convex on A, for all (x,u), (y,v) € Aand t,s € [0,1], if
it satisfies the following inequality:

ftx+ (1 -t)y,su+(1-s)v) )

< ts flx,u) + (1 =s)f(x,0) +s(L =) f(y,u) + (1 = )1 —5)f(y,v)

Note that every convex function f : A — R is co-ordinated convex but the converse is not generally true
(see, [29)).

In [29], Dragomir proved the following inequality which is Hermite-Hadamard type inequality for
co-ordinated convex functions on the rectangle from the plane R%.

Theorem 1.2. Suppose that f : A — R is co-ordinated convex, then we have the following inequalities:

f2’2

[blafb ( c+d) dicjl‘f(a;bfy)dy]
(b—a(d c)fff(x y) dydx
411[ ff(x C)dx+_ff(x d)ix

a

d d
1 1
+Eff(a,y)dy+ﬁff(b,y)d4

fla, )+ f(a,d) + f(b,c) + f(b,d)
1 :

(a+b c+d)

IN

IA
N =

IA

<
The above inequalities are sharp.

For recent developments about Hermite-Hadamard’s inequality for some convex functions on the co-
ordinates, please refer to ([2],[5],[6],[11]-[13] and [15]-[23]). Also for several inequalities for convex functions
on the co-ordinates see the references ([9],[10],[14],[24] and [25]).

In [28], Raina defined the following results connected with the general class of fractional integral
operators:

o (0),0(1),. ok)  x .
Fon () =7, ()—Zr(pkm)x (P, 1> 0ilx| < R), ©)

where the coefficients ¢ (k) (k € Ny = INU {0}) is a bounded sequence of positive real numbers and R is the
set of real numbers. With the help of (3), Raina and Agarwal et al. defined the following left-sided and
right-sided fractional integral operators respectively, as follows:

T @) = f (=07 o (e B o, x> a, @
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b
T b P) = f (=0 F7 [t = x)@t)dt, x<b, (5)

where A,p > 0,w € R, and ¢ (t) is such that the integrals on the right side exists.
It is easy to verify that g/ Aar®P() and J° ; b P(¥) are bounded integral operators on L (a,b),if

M :=F°

oA+ [w (b —a)P] < co. (6)

In fact, for ¢ € L (g, b), we have
|75 1), < 20 =l 7)

and

7501000, < 0 ="

y (®)

where

b= [ o]

The importance of these operators stems indeed from their generality. Many useful fractional integral
operators can be obtained by specializing the coefficient ¢ (k). Here, we just point out that the classical
Riemann-Liouville fractional integrals I, and I of order «a defined by (see, [1, 27, 31])

(2.9) (x) := ﬁ f (x - p®)dt (x>a;a>0) 9)

and

b
(I2-) () := % f (t—x)" " p)dt (x <b;a>0) (10)

follow easily by setting
A=a,0(0)=1, andw=0 (11)

in (4) and (5), and the boundedness of (9) and (10) on L (, b) is also inherited from (7) and (8), (see, [26]).
In [7], Yaldiz and Sarikaya proved the following inequality which is Hermite-Hadamard inequality for
fractional integral operators:

Theorem 1.3. Let ¢ : [a,b] — R be a convex function on [a,b] with a < b, then the following inequalities for
fractional integral operators hold:

@@%f) (12)
1
26—y, [0 (b - )]

[J pharo?P®) + T, M,_;wgo(a)]

