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The Multiparameter r-Whitney Numbers

B. S. El-Desoukya, F. A. Shihaa, Ethar M. Shokra

aDepartment of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt

Abstract. In this paper, we define the multiparameter r-Whitney numbers of the first and second kind.
The recurrence relations, generating functions , explicit formulas of these numbers and some combinatorial
identities are derived. Some relations between these numbers and generalized Stirling numbers of the
first and second kind, Lah numbers, C-numbers and harmonic numbers are deduced. Furthermore, some
interesting special cases are given. Finally matrix representation for these relations are given.

1. Introduction

Throughout this article we use the following notations:
The generalized falling factorial associated with ᾱ = (α0, α1, · · · , αn−1) is defined by

(x; ᾱ)n =

n−1∏
i=0

(x − αi).

If αi = i, we have the falling factorial (x)n =
∏n−1

i=0 (x − i) and

(αi)k =

k∏
j=0, j,i

(αi − α j)

The r-Whitney numbers of the first and second kind were introduced, respectively, by Mező [13] as

mn(x)n =

n∑
k=0

wm,r(n, k)(mx + r)k,

and

(mx + r)n =

n∑
k=0

Wm,r(n, k)mk(x)k,
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if r = 1, the r-Whitney numbers are reduced to the Whitney numbers, see Dowling [7] and Benoumhani [2].
El-Desouky [8] defined the multiparameter non-central Stirling numbers of the first and second kind,
respectively, by

(x)n =

n∑
k=0

s(n, k;α)(x;α)k,

and

(x;α)n =

n∑
k=0

S(n, k;α)(x)k.

In this paper, we define the multiparameter r-Whitney numbers of the first and second kind, recurrence
relations, generating function and explicit formulas are obtained. Some important special cases are inves-
tigated. Moreover, some relations between these numbers and Stirling numbers, the generalized Stirling
numbers, Lah numbers, C-numbers and the generalized harmonic numbers are derived. Finally, we give a
matrix representation for some of these relations.

2. The Multiparameter r-Whitney Numbers of the First Kind

Let x be a real number, n nonnegative integer, and ᾱ = (α0, α1, · · · , αn−1) where αi, i = 0, 1, · · · ,n − 1 are
real numbers.

Definition 2.1. The multiparameter r-Whitney numbers of the first kind wm,r(n, k; ᾱ) with parameter ᾱ = (α0, α1, · · · , αn−1)
are defined by

mn(x)n =

n∑
k=0

wm,r(n, k; ᾱ)(mx + r; ᾱ)k, (1)

where wm,r(0, 0; ᾱ) = 1 and wm,r(n, k; ᾱ) = 0 for k > n.

Theorem 2.2. The multiparameter r-Whitney numbers of the first kind wm,r(n, k; ᾱ) satisfy the recurrence relation

wm,r(n, k; ᾱ) = wm,r(n − 1, k − 1; ᾱ) + (αk − r −m(n − 1))wm,r(n − 1, k; ᾱ), (2)

for k ≥ 1, and wm,r(n, 0; ᾱ) =
∏n−1

i=0 (α0 − r − im) = (α0 − r|m)n.

Proof. Since mn(x)n = mn−1(x)n−1(mx + r − αk − r + αk −m(n − 1)), then we have∑n
k=0 wm,r(n, k; ᾱ)(mx + r;α)k

= (mx + r − αk)
n−1∑
k=0

wm,r(n − 1, k; ᾱ)(mx + r; ᾱ)k + (αk − r −m(n − 1))
n−1∑
k=0

wm,r(n − 1, k; ᾱ)(mx + r; ᾱ)k

=

n∑
k=1

wm,r(n − 1, k − 1; ᾱ)(mx + r; ᾱ)k + (αk − r −m(n − 1))
n−1∑
k=0

wm,r(n − 1, k; ᾱ)(mx + r; ᾱ)k.

Equating the coefficients of (mx + r; ᾱ)k on both sides, we get (2). For k = 0 it is easy to prove that
wm,r(n, 0; ᾱ) =

∏n−1
i=0 (α0 − r − im).

