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The Multiparameter r-Whitney Numbers

B. S. El-Desouky?, F. A. Shiha?, Ethar M. Shokr?

?Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, EQypt

Abstract. In this paper, we define the multiparameter r-Whitney numbers of the first and second kind.
The recurrence relations, generating functions , explicit formulas of these numbers and some combinatorial
identities are derived. Some relations between these numbers and generalized Stirling numbers of the
first and second kind, Lah numbers, C-numbers and harmonic numbers are deduced. Furthermore, some
interesting special cases are given. Finally matrix representation for these relations are given.

1. Introduction

Throughout this article we use the following notations:
The generalized falling factorial associated with & = (ap, a1, -, ay-1) is defined by

—_

(@), = ] (x — a;).

i

1l
o

If a; = i, we have the falling factorial (x), = H?Z_Ol (x —7) and

k
(i) = H (ai — aj)

j=0,j#i

The r-Whitney numbers of the first and second kind were introduced, respectively, by Mez6 [13] as
m'(x), = Z Wy, (1, k) (mx + r)k,
k=0
and

(x4 )" = )" Wy o,y (o),
k=0
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if r = 1, the r-Whitney numbers are reduced to the Whitney numbers, see Dowling [7] and Benoumhani [2].
El-Desouky [8] defined the multiparameter non-central Stirling numbers of the first and second kind,
respectively, by

n

(@ = Y sln, @5 @),

k=0

and
(@), = Y S,k ).
k=0

In this paper, we define the multiparameter r-Whitney numbers of the first and second kind, recurrence
relations, generating function and explicit formulas are obtained. Some important special cases are inves-
tigated. Moreover, some relations between these numbers and Stirling numbers, the generalized Stirling
numbers, Lah numbers, C-numbers and the generalized harmonic numbers are derived. Finally, we give a
matrix representation for some of these relations.

2. The Multiparameter r-Whitney Numbers of the First Kind

Let x be a real number, n nonnegative integer, and & = (ag, a1, , @y—1) wherea;, i =0,1,--- ,n—1 are
real numbers.

Definition 2.1. The multiparameter r-Whitney numbers of the first kind wy, ,(n, k; &) with parameter & = (ap, a1, -+ , 0y—1)
are defined by

m'(x), = Zn: Wy (1, k; &) (mx + 1; &)y, (1)
k=0
where Wy, ,(0,0; &) = 1 and wy, ,(n,k; &) = 0 for k > n.
Theorem 2.2. The multiparameter r-Whitney numbers of the first kind wy, ,(n, k; &) satisfy the recurrence relation
Wi (1, K &) = Wy, (n — 1,k = 1; &) + (ax — 1 — m(n — 1))wy,(n — 1,k @), (2)
fork =1, and w,, ,(n,0; &) = [115 (a0 — r — im) = (ag — 7lm),.

Proof. Since m"(x),, = m" }(x),-1(mx + r — ax — r + ax — m(n — 1)), then we have

ZZ:() wm,r(n/ k; &)(mx +7; a)k

n-1 n-1
= (mx+r—og) Z Wy =1,k &)(mx +1; &) + (ax —r —m(n — 1)) Z Wy (n =1,k &)(mx +7; &)
k=0 k=0
n—1
= Zwmr(n 1,k—1La)(mx+ra)+ (ap—r—m(n— 1))Zwm,(n 1,k a)(mx + r; &)y
k=1 k=0

Equating the coefficients of (mx + r; &), on both sides, we get (2). For k = 0 it is easy to prove that
W (1, 0; &) = [Tig (o — 7 — im). O

Theorem 2.3. The multiparameter r-Whitney numbers of the first kind have the exponential generating function
o k
o\ N 1+ mt T
Pr(t; @) = HZ::; Wi, (11, k; Df)a =m Z W' 3)

i=
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Proof. Since the exponential generating function of wy, (1, k; &) is defined as