¢(@a) + @(b)
- 2
with A > 0.
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Now, we establish new definitions related to fractional integral operators for two variables functions:
Definition 1.4. Let f € Li([a,b] X [c,d]). The fractional integral operators for two variables functions with p =
(p1,p2), A = (A1, 42), p, A €0, 00)% w = (w1, w2) € R? 0 = (01,02); and a,¢ > 0 defined by

x Y
jg,)\,ﬁ,ﬁ;wf(x/ y) = ff(x -ty - s)"z’lffil’}tl [w1 (x = )] 7—‘;22A2 [a)z (y— s)pz]f (t,s)dsdt, (x > a, y > c);

x d
el G Y) = f f (=DM =y Lo =0T F2 w2 (s = )] St s)dsdt, (> a, y < )

a

by
Torperaf ) = f f (t=x)" "y =9 Lo (=077, [w2 (y = )] f(t, s)dst, (x < b, y > €)

and
T pr oo 0 Y) 1= ff(f S el 17:;1)\ [wi (E=x)"1F 7, ["’2 (s~ y)pz]f(t’ s)dsdt, (x <b, y < d).
Similar the above definition, we introduce the following integrals:

o c+d A \—leo1 ; c+d
jp1,A1,a+;w1f(xf T) f( t)A 17: [wl (X - t)P ]f(t T)dtr X >a

c+d

b
T (0557 f =07 Lo -0 (1 S50, <

1l
n%t

2 a+b 105 ) a+b
jpz,)\z,c‘*'}wzf( 2 /y) (y - S)/\ 1sz Ay [602 (y - S)P ]f(T/ t) dtr Y >c

and

d
2 a+b R, .1 [a+b
jpz,Azrd—}wzf(T’ y) = f(s - y)/\ 1¢P2 As [0)2 (S - y)P ]f(T/ t) dt, y <d.
y

In this paper, we are interested to give the Hermite-Hadamard inequality for a rectangle in plane via
convex functions on co-ordinates involving fractional integral operators. We also study some properties of
mappings associated with the Hermite-Hadamard inequality for convex functions on co-ordinates.

2. Hermite Hadamard Type Inequalities for Fractional Integral Operators

In this section, we will give Hermite-Hadamard type inequalities for fractional integral operators by
using co-ordinated convex functions. During the this work we use the following symbols for m = 0,1

) =T ol 0 =a) 7], By(s) = T

p2,A2+m [C()z (d - C)pz SPZ] .
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Theorem 2.1. Let f : A C R?> - R be a co-ordinated convex on A := [a,b] x [c,d] in R*with0 <a<b,0<c<d
and f € Li(A). Then the following inequalities hold:

a+b c+d
/ (TT) 13)
< 1
S Al-ot @=L lon b -a) T2 02 d - 0]
X[T eraf O+ T OO+ T o fl@d)+ T, f@,0)]
< f@co)+ fad)+ f®,c)+ f(bd)

4

where p = (p1,p2), A = (A1, A2), p, A € [0, 00)%; w = (w1, wy) € R%; 0 = (01, 02).

Proof. Accordingto 2)withx =ta+(1-t)b,y=(1-tHa+thu=sc+(1—-s)d,v=(1-s)c+sdand t; =s; = %,
we find that
a+b c+d 1
f T < Z[f(ta + (1 =tb,sc+ (1 —s)d)+ f(ta+ (1 —1)b, (1 —s)c+sd) (14)

+f((1=t)a+th,sc+ (1 —s)d) + f((1 —t)a+tb, (1 —s)c+sd)].

Multiplying both sides of (14) by t'171s"2"1 Ay (+)B,(s), then integrating with respect to (t,s) on [0, 1] x [0, 1],
we obtain

o ) 2 +b +d
/(TF711,/\1+1 [a)l (b B a)pl] \7:.02,Az+1 [a)z (d - C)P ]f (a C )

272

<

N

11
{fftAl‘lsAZ‘lﬂo(t)Bo(s)[f(ta +(1-1Hb,sc+ (1 =s)d)+ f(ta+ (1 —1)b, (1 —s)c + sd)]dsdt
00

11
+ fftAl‘lsAz‘lﬂo(t)Bo(s) [f(A-ta+tb,sc+ (1 —s)d)+ f((1—t)a+tb,(1—s)c+sd)]|dsdt.
0 0
Using the change of variable in the last integrals, we have