Theorem 2.3. The multiparameter r-Whitney numbers of the first kind have the exponential generating function

ϕk(t; ᾱ) =

∞∑
n=0

wm,r(n, k; ᾱ)
tn

n!
= mk

k∑
i=0

(1 + mt)
αi−r

m

(αi)k
. (3)
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Proof. Since the exponential generating function of wm,r(n, k; ᾱ) is defined as

ϕk(t; ᾱ) =

∞∑
n=k

wm,r(n, k; ᾱ)
tn

n!
, (4)

where wm,r(n, k; ᾱ) = 0 for n < k. If k = 0 we get

ϕ0(t; ᾱ) =

∞∑
n=0

wm,r(n, 0; ᾱ)
tn

n!
=

∞∑
n=0

(α0 − r; m)n
tn

n!
=

∞∑
n=0

(
α0 − r

m
)n

(mt)n

n!
,

let βi = αi−r
m , i = 0, 1, · · · ,n − 1 then

ϕ0(t; ᾱ) =

∞∑
n=0

(β0)n
(mt)n

n!
= (1 + mt)β0 .

Differentiating both sides of (4) with respect to t, we have

ϕ̀k(t; ᾱ) =

∞∑
n=k

wm,r(n, k; ᾱ)
tn−1

(n − 1)!
, (5)

using (2) gives

ϕ̀k(t; ᾱ) =

∞∑
n=k

wm,r(n − 1, k − 1; ᾱ)
tn−1

(n − 1)!
+ m(

αk − r
m

)
∞∑

n=k

wm,r(n − 1, k; ᾱ)
tn−1

(n − 1)!

− mt
∞∑

n=k

wm,r(n − 1, k; ᾱ)
tn−2

(n − 2)!
.

Using (4), and (5), we have

ϕ̀k(t; ᾱ) = ϕk−1(t; ᾱ) −mβkϕk(t; ᾱ) −mtϕ̀k(t; ᾱ).

Hence,

ϕ̀k(t; ᾱ) +
mβk

1 + mt
ϕk(t; ᾱ) =

1
1 + mt

ϕk−1(t; ᾱ).

Solving this difference-differential equation, we obtain (3).

Theorem 2.4. The multiparameter r-Whitney numbers of the first kind have the explicit formula

wm,r(n, k; ᾱ) = mn+k
n∑

j=0

(−1)n− jn!
j!

∞∑
`1+`2+···+` j=n

1
`1`2 · · · ` j

k∑
i=0

(αi − r
m

) j 1
(αi)k

. (6)

Proof. From (3) and setting βi = αi−r
m

ϕk(t; ᾱ) =

∞∑
n=0

wm,r(n, k; ᾱ)
tn

n!
= mk

k∑
i=0

(1 + mt)βi

(αi)k
= mk

k∑
i=0

1
(αi)k

exp(βi log(1 + mt))

= mk
k∑

i=0

1
(αi)k

∞∑
j=0

(βi log(1 + mt)) j

j!
= mk

k∑
i=0

1
(αi)k

∞∑
j=0

β j
i

j!

( ∞∑
`=1

(−1)`−1(mt)`

`

) j
,
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using Cauchy’s rule of multiplication of infinite series, we get

ϕk(t; ᾱ) = mk
k∑

i=0

1
(αi)k

∞∑
j=0

β j
i

j!

∞∑
n= j

∞∑
`1+`2+···+` j=n

1
`1`2 · · · ` j

(−1)n− j(mt)n

= mk
∞∑

n=0

( n∑
j=0

(−1)n− j

j!

∞∑
`1+`2+···+` j=n

1
`1`2 · · · ` j

k∑
i=0

(αi − r
m

) j 1
(αi)k

)
(mt)n,

hence

∞∑
n=0

wm,r(n, k; ᾱ)
tn

n!
= mk

∞∑
n=0

( n∑
j=0

(−1)n− j

j!

∞∑
`1+`2+···+` j=n

1
`1`2 · · · ` j

k∑
i=0

(αi − r
m

) j 1
(αi)k

)
(mt)n. (7)

Equating the coefficients of (7), we get (6).

Theorem 2.5. The multiparameter r-Whitney numbers of the first kind have the following interesting explicit formula

wm,r(n, k; ᾱ) =
∑

i1+i2+in=k, i j∈{0,1}

(
i1 + αi1 − r

1 − i1

)(
i2 + αi1+i2 − r −m

1 − i2

)
· · ·

(
in + αi1+···+in − r −m(n − 1)

1 − in

)
. (8)

Proof. For k=0, we have

wm,r(n, 0; ᾱ) = (α0 − r)(α0 − r −m) · · · (α0 − r −m(n − 1)).