(o) tn
ot @) = Z;‘ W,k 3)—,
n=

where w,,,(n,k; &) = 0 for n < k. If k = 0 we get

a (mt)”
Polt; @) = Zwmrm 0; a) Z(ao i) — Z( e
let B; = “’T",iz 0,1,--- ,n—1then
LAy . (mt)" _ 8
polt; @) —;(ﬁo» = (Lrmp,
Differentiating both sides of (4) with respect to t, we have
b t}’l—l
(Pk(t/ (X) = ; wm,r(n/ kr a)mr
using (2) gives
@) = Y Lk— Ly w1y Lk
P @) = ;wm,r(n , ,a)( D +m( );wmr(n , ,oc)( D
s n-2
_ mtnz_;: Wy =1,k a)( o)

Using (4), and (5), we have
Pi(t; @) = i (t; &) — mPrpi(t; &) — mii(t; @).
Hence,

Pr-1(t; &).

DD+ T ay =

Solving this difference-differential equation, we obtain (3). O

Theorem 2.4. The multiparameter r-Whitney numbers of the first kind have the explicit formula

e (CD)in Ly (asry 1
m+k2+ Z 51{’2...£j;( m )(ai)k'

Wy (n, k; &) = '
J: b+ bo++C=n

j=0

Proof. From (3) and setting f; = “—

> p £ (1 + mb)p S
pr(tb@) = Z Wy (1, k; @) — = mi" Z e m* Z @n exp(pilog(l + mt))
n=0 i=0 ! i=0 !
S BilogHm) 1 B S (D))
— k — ik - s AT S
- Z(ai)kz /! - ;(O‘i)’f;ﬂ(; ¢ )’

933
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using Cauchy’s rule of multiplication of infinite series, we get

k i oo o
1 J 1 .
‘A _ k Pi 1 )
prba) = m Z a Z ! Z Z 5152_”{,].( 1) (mt)
=0 j=0 7 n=j h+lyttl=n
0 n o 00 X 4
- k ( (=1 n
- ‘ Jomty",
; j=0 ]' [1+[2;+€]'—" K] lZ m ((1 )k
hence

H o

1 a-ry 1 oy ,
= 1 () )

(o) B tn k (e8]
Z wm,r(n/ k/ a)ﬁ =m Z ]
n=0 n=0 :

Equating the coefficients of (7), we get (6). [

O+l++=n 1%2

Theorem 2.5. The multiparameter r-Whitney numbers of the first kind have the following interesting explicit formula
i1+ o, — F\[i2 + Qjysi, — 7 — in + Qi 4. - -1
wnnkid) = Y (” i r)(zz et m) 3 (Z" e~ =l )) ®)
iy+ia-+in=k, i;€(0,1} ! 2 "
Proof. For k=0, we have
wm,r(n/ 0;a) = (o — 1)@ —r—m)---(ag — 7 —m(n — 1)).

Also, if i, € {0,1}, we get
_ i +a;, —7r in-1 + Qiyyesi,, — ¥ —m(n —2)
W,k &) = ). ( - )( Sl
iiin 4ot i1 =k—1 1 n-1
i+, — r) o (in_l + Qiygotiy, — 7 —m(n = 2)

+ Z (ai1+~-+in,1 —-r— m(n - 1))( 1 _ il 1 _ in—l

il +Z’2+“'+l‘n,1 =k

= wm,r(n - 1/k - 1/ &) + (U(k —-r- m(n - 1))wm,r(n - 1/ k/ &)r
where i; + - -+ +i,—1 = k. By virtue of (2), this completes the proof. [

Moreover, setting m = 1 and r = 0in (8), we get the explicit formula of the multiparameter Stirling numbers
of the first kind introduced in [5], also Setting m = 1, r = 0 and a; = 0 in this equation we obtain the explicit
formula of the Stirling numbers of the first kind.