AT 01 0= 7 [wz(d—c)"z]f(m ﬂ)

pr,A1+1 p2,A2+1 27 2

.
(b—ayhr(d - c)h

bod
X {ff(b —x)yM7d - y)AZ_l?'P‘?,A1 [w1 (0= x)"]F 2, [w2 (d - ) 1f(x, y)dydx

a

b d
+ ff(b e c)/‘z’l?'p"llﬂl [w1 (b —x)"] Fonlwz (y = o) 1f (x, y)dydx
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bod
+ ff(x —a)"(d - }/)"2‘17";%l [wr (b —x)"] 7—';232 [w2 (d — )] f(x, y)dydx

b od
+ ff(x —ay" Yy - c)"z_lfp"ll//\l [w1 (0 —x)] 7:522,/\2 [w2 (d = )] f (x, y)dydx

which gives the left hand side of inequality in (13). Now we prove the right hand side of inequality in (13).
For this purpose we first note that if f is a co-ordinated convex on A, then we can write by using (2) with
x=a,y=bu=candv=d

IN

fta+ (1 —1t)b,sc+ (1—s)d) tsf(a,c) +s(L =) f(b,c) +t(1 —s)f(a,d) + (1 —t)(1 —s)f(b,4),

flta+ 1 —=t)b, (1 —s)c+sd)

IA

t1=s)f@ac)+ (1 -1 —=s)f(b,c)+tsf(a,d)+ (1 —1t)sf(b,d),

f((Q=ta+thsc+ (1—5s)d)

IN

(1 - B)sf(a,0) + stf(b,c) + (1 (L — )f(@,d) + {1 ~ 5) f(b, )
and

F(A=Pa+th,(1=s)c+sd) < (1= =s)f@ac)+Hl—s)fb,c)+A-bsfad)+tsf(b,d).
By adding these inequalities, we get

fta+ (A =tb,sc+ (1 —s)d)+ f(ta+ (1 —-1)b, (1 —s)c+sd) (15)
+f(QA—=ta+tb,sc+ (1 —s)d)+ f(1—t)a+th,(1—s)c+sd)

< f(a, o)+ f(b,c)+ f(a,d) + f(b,4d).

Multiplying both sides of (15) by Y1512 A(t)Bo(s), then integrating with respect to (t,s) on [0,1] x [0,1] we
obtain

1 1

fftAlsAzﬂo(t)Bo(s) [f(ta+ (1 —1)b,sc+ (1 —s)d)+ f(ta+ (1 —1)b, (1 —s)c+sd)

0 0

+f((1—)a+th,sc+ (1 —s)d)+ f((1 - H)a+tb, (1 —s)c + sd)] dsdt

1 1

< fftAlsAzﬂo(t)Bo(s)[f(a, c)+ f(b,c) + f(a,d) + f(b,d)]dsdt.

00
Then by using the change of variable we have

1

(b _ a)/h (d _ C)/\z [jg,/\,u+,c+;wf(b’ d) + g,A,a+,d—;a)f(b’ C) + jg,)\,b—,cﬂmf(a’ d) + jg,)\,h—,d—;wf(a’ C)]

< @+ f@d+foo+fOAFT,  lorb-a"F2,  [wd-07].

In this way the proof is completed. [
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Theorem 2.2. Let f : A C R?> - R be a co-ordinated convex on A := [a,b] x [c,d] in R*with0 <a<b,0<c<d
and f € Li(A). Then the following inequalities hold:

a+b c+d
f(TT) (16

1

IA

01 c+d
w1 (b —a)’] |jp1,A1,a+;a>1f (b, T)

+J0 (a, —
40-a 7 Ll avtesd \ 77

1 a+b a+b
S
4d =T ) [e2d=0] [ mizeron] | 72 pizd-snd | 2

1
<

40— @- o7, o 0=a)"F 2, w2 (d = )]

X [ p,Aa+,c+; wf(b d) + p /\ a+,d— wf(b’ C) + jg,}\,b—,c+;mf(a’ d) + jg,)\,b—,d—;wf(a’ C)]