Also, if in ∈ {0, 1}, we get

wm,r(n, k; ᾱ) =
∑

i1+i2+···+in−1=k−1

(
i1 + αi1 − r

1 − i1

)
· · ·

(
in−1 + αi1+···+in−1 − r −m(n − 2)

1 − in−1

)
+

∑
i1+i2+···+in−1=k

(αi1+···+in−1 − r −m(n − 1))
(
i1 + αi1 − r

1 − i1

)
· · ·

(
in−1 + αi1+···+in−1 − r −m(n − 2)

1 − in−1

)
= wm,r(n − 1, k − 1; ᾱ) + (αk − r −m(n − 1))wm,r(n − 1, k; ᾱ),

where i1 + · · · + in−1 = k. By virtue of (2), this completes the proof.

Moreover, setting m = 1 and r = 0 in (8), we get the explicit formula of the multiparameter Stirling numbers
of the first kind introduced in [5], also Setting m = 1, r = 0 and αi = 0 in this equation we obtain the explicit
formula of the Stirling numbers of the first kind.

Remark: From (6) and (8), we obtain the following new combinatorial identity

mn+k
n∑

j=0

(−1)n− jn!
j!

∞∑
`1+`2+···+` j=n

1
`1`2 · · · ` j

k∑
i=0

(αi − r
m

) j 1
(αi)k

=

∑
i1+i2+in=k, i j∈{0,1}

(
i1 + αi1 − r

1 − i1

)
· · ·

(
in + αi1+···+in − r −m(n − 1)

1 − in

)
.

Corollary 2.6. A new explicit expression for the r-Whitney numbers of the first kind is given by

wm,r(n, k) =
∑

i1+i2+···+in=k, i j∈{0,1}

(
i1 − r
1 − i1

)(
i2 − r −m

1 − i2

)
· · ·

(
in − r −m(n − 1)

1 − in

)
.

Proof. The proof follows directly by setting αi = 0 in (8).
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Remark: Wagner [16] proved that

wm,r(n, k) =
∑

c0+c1+···+cn−1=n−k, c j∈{0,1}

rc0 (r + m)c1 · · · (r + (n − 1)m)cn−1 .

So, we have the combinatorial identity

∑
c0+c1+···+cn−1=n−k

c j∈{0, 1}

rc0 (r + m)c1 · · · (r + (n − 1)m)cn−1 =
∑

i1+i2+···+in=k
i j∈{0, 1}

(
i1 − r
1 − i1

)(
i2 − r −m

1 − i2

)
· · ·

(
in − r −m(n − 1)

1 − in

)
.

2.1. Special cases

From Eq. (1) we obtain the following special cases:

1 m = 1 and r = 0 w1,0(n, k; ᾱ) = s(n, k; ᾱ), the multiparameter non-
central Stirling numbers of the first kind, see El-
Desouky [8].

2 m = 1, r = 0 and αi = 0 w1,0(n, k; 0) = s(n, k), the usual Stirling numbers of
the first kind, see Stirling [15] .

3 m = 1, r = 0 and αi = α w1,0(n, k;α) = sα(n, k), the noncentral Stirling num-
bers of the first kind, see Koutras [10].

4 m = 1, r = 0 and αi = i w1,0(n, k; i) = C(n, k, 1), the C-numbers when r = 1,
see [6] and [8].

5 αi = 0 wm,r(n, k; 0) = wm,r(n, k), the r-Whitney numbers of
the first kind, see Mező [13].

6 αi = 0 and r = 1 wm,1(n, k; 0) = wm(n, k), the Whitney numbers of the
first kind, see Benoumhani [2].

7 αi = 0 and m = 1 w1,r(n, k; 0) = sr(n, k), the r-Stirling numbers of the
first kind, see Broder [3].

8 αi = a and r = 0 wm,0(n, k; a) = w̃m,a(n, k), the noncentral Whitney
numbers of the first kind, see Mangontarum [12].

9 m = 1, r = 0 and αi = −r−iα
β w1,0(n, k; ᾱ) = βk−nS(n, k;α, β, r), the generalized

Stirling-type pair, see Hsu and Shiue [9].
10 m = 1, r = 0 and αi =

r+iβ
α w1,r(n, k; iα) = αk−nS(n, k; β, α,−r), the generalized

Stirling-type pair, see Hsu and Shiue [9].

11 m = 1, r = 0, αi = 0
and then multiplying the
given equation by (−α)n

w1,0(n, k; 0) = (−α)k−n
[n

k

](α)
, the translated Whitney

number of the first kind see [1].

Remark: It is worth noting that (mx + r; ᾱ)n = (mx + r − α0)(mx + r − α1) · · · (mx + r − αn−1), hence

(mx + r; ᾱ)n = mn(x −
α0 − r

m
)(x −

α1 − r
m

) · · · (x −
αn−1 − r

m
),

where βi = αi−r
m , we have (mx + r; ᾱ)n = mn(x; β̄)n, β̄ = (β0, β1, · · · , βn−1).