Remark: From (6) and (8), we obtain the following new combinatorial identity

n+k - (_1)n_j7’l! S : _7’
" ;)‘ /! Z‘ 51 IZ‘ (a‘ )k

b +lp+ o+ n

1-i 1-1i,

(11 +a; — ) (1n + Qe +1,, —r—m(n— 1))
iy+ia-+in=k, i1€(0,1} !
Corollary 2.6. A new explicit expression for the r-Whitney numbers of the first kind is given by
ii—r\fia—r—m ip—r—mmn—1
Wy (11, k) = Z (11—1')(21—1' )(n 1—i( ))'
iy 4tk 11€(0,1} ! 2 &

Proof. The proof follows directly by setting a; = 0in (8). O
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Remark: Wagner [16] proved that

Win,r(1, k)

co+cy+tey-1=n-k, cj€{0,1}

So, we have the combinatorial identity

)3

ro(r+m) - (r+ (n—1m)t =

co+c1+-+ey—1=n—k

= Z rO(r +m)t - (r + (n = 1)ym)=.

i1+i2+~'-+i,,=k

Z nh—r iz—r—mmin—r—m(n—l)
1-14 1-1ip 1-1, )

cj€{0, 1} i;€{0, 1}
2.1. Special cases
From Eq. (1) we obtain the following special cases:

1 m=1land r=0 wio(n, k; &) = s(n,k; &), the multiparameter non-
central Stirling numbers of the first kind, see El-
Desouky [8].

2 |m=1,r=0anda; =0 wi,0(n,k;0) = s(n, k), the usual Stirling numbers of
the first kind, see Stirling [15] .

3 |m=1,r=0anda; =« wi0(n, k; @) = squ(n, k), the noncentral Stirling num-
bers of the first kind, see Koutras [10].

4 |m=1,r=0anda;=1i w10(n, k;i) = C(n, k, 1), the C-numbers when r = 1,
see [6] and [8].

5 a; =0 Wi, (1, k;0) = wy,,(n,k), the -Whitney numbers of
the first kind, see Mez46 [13].

6 ai=0andr=1 W1 (n,k; 0) = wy,(n, k), the Whitney numbers of the
first kind, see Benoumhani [2].

7 |aj=0andm=1 w11, k;0) = s.(n, k), the r-Stirling numbers of the
first kind, see Broder [3].

8 aij=aandr=0 Wyo(n,k;a) = Wpe(n, k), the noncentral Whitney
numbers of the first kind, see Mangontarum [12].

9 m=1,r=0anda; = % wio(n, k;a) = ﬁk‘”S(n, k;a,B,r), the generalized
Stirling-type pair, see Hsu and Shiue [9].

10 | m=1,r=0and o; = %lﬁ wy,(n, ki) = ak"S(n, k;B,a,—r), the generalized
Stirling-type pair, see Hsu and Shiue [9].

11 |m=1,r =0, a = 0| wpopnk) = (—a)k‘”[:](a), the translated Whitney

and then multiplying the | number of the first kind see [1].
given equation by (—a)"

Remark: It is worth noting that (mx + r; &), = (mx +r — ag)(mx + v — 1) - - - (mx + r — a,—1), hence

(mx +r;a), =m"(x —

where f; = “=

ag—7r a1 —r Apy_1—71

)x =

) (x = ),

, we have (mx +1; &), = m"(x; B, B = (Bo, P, Pu-1)-

Therefore the multiparameter r-Whitney numbers of the first kind can be written as

(X = Y W1, K; @i 5 B
k=0

935
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2.2. Some relations

1. We determine the relation between the Stirling numbers of the first kind and the multiparameter
r-Whitney numbers of the first kind. From (9), we have

() = Y W,k ) (5 B,
k=0

hence,
n n k
m" Z s(n,xt = Z Wy (1, k; @)m* Z sp(k, it
i=0 k=0 i=0
n

( Z 15w, (1, k; 8)sp(k, 1) ).

i=0 k=i

Equating coefficient of x' on both sides, we get

s(n,i) = Ym0 Py, (n,k; @)sp(k i), (10)
k=i

where sg(k, i) are the generalized Stirling numbers of the first kind see [6].
2. Also wy,,(n, k; &) can be expressed in terms of s(n, k) and Sﬁ(k, i) as

n n 1 k
2 sl iz @ (B = ) s, kot = ) s(m k) ) Syl ) B
i=0 k=0 k=0 =0
= m" Z ( Z s(n,k)Sp(k, i))(x; ).
i=0 k=i