1

IA

j 1,A1,b—; wl (ﬂ C) + j p1,A1,b— wl (ﬂ, d) + j‘s]l,}h,uﬁa)] f(b d) + j p1,A1,a8+; mlf(b’ C)]

40 -a)" FO, w0 -a)] [ P

P1, A1 +1

1
" ( - C)MTGZA 1 [a)z d- C)pz] [ p2,A2=; “’Zf(a C) * j p2,A2,c+; wzf(a d) + j p2,A2,04; wzf(b d) +J Pz Ao, d—; wzf(b' C)]

f(ac)+ f@ad)+ f®,c)+ f(bd)

<
4

where p = (p1,p2), A = (A1, A2), p, A € [0, 00)% w = (w1, w2) € R%; 0 = (01, 02).

Proof. Since f : A — R is co-ordinated convex on A := [g,b] X [¢,d] in R*> with 0 <a < b, 0 < ¢ < d, it follows
that the mapping g, : [c,d] = R, g«(y) = f(x, y) is convex on [c, d] for all x € [a, b]. Then by using inequalities
(12), we can write for x € [a, b]

c+d 1
9"( )< 2d - Ty, [ A= Traerondr @+ T, 400,9+C)]
gx(c) + gx(d)
< R

That is for x € [a, D],

= 7

IN

d
1 _ Ne—lgo2 _ 2
2 =T s [w02@= )] U @ =)0 w2 @ )] S iy

d
+ f =o' w2 (v -] flx, y)dy‘

< f(x,C)Jer(x/d)'
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)M~ 17:011 [w:(b- Y)pl] (= “Al_l(}_ﬂl [wl(x*a)pl]
Then multiplying both sides of (17) by 2o 7, [no o] a9 26 a)}\17:p71‘1M+1[w1(b_g)Pl]

respectively and then

integrating with respect to x over [a, D], we get

1
20—y F Ly [n (- a)’']

c+d

b
f (b= F o (0= f (xf T) ax (18)

1
[w1 (b - a)] 7—;;022/\2+1 [w2(d = )]

IN

4b-ay(d - T

b d
l [ [e=0rm= =7, o= 0175, o @ - 07 S it

bod
+ ff(b — )My — o)t 17';11/\1 [w1 (b -] F 7, [ (Y — c)pz] flx, y)dydx}

IA

b
1 _ Y-l o _ 1
4 -a T lwr (b= a)] {f (b= F o Lo (b= 7] flx,

a

b
+ f(b - x)Arl?‘:f’ll,Al [wr (b —x)"] f(x, c)dxl

and

1

b
01 1 c+d
20 - T, fon (0 -a)] f (c—ay' " F Lo (= a)] f ("’T)dx (19)

P1, A1+1

1
- d—o T a0 -al 17, w2 d— o]

IA

lff (x —a)M1(d — y)'~ 17:‘T1 o (e —a)™] Tp";/b [wg - y)pz]f(x y)dydx

f f (=" Uy = I fan (-1 [wn (v - 0] £, y)dydx]

IA

b
1 AM—1qgo1 _ \
4b- )y Lo (0= a)”] ‘f (=) Lo (e = )] £,

a
b

+ f(x —a)M~ 17:;11)\1 [w1 (x = a)™"] f(x, d)dx‘.

a
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In a similar way appling for the mapping g, : [2,b] = R, g,(x) = f(x, y), we have
( b
1 a+
d— A—=lg02 d — )" , 20
Z(d - C)MT;;,AZH [a)z (d - C)Pz] f( y) 7:402,)\2 [a)z( y) ]f( y) Yy ( )

1
- d—o T a0 -al 17, w2 d— o]

IA

b d
x [ [ [e=0rma= =, o - 001752, o @ - 0] s it

a

a

b d
t [ [amotmi- i o 0, e @ - 0 y)dydx}

IA

d
1 _ . Ne—1lgo2 L \P2
-0 L@ 0] “ @9 e @] s iy

c

d
’ f @=yy 7 Jwa @ - )] Feo, y)dy}

and

b
2(d - C)A27-'02 [w2 (d — 0)?] f(y — o)™ 17:;22/\2 [C‘)Z (- C)pz]f(a b ) y (21)