Therefore the multiparameter r-Whitney numbers of the first kind can be written as

mn(x)n =

n∑
k=0

wm,r(n, k; ᾱ)mk(x; β̄)k. (9)
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2.2. Some relations
1. We determine the relation between the Stirling numbers of the first kind and the multiparameter

r-Whitney numbers of the first kind. From (9), we have

mn(x)n =

n∑
k=0

wm,r(n, k; ᾱ)mk(x; β̄)k,

hence,

mn
n∑

i=0

s(n, i)xi =

n∑
k=0

wm,r(n, k; ᾱ)mk
k∑

i=0

sβ̄(k, i)x
i

=

n∑
i=0

( n∑
k=i

mkwm,r(n, k; ᾱ)sβ̄(k, i)
)
xi.

Equating coefficient of xi on both sides, we get

s(n, i) =

n∑
k=i

m−(n−k)wm,r(n, k; ᾱ)sβ̄(k, i), (10)

where sβ̄(k, i) are the generalized Stirling numbers of the first kind see [6].
2. Also wm,r(n, k; ᾱ) can be expressed in terms of s(n, k) and Sβ̄(k, i) as

n∑
i=0

wm,r(n, i; ᾱ)mi(x; β̄)i = mn
n∑

k=0

s(n, k)xk = mn
n∑

k=0

s(n, k)
k∑

i=0

Sβ̄(k, i)(x; β̄)i

= mn
n∑

i=0

( n∑
k=i

s(n, k)Sβ̄(k, i)
)
(x; β̄)i.

Equating the coefficients of (x; β̄)i on both sides, we get

mn−i
n∑

k=i

s(n, k)Sβ̄(k, i) = wm,r(n, i;α). (11)

where Sβ̄(k, i) are the generalized Stirling numbers of the second kind, see Comtet [6].
3. Similarly we can express Sβ̄(n, i) in terms of S(n, k) and wm,r(k, i; ᾱ) as

xn =

n∑
k=0

S(n, k)(x)k,

then
n∑

i=0

Sβ̄(n, i)(x; β̄)i =

n∑
k=0

S(n, k)m−k
k∑

i=0

wm,r(k, i; ᾱ)mi(x; β̄)i

=

n∑
i=0

( n∑
k=i

mi−kS(n, k)wm,r(k, i; ᾱ)
)
(x; β̄)i.

Equating coefficient of (x; β̄)i on both sides, we get

Sβ̄(n, i) =

n∑
k=i

mi−kS(n, k)wm,r(k, i; ᾱ). (12)
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4. From [11], [14] we have

s(n, i) =

n∑
k=i

(−1)iL(n, k)s(k, i),

where L(n, k) denote the Lah numbers, and substituting in (10), we get

n∑
k=i

(−1)iL(n, k)s(k, i) −m−(n−k)wm,r(n, k; ᾱ)sβ̄(k, i) = 0.

5. From El-desouky [8] we have

s(n, i) = r−i
n∑

k=i

C(n, k, r)s(k, i),

where C(n, k, r) denotes the C-numbers, and substituting in (10), we get

n∑
k=i

m−(n−k)wm,r(n, k; ᾱ)sβ̄(k, i) − r−iC(n, k, r)s(k, i) = 0.

2.3. Matrix representation
1. Eq. (10) can be represented in a matrix form as

ŝ = wm,r(ᾱ)̂sβ̄, (13)

where ŝ(n, i) = mns(n, i) and ŝβ̄(k, i) = mksβ̄(k, i) and s,wm,r(ᾱ) and sβ̄ are n × n lower triangle matrices
whose entries are, respectively, the Stirling number of the first kind, the multiparameter r-Whitney
numbers of the first kind and the generalized Stirling numbers of the first kind.
For example if 0 ≤ n, k, i ≤ 3, hence (13) can be written as

1 0 0 0
0 m 0 0
0 −m2 m2 0
0 2m3

−3m3 m3

 =


1 0 0 0
α0 − r 1 0 0
(α0 − r −m)1 α0 + α1 − 2r −m 1 0
(α0 − r −m)2 wm,r(3, 1; ᾱ) wm,r(3, 2; ᾱ) 1


.