Equating the coefficients of (x; B); on both sides, we get

n

mniizs(n, k)Sﬁ(k, l) = wm,r(n/ Z/a) (11)

k=i

where Sp(k, i) are the generalized Stirling numbers of the second kind, see Comtet [6].
3. Similarly we can express Sp(n, i) in terms of S(n, k) and wy,»(k, i; &) as

x =Y S B,
k=0

then

n k
Z S(n, k)m_k Z‘ wm,r(k/ i &)mi(X; l_g)l
k=0 i=0

n

Y Sp(n, )6 B
i=0

( i m kS (n, kyw,, (k, i; &))(X; p)i.

i=0 k=i

Equating coefficient of (x; B); on both sides, we get

Sp(n, i) = Z mi*S(n, Kywy (k, i; &). 12)
k=i
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4. From [11], [14] we have
s(n,i) = ) (~1)'L(n, Kys(k, ),
k=i
where L(n, k) denote the Lah numbers, and substituting in (10), we get
1 .
Z(—l)’L(n, Kk, i) — m~"Dw,, (n, k; @)sp(k, i) = 0.
k=i

5. From El-desouky [8] we have
) n
s(n, i) =) Cln,k, sk, ),
k=i
where C(n, k, ) denotes the C-numbers, and substituting in (10), we get
n .
Y Py, (b @)splk, ) - 7 Cln K, r)s(k, ) = 0.

k=i

2.3. Matrix representation
1. Eq. (10) can be represented in a matrix form as

E = Wm,r(@)g‘[g, (13)

where s(n, i) = m"s(n, i) and ?B(k, i) = mksf;(k, i) and s, wy,,(&) and sp are n X n lower triangle matrices
whose entries are, respectively, the Stirling number of the first kind, the multiparameter r-Whitney
numbers of the first kind and the generalized Stirling numbers of the first kind.

For example if 0 < 1, k,i < 3, hence (13) can be written as

1 0 0 0 1 0 0 0
0 m 0 0 ag—71 1 0 0
0 -m? m? 0 (ag—r—m); agp+ag—2r—-m 1 0
0 2m® -3m® wd (g —r—m)y Wy, 3,1;&) W, (3,2, 1
1 0 0 0
—(ag—7) m 0 0
(o —1)(a1 —7) -m(ag + oy —2r) m? 0
—(a0 = 1)1 = )(az —71) 53(3,1) -m?(ag + aq + ap — 3r) m®

where wy, ,(3,1; &) = (ap—1)(ag—r—m)+ (a1 —r—=2m) (g + a1 —2r—m), Wy, (3,2; &) = ap+ a1 +ay—3r—3m
and’s3(3,1) = m((a — )1 + a2 = 2r) + (a1 = 1)(a2 = 1))
2. Eq. (11) can be represented in a matrix form as

S Sp = Wi (@), (14)

where w,, ,(n,i; &) = m'w,, ,(n,i; & and S pisnxn lower triangle matrix whose entries is the generalized
Stirling number of the second kind.
For example if 0 < 1, k,i < 3, hence (14) can be written as

1 0 0 0 1 0 0 0
O m 0 0 T 1 0 0
0 w0 || . 10 |”
0 2m® -3m® md (ro—1®  (@o—r+Hao—r)a1—n+(@1—-r)*  ap+ai+ar=3r 1

m3 m? m
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1 0 0 0

g — 71 m 0 0
(g —r—m)1 m(ag+a —2r —m) m? 0
(g — 7 — m)y mwy,,(3,1; &) m*w,, ,(3,2; & m3

3. Eq. (12) can be represented in a matrix form as
Sp = S Wy, (@), (15)

where w,, ,(k, i; &) = mi‘kwm,,(k, i; @) and S is n X n lower triangle matrix whose entries is the Stirling
number of the second kind.