P2, Ar+1

IA

4b-ahd—cyoF o (b —aP1F 7, @ = 07]

A+l

d
lf J om0 0 -7 e -0 s

b d
o[ [amarw-0rm o w017 [or -0 y)dydx]

IA

d
1 — Az 1 02 _ 02
4d =) F ) o w2 (@ = 0] U (y =y 72, [wr (v = O] fla, )y

c

d
+ f (-7, [wa @ - 9)™] 0, y)dyl :
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Adding the inequalities (18)-(21), we obtain

1 o c+d o c+d
2(b - a)/\l?—'(”/\ " [Cl)l - a)Pl] [jpl//\l,ﬂﬁwlf(b’ 2 ) + jpll/\llb_}ﬁ’lf(a/ 2 )} (22)
1 2 a+b b a+b

1
40 - a1 (d - C)AZT(H\ o L1 (0= 0a)™] 7—'p‘722ﬂ2+1 [wa (d = )]

IA

X [jg,/\,u+,c+;wf(b’ d) + jg,)\,a+,d+;a)f(b’ C) + j;,)\,b—,c-%—;wf(a’ d) + j;,)\,b—,d—;a)f(a’ C)]

1
4(b - ”)MTZ,M [wr (b—a)]

IA

T2 i f OO+ T SO+ T F@O+ T, fad)

1 02
" ( - C)AZ¢UZA2 1 [Cl)z (d - C)PZ] [jPZ Az, c4; ﬂ)zf( d) + j p2,A2,6+; wzf(b d) + j p1,A2,d—;w2 f(a’ C) + jpzr/\z,d—;wzf(b, C)]

where p = (p1,p2), A = (A1, A2), p, A € [0, 00)%; w = (wy,w;) € R%; 0 = (01,0,). Thus, we proved the second
and the third inequalities in (16).

Now, using the left side of inequality in (12), we also have

a+b c+d
f (TT)
1 7 d
_ /\171 01 1 C+
= - T, e 6-ar] ‘f b= P Len 0 =071 f ( 2 )dx
g d
+f(x—a)}“_w“p”l],A1 [w1 (x—a)pl]f(x,chr )dx}
and
a+b c+d
Sy
1 ’ b
A—=1 02 P2 a+
< ( _C)AZ?-OZA " [a)z(d—C)pZ] {Cj\(d y) 7: 2,A2 [61)2(d y) ]f( )dy

d
+ f (-7 Jwa(y— o] f (#y) dy‘.
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By adding these inequalities, we get

a+b c+d
55
1 c+d c+d
o o P b/_ +j01 . (ﬂ, _)
4= F ) o1 0= [‘7 pvavanf ( 2 ) avtesnd \ 77
1 a+b a+b
72 7 d 72 7
i@ 0T, w0 @] T (5] T (5
which gives the first inequality in (16).
Finally, using the right hand side of inequality in (12), we can state
b
1
- b—x)" 1 F wr (b—x)™] f(x, c)dx (23)
2(b - a)}\17-'p11,)\1+1 [w1 (b —a)] Lj"( ) p1y [on 1f
b
' f (=0 Lo (k=)™ flx, c)dx]
< fla,c)+ f(b,c)
—_ 2 4
b
1
— b—xy"IF [ (b — %) f(x, d)dx (24)
20— T, wr b -a)] U (b= F o, Len 1f
b
' f (=0 Lo (k=)™ i, d)dx]
_ fad+fed
—_ 2 7
d
1
; d-y/ 7 2@ - )] fla ) (25)
2(d - c)AZTP;’Azﬂ [w2 (d — )] Lf‘( 2 P22 [ 2(d-y) ]f Yy

d
+ f =o' F2 w2 (v - 0] fla, y)dy]

< f(a,C)erf(a,d)
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and

d
]' _ A—1q02 _ P2
s | 6 T eta o s @

c

d
+ f (=o' w2 (v = 0] fla, y)dy‘

f,0) + f(b,d)
- 2

which give by addition (23)-(26), the last inequality in (16). O

3. Fractional Integral Operators for Co-ordinated Convex Functions

Firstly, we give the following lemma for our results.