For example if 0 < n,k,i < 3, hence (15) can be written as

1 0 0 0

"‘07*’ 1 0 0

(ag—zr)z Qo+a—=2r 1 0 -

@ @-rPrada @ r?  ararad 4

m3 m? m

100 0)(1 0 0 0

010 0|l % 1 0 0

0110 (ag—rz—m)l ap+an—2r—m 1 0
m m

013 1) &2 5,,63,La) ©nG2a8 1

(ao—r)(ao—r—m)+(a1";;—2m)(ao+al—2r—m), B (3,2 a) = W.

where w,,,(3,1; &) =

3. The Multiparameter r-Whitney Numbers of the Second Kind

Definition 3.1. The multiparameter r-Whitney numbers of the second kind W, ,(n, k; &) with parameter & =
(o, a1, , ay—1) are defined by

(mx+ 1585 = Y W (1, k; (o), (16)
k=0

where Wy, +(0,0; &) = 1 and W, ,(n, k; &) = 0 for k > n.

Theorem 3.2. The multiparameter r-Whitney numbers of the second kind W, .(n, k; &) satisfy the recurrence relation
Wik, &) = Wy, (n — 1, k=1, &) + (r + mk — ap_1)Wy,(n — 1,k &), (17)

fork>1.

Proof. Since (mx + 1; &), = (mx — mk + v — ay_1 + mk)(mx + r; &),—1, using (16) we have

ZZ:O Winr (1, k; E\c)mk(x)k

n—1 n—1
= mlc=k) Y W =1,k 8) m )i+ (r 4+ mk = 1) Y W = 1,k; @) ()
k=0 k=0
n n—1
= ) W= 1,k = 1;,8) mh )+ mk = 1) ) W1 = 1,k @) i (0.
k=1 k=0

Equating the coefficient of (x); on both sides, we get (17). O
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Theorem 3.3. The multiparameter r-Whitney numbers of the second kind have the interesting explicit formula

_ _ 1—i — B S
Wor(n @) = Z (r ‘ao)(r a1+‘( zo)m))m(r Q1+ (n i i in z)m’ as)
I_1=n—k lo h In-1
n-1
whereij € {0,1}, j€{0,1,--- ,n—1},and I, 1 = ip + i1 + -+ +i;1.

Proof. For k =0 (18), gives

Win,r(1,0; @) = (r = ao)(r — a1) -+~ (r — ap-1),

which is agrees with the definition of W,, (1, k; &).
Also, if i,,_1 € {0, 1}, we have that

_ r—ag\[r—ai + (1 —ig)m r—apo+Mm—2—iyg—- - —iy_3)m
Wm,},(n, k; ag) = ( ; )( ; .. n i n
b= D-(-1) ! "
+ r—ay+(m—1—ig—iy— - —iy_2)m]
Lia=(n—1)—k

ie.,

]

(r—ao) (r—an_z+(n—2—i0—~--—i,,_3)m)
1 in—Z ’

Wh(n, k) = Wy p(n =1,k =1, &) + (r — apmy + mk)Wy, . (n — 1, k; ).
Therefore, by (17) and induction we get the desired result. 0O

Moreover, setting m = 1 and r = 0 in (18), we get the explicit formula of the multiparameter Stirling
numbers of the second kind introduced in [5], also Setting m = 1, » = 0 and a; = 0 in this equation we

obtain the explicit formula of the Stirling numbers of the second kind.

3.1. Special cases
From Eq. (16) we have the following special cases:

1| m=1land r=0 Wio(n, k; &) = S(n, k; @)), the multiparameter non-
central Stirling numbers of the second kind, see El-
Desouky [8].
2| m=1,r=0anda; =0 Wio(n, k;0) = S(n, k), the usual Stirling numbers of
the second kind, see Stirling [15] .
3|m=1,r=0anda; =« Wio(n, k; &) = Sn(n, k), the noncentral Stirling num-
bers of the second kind, see Koutras [10].
4 | m=1,r=0and a; =1 Wio(n, k;i) = C(n, k; 1), the C-numbers where r = 1,
see [6] and [8].
5(a=0 Wi (1, k;0) = Wy, (11, k), the r-Whitney numbers of
the second kind, see Mez6 [13].
6| a=0andr=1 Wi1(n, k; 0) = Wy, (n, k), the Whitney numbers of the
second kind, see Benoumhani [2].
70 aq=0andm =1 Wi,(n,k;0) = S,(n, k), the r-Stirling numbers of the
second kind, see Broder [3].
8| aj=aandr=0 Winr(n,k; a) = Wy, .(n, k), the The noncentral Whit-
ney numbers of the second kind, see Mangontarum
[12].
9| Setting m =1, r = 0, | wio(nk0) = (a)k‘”{:}(a), the translated Whitney
a; = 0 and then multiply- | numbers of the second kind see [1].
ing the given equation by
(a)"
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Corollary 3.4. A new explicit expression for the r-Whitney numbers of the second kind is given by

Wosn )= Y (;)(”(1.‘io)’”))...(r+("—1—io—i1—-~—in_z)m.

In-1=n—k h in_l
Proof. The proof follows directly by setting a; = 0in (18). O

Remark: Mez6 [13] proved that

k

ARCREDY (’f)(—l)kf(mi + 7).

i=0
So, we have the combinatorial identity
k

Z (];)(—1)k_i(mi +r) = Z (r)(r +( B iO)m)) .. (” t(n—-1-ig—ip— - —ip2)m '

i i Ty
i=0 Tr=n—k O 1 n-1

3.2. Some relations

1. We determine the relation between generalized Stirling numbers of the first kind sg(n, i) and multipa-
rameter r-Whitney numbers of the second kind W, .(n, k; &). From (16), we have

(Bl = ) W, K; @)mk (),
k=0

hence
n n k n n
m" Z sp(n, ix = Z Wi o (1, k; @)m Z s(k, i)x' = Z (Z 1 W, (1, K; 8)s(k, 1)
i=0 k=0 i=0 i=0 k=i
Equating the coefficients of x' on both sides, we get
n
m'sp(n, i) = Z 1 W (n, k; @)s(k, i). (19)

k=i

2. Also Wy,.(n, k; &) can be expressed in terms of S(k, i) and sg(n, k) as

n n k
@B = Y spn 0 =Y spn, ) Y, Sk, D(x),
k=0 k=0 i=0
hence
m Y W, a)mi () = Y (Y sp(n, K0S (K, ) ):.
i=0 i=0 k=i

Equating the coefficients of (x); on both sides, we get

n

W (1, i3 &) = m"™ Z sp(,k)S(k, ). (20)
k=i
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3. Similarly, we can express S(n, i) in terms of Sﬁ(n, k) and W,,,(k, i; &) as

x" = )" Sp0n, 06 B,
k=0

then

n n k n

St D) = ) Splnlom™ Y Wy (ki @y (x); = Z(i S, KY Wi (K, i 3)) ().

i=0 k=0 i=0 i=0 k=i
Equating the coefficients of (x); on both sides, we get

S(n,i) = Y m ™ Sg(n, YW, (k. i; ). (21)
k=i

4. From (1) and (16), we get the orthogonal relation of w,, ,(n, k; &) and W, ,(n, k; &) as

m" (xX)n

n n k
Z W1,k @) (mx +1; &)y = Z W (1,1 @) ) Wik, i; @) (x);)
i=0

= Z Zwmr(n K; &) W (K, 1; &) ) (),

i=0

hence

n
Z wm,r(n/ k; &) Wm,r(kr i Ek) = by,

k=i

where 6,; is Kronecker’s delta.
5. Caki¢ [4] defined the generalized harmonic numbers as