Lemma 3.1. Let f : A € R* = R be a partial differentiable mapping on A := [a,b] X [c,d] in R? with 0 < a < b,
O<c<d If % € L1(A), then the following inequalities hold:

fla,c) + fla,d)+ f(b,c) + f(b,d)
4

1
A1+l [a)l (b — g)Pl] For

P2, Ax+1

Ao —ah@d- oY= 7 [@2 (d = ¢)™]
X [ p,Aa+,c+; a)f(b d) + jo/\ a+,d7;wf(b’ C) + jg,A,bf,CJr;mf(a’ d) + jg,/t,bf,df;wf(a’ C)] -

(b—a)d—c)
47 o b= TF7 o (b-a)]

{fftm s A (1) Bi(s) 8t; (ta+ (1 = 1)b,sc + (1 — s)d)dsdt

1 -thsha -t B (s) azf (ta + (1 -1)b,sc+ (1 —s)d)dsdt
1 1 ,

%_

P>f

t/\l(l - S)/\zﬂl(t) Bl(l - )a &

(ta+ (1 — )b, sc + (1 — s)d)dsdt

>f

1-HMA =)y A1 - 1) Bi(1 —5)=—= ETER

(ta+ (1 —t)b,sc + (1 —s)d)dsdt ;,

|
O%’—‘ O%»- O%»-
O%’—‘ O%H e
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Wherep = (plsz)/ A= (All /\Z)r P//\ € [0/ 00)2/ w = (w1/w2) € RZ; 0= (Gl/ 02) and

1
A — ()'] 01
4(b - ﬂ)AlT‘ﬂA +1 [wl ®- ll)pl] [ prALA+; wlf( 0)+ j /\1/ﬂ+;w1f(b' d)
1
01 d
+ Pl A1,b— mlf( C) + j 1,A ,b*;wlf(a’ )] M 4(d - )/\2?02/\ +1 [a)Z (d - C)pZ]

X jgzz,)\z,6+;w2f(b d) + j‘722 A2, C+;w2f(a’ d) + jgzzlAz,d—}wzf(a’ C) + ngzz//\zld—}wzf(b, C)] )

p

Proof. Integrating by parts, we obtain

1

1
9?
L = fft/hs/\zﬂl(t) Bl(s)?ﬁfs(m + (1= 1)b,sc + (1 — s)d)dsdt
0 0
1

1
= f A2 B (s) {t}“ﬂl(t) f(ta + (1 =1t)b,sc+ (1 -s)d)

0

(=}

1
A af

P f t“‘lﬂo(t)g(m +(1=1tb,sc+(1- s)d)dt} ds
0

1
= fs)‘z Bi(s) {——7‘“;11}\1+1 [w1 (0 —a)™] %(a,se + (1 —5s)d)
0

1

P)
bA_l tAl’lﬂo(t)a—]sc(ta +(1=1t)b,sc+(1- s)d)dt} ds
0
1 af
= 5 anilAlH [w1 (b —a)] fs}\z Bl(s)g(a,sc + (1 —9)d)ds
0
1 1
S f f th-lsh B, (s)—(ta+(1 t)b, sc + (1 — s)d)dsdt.
0 0

T 0- ﬂ)(d_c) Fonsr [0 @ =) TF2, L [w2(d = 0] fla,c)

1 ~ . i
Th-a{d-0 f th 1ﬂo(t)fp2 a1 @2 (@ =] f(ta+ (1 = t)b, c)dt
mf h 17:U1A1+1 [w1 (b —a)P"] Bo(s)f(a,sc + (1 —s)d)dt