= 1
H(k; @) = 2(—
i=0

From (16) we have

(mx+ra), = Z Wi (1, k; a)m" (x)y = Z Wi (1, k; &) Z Wy, (k, f)(mx + 7))

j=0
= y (Z Wir(n, k; d)w, - (k, j))(mx +7). 22)
j=0  k=j

Also, we have

L n n—1
(mx +7;0), = H((mx+r)—a.)_H( 0‘)(1—mx+r)—H( a;). exp( log(1 mx+r))

i i=0 i=0 =0

n-1 oo n o
- Homer(- SR - [oer(- =02 £

,_.

i:O k=1 i=0
n

H(—a,-). exp (

i=0

M8 'lP’J

k=
(’”x;”H(k@) HW)Z({;. 2(mx+r)H(k—>)

i=0

o~
Il
—_
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using Cauchy rule product of series, this lead to

1_0[( @) L ( 1) Z( Z m HHn(kl, a))(mx +7)

j=t  kitko+tke=j

g(—ai)i i 1)6’ Z klkZ - HH(kl,a))(mx+r)‘.

(mx + 71, a),

j=0 ¢=0 k1+k2+ +ke=j
(23)
From (22) and (23) we have the following identity
oo 1 ¢
Z W (1, K; &)t (K, ) = H( @)}, P — [T Hk:®).
i=0 =0 k1+k2+ +ke=j =1
3.3. Matrix representation
1. Eq. (19) can be represented in a matrix form as
’5\[5 = Wm,r(@)’g/ (24)

where W, (&) is a matrix whose entries are the multiparameter r-Whitney numbers of the second
kind.

Remark: It is worth noting that (24)comes directly by multiplying Eq. (13) by W,, (&) from left.

For example if 0 < n,k,i < 3, Eq.(24) can be written as

1 0 0 0
—(ag—7) m 0 0 |_
(o — )y — 1) —m(ag + oy — 2r) m? 0 |~
—(ag — (g —1)(apy — 1) 55(3,1) -m?*(ag + ay +ap — 3r) m®
1 0 0 0 1 0 0 0
r— o 1 0 0 0 m 0 0
(r—ag)(r—a)) 2r+m-ay—a; 1 0|l 0 —-m> m? 0
Wonr(3,0; &) Wi (3, 1; &) Wi,3,2;a) 1 0 2m® =-3m® md

where W;,,,(3,0; &) = (r — ao)(r —a1)(r — az), Wi,,(3, 1; &) = (r— ao)(r — ) + (r + m —a)(2r + m —ap — 1)
and W,,,(3,2; &) =3r + 3m —ap — a1 — az.
2. Eq. (20) can be represented in a matrix form as

53 S = W (@), (25)

where I/’\\/m,,(n, i; &) = m'Wy,,(n,i; &).
For example if 0 < n,k,i < 3, Eq.(25) can be written as

1 0 0 0 1 0 0O
—(ap—1) m 0 0 01 0 0]_
(o = 1)1 = 7) —-m(ag + vy — 2r)  m? 0 01 10|~
—(ag — 1)1 = )(az —1) $3(3,1) -m?*(ag + ay + ap — 3r) m? 01 31

1 0 0 0

r— m 0 0

(r—ag)r—ar) mQr+m-—ag—a;) m? 0

Wm,r(3/ 0; &) mwm,r(3r 1L a) mzwm,r(S/ 2;a) m3
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3. Eq. (21) can be represented in a matrix form as
Sp W@ =S, (26)
where W, (k, i; @) = m*W,, ,(k, i; ).

Remark: It is worth noting that (26) comes directly by multiplying Eq. (15) by W, (&) from right.
For example if 0 < n,k,i < 3, Eq. (26) can be written as

1 0 0 0 1 0 0 0
ap— —
B 1 0 0 || = 1 0 0
(ag—r)? ag+ar—=2r 1 0 (r—ap)(r—a1)  @r+m—ag—ai) 1 0 =
2
(agn—r)3 (0(0—1’)2+(110—1’;r(10(1 —1)+(a; —7’)2 apg+ag+ar—3r 1 W,,,/,{él,o;ﬁc) Wm/v(3;/1il}5_‘f) Wm/r(3/2;c_k) 1
m3 m2 m m3 m2 m
1 0 0 0
01 00
0110
0131
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