11
_ th s AN Bo(s) f(ta + (1 — £)b, sc + (1 — s)d)dsdt.
To-0@d-o a) (d=0) Of Of
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In this way by integration by parts, we get

11
2
L = ff( - tyhsh A (1 - 1) Bl(s)jgf (ta+ (1 = t)b,sc + (1 — s)d)dsdt
0 0

) mﬂ%l [01 (0 =)™ F,2, 1 [@2(d = O] (b, <)

+m f(l - A (1 - DF 2 1er w2 (d = O] f(ta + (1 - b, c)dt
To-a@d-o ﬂ) —c) f BF T  [w01 (b= ) ] Bo(s) (b, sc + (1 = s)d)ds

(b_a)—c) f f (1 -ty 1 LA (1 - HBo(s) f(ta + (1 — )b, sc + (1 — s)d)dsdt,

1

Iz = f f tAl(l—s)AZﬂl(t)Bl(l—s)%(ta+(1—t)b sc + (1 — s)d)dsdt

0
= mﬁ%l [01 (0 =)™ F,2, ,; [02d = 0] f(a,d)
(b_a) 3 f P AT 2 (w2 (d = O] flta + (1 = )b, d)dt
(b_a) 5 f (1-s)l" Yot w1 (0 =) Bo(1 = 5)f(a, sc + (1 = s)d)ds
—m f f M1 = sy AN Bo(1 — s) f(ta + (1 — )b, sc + (1 — s)d)dsdt,
0 0
and

2

1 1
= f f 1-H"Q1-s)y A1 -1 Bi(1 —s)‘9 f (ta+(1 — b, sc + (1 — s)d)dsdt
0 0

1
= oaa—o e (01 O =T 02 @ = o] £(b,d)

W f (A=A = HF 2, 02 (@ = )] f(ta + (1 )b, d)dt
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1
- - _ ) FO _ g™ _ _
CErED) f(l 5)7—“p g [w1 (0 —a)""] Bo(1 —s)f(b,sc+ (1 —s)d)ds
0
; AVt _ V2 _ _ _ _
+(b—a)(d—c)ff(1 H™M (1 =s)2Ag(1 — )Bo(1 —s)f(ta + (1 — t)b,sc + (1 — s)d)dsdt.
0 0

Using the change of variables for f,s € [0,1], x = ta + (1 — £)b, y = sc + (1 — s)d from (27)-(30), we get

L-L-Iz+14 (31)

— 7:P0112L1+1 [0)1 (b - a)pl] 7—?22,/\2+1 [wz (d _ C)PZ] d b b,d
- (b —a)d-0) [f(a,c) + f(a,d)+ f(b,c) + f(b,d)]

7—;;1,/11+1 [wl (b - a)Pl] 02 02
T b—a)d - o)t [ oaocrion) (@A) + J patnctiond CDFT 2 i@+ T i O C)]

7:0 2,A2+1 [CUz (b- a)PZ] o1 o1
= [T OO+ Ty SO+ T f0,0+ T3 F0,0)

1 o o
+ (b — ﬂ)A1+1(d _ C)A2+1 [ P,)\,fl+,C+}wf(b’d + ja)\ a+,d— a}f(b C) + /\ b—,c+; mf(a’ d) + jp,/\,b—,d—;a)f(a’ C)] .

(b—a)(d—0)
[w: (b= a)Pl]T 2

Then, multiplying both sides of (31) by ;—

57, thus we obtain desired result. [J
prAL+1 [“’Z(b_”) ]

A+l

Theorem 3.2. Let f : A C R? — R be a partial differentiable mapping on A := [a,b] X [c,d] in R?> with0 <a < b,

O0<c<d If % is co-ordinated convex function on A, then the following inequalities hold:

‘f(ﬂ,C)+f(ﬂ,d) + f(b,c) + f(b,d)
4

1
R IS o P L U P e

P2, /\2+1

X [ ;,A,a+,c+;mf(b’ d) + jpo,/\,u+,d—;a)f(b’ C) + jg,A,b—,c+;wf(a’ d) + jg,/\,b—,d—;a)f(a’ C)] -A

b—-a)d-c)
4?-;11?\1+1 [@1 (b —a)"] 7:62/1 1 w2 (b —a)”]

{( s Lo (=) ] + 77pi3m+3 [w1 (0 - a)Pl]) (7:02
*f

1% Ar+3
>f
( PP d)‘

995 @O+
where p = (p1,p2), A = (M1, A2), p, A € [0,00)%; w = (wy, wp) € R%; 0 = (01,02),

IN

[0 @ =]+ F 2o lwa (@ = 0)*])

*f

EreaCRli

Pf
9705 "”'
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1

A = 1 b,d
4(b - Q)M?:T,A]H [wl b - tl)pl] [ prALA+; wlf( /€)+ j 1A 'H;wlf( )
1
01 : 01 ,d ]
+jP1 Arb f(a C) + jpw‘lrb—?a’lf(a ) * 4(d - C)/\ZTFZZ,/\2+1 [wz (d - C)pZ]

X pz Ao, c+; (sz(b d) + j P2, Ao, c+; a)zf(a' d) + jgzz,/\z,d—;a)zf(a’ C) + jgzz,/\z,d—;a)zf(b’ C)]

and

01 (k)F(plk + Al + 2)
I'(pik+ A1 +1)

02(k)r(p2k + Az + 2)

03 (k) = T(pak + A2 + 1)

04 (k) =

Proof. From Lemma 3.1, we have

fla,0)+ f(a,d) + f(b,c) + f(b,d)
4

1
+
40 -ahd =)o F ) ol O =a)1F 2, (w2 (d = )]

XTI o f @A) + T W f O+ Ty f@D+ T2, 4 f@,0)] = 4

< (b—a)d—c)
T A o 0= TR [wr (b - a)”]
{j‘f‘tA1 s A (t) Bi(s) 8t&f (ta + (1 = £)b,sc + (1 — s)d)|dsdt
1 1
M A azf
+ff( HHMs A (1 —t) Bl(s) (ta+ (1 =1t)b,sc+ (1 —s)d)|dsdt
0 0
1 1
2f
+ fftA‘ (1—=s)2A;(t) B:1(1 - ) (ta + (1 =18)b,sc + (1 — s)d)| dsdt
0 0
1 1 )
+ f f 1= =s)y2 A1 - 1) Bi(1 -5) R —(ta+ (1 = t)b,sc + (1 — s)d) dsdt}
0 0
Since 32; is co-ordinated convex function on A, we can write

fla,c) + f(a,d) + f(b,c) + f(b,d)
4

1
+
4(b - Q)Al (d - C>A27:p?,}h+1 [wl (b - a)pl] 7:522,/\2_,.1 [0)2 (d - C)Pz]

X[ T paeriaf O D+ T i o f O+ T f@ A + T2, 1 a0 - 4]

852
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(b-a)d-rc)
[w1 @ —a)] 7:’3“2 [wa (0 - a)f?]

2, A2+1

<
I

p11,A1+1
1 1

X f f [t“s"zﬂl(t)Bl(s)+(1—t)/‘lshﬂl(l—t)Bl(s)+tA1(1—s)"zﬂl(t)Bl(l—s)
0 0

2

>f
21059

dsdt} .

az_f (b, C)

+s(1-1¢) YRR

+(1 -1 -s)y2 A1 -1 Bi(1 - s)] X [ts

*f
otds

?*f
+t(1 —s) ﬁ(a, AH+1-s)(1-1) (0,4)

In the above inequality calculating the integrals, we obtain desired result. O

Remark 3.3. Ifwetake A1 = a, Ay = B,01(0) =1 =02(0), w1 =0 = wy in Lemma 3.1, Theorem 2.1, Theorem 2.2,
we have the inequalities which is proved by Sarikaya et al.in [21].
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