1 0 0 0
−(α0 − r) m 0 0
(α0 − r)(α1 − r) −m(α0 + α1 − 2r) m2 0
−(α0 − r)(α1 − r)(α2 − r) ŝβ̄(3, 1) −m2(α0 + α1 + α2 − 3r) m3


where wm,r(3, 1; ᾱ) = (α0−r)(α0−r−m)+(α1−r−2m)(α0 +α1−2r−m), wm,r(3, 2; ᾱ) = α0 +α1 +α2−3r−3m
and ŝβ̄(3, 1) = m((α0 − r)(α1 + α2 − 2r) + (α1 − r)(α2 − r)).

2. Eq. (11) can be represented in a matrix form as

ŝ Sβ̄ = ŵm,r(ᾱ), (14)

where ŵm,r(n, i; ᾱ) = miwm,r(n, i; ᾱ) and Sβ̄ is n×n lower triangle matrix whose entries is the generalized
Stirling number of the second kind.
For example if 0 ≤ n, k, i ≤ 3, hence (14) can be written as

1 0 0 0
0 m 0 0
0 −m2 m2 0
0 2m3

−3m3 m3




1 0 0 0
α0−r

m 1 0 0
(α0−r)2

m2
α0+α1−2r

m 1 0
(α0−r)3

m3
(α0−r)2+(α0−r)(α1−r)+(α1−r)2

m2
α0+α1+α2−3r

m 1

 =
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1 0 0 0

α0 − r m 0 0
(α0 − r −m)1 m(α0 + α1 − 2r −m) m2 0
(α0 − r −m)2 mwm,r(3, 1; ᾱ) m2wm,r(3, 2; ᾱ) m3


3. Eq. (12) can be represented in a matrix form as

Sβ̄ = S ŵm,r(ᾱ), (15)

where ŵm,r(k, i; ᾱ) = mi−kwm,r(k, i; ᾱ) and S is n × n lower triangle matrix whose entries is the Stirling
number of the second kind.
For example if 0 ≤ n, k, i ≤ 3, hence (15) can be written as

1 0 0 0
α0−r

m 1 0 0
(α0−r)2

m2
α0+α1−2r

m 1 0
(α0−r)3

m3
(α0−r)2+(α0−r)(α1−r)+(α1−r)2

m2
α0+α1+α2−3r

m 1

 =


1 0 0 0
0 1 0 0
0 1 1 0
0 1 3 1




1 0 0 0
α0−r

m 1 0 0
(α0−r−m)1

m2
α0+α1−2r−m

m 1 0
(α0−r−m)2

m3 ŵm,r(3, 1; ᾱ) ŵm,r(3, 2; ᾱ) 1


where ŵm,r(3, 1; ᾱ) =

(α0−r)(α0−r−m)+(α1−r−2m)(α0+α1−2r−m)
m2 , ŵm,r(3, 2; ᾱ) = α0+α1+α2−3r−3m

m .

3. The Multiparameter r-Whitney Numbers of the Second Kind

Definition 3.1. The multiparameter r-Whitney numbers of the second kind Wm,r(n, k; ᾱ) with parameter ᾱ =
(α0, α1, · · · , αn−1) are defined by

(mx + r; ᾱ)n =

n∑
k=0

Wm,r(n, k; ᾱ)mk(x)k, (16)

where Wm,r(0, 0; ᾱ) = 1 and Wm,r(n, k; ᾱ) = 0 for k > n.

Theorem 3.2. The multiparameter r-Whitney numbers of the second kind Wm,r(n, k; ᾱ) satisfy the recurrence relation

Wm,r(n, k; ᾱ) = Wm,r(n − 1, k − 1; ᾱ) + (r + mk − αn−1)Wm,r(n − 1, k; ᾱ), (17)

for k ≥ 1.

Proof. Since (mx + r; ᾱ)n = (mx −mk + r − αn−1 + mk)(mx + r; ᾱ)n−1, using (16) we have

∑n
k=0 Wm,r(n, k; ᾱ)mk(x)k

= m(x − k)
n−1∑
k=0

Wm,r(n − 1, k; ᾱ) mk(x)k + (r + mk − αn−1)
n−1∑
k=0

Wm,r(n − 1, k; ᾱ) mk(x)k

=

n∑
k=1

Wm,r(n − 1, k − 1; ᾱ) mk(x)k + (r + mk − αn−1)
n−1∑
k=0

Wm,r(n − 1, k; ᾱ) mk(x)k.

Equating the coefficient of (x)k on both sides, we get (17).
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Theorem 3.3. The multiparameter r-Whitney numbers of the second kind have the interesting explicit formula

Wm,r(n, k; ᾱ) =
∑

In−1=n−k

(
r − α0

i0

)(
r − α1 + (1 − i0)m)

i1

)
· · ·

(
r − αn−1 + (n − 1 − i0 − i1 − · · · − in−2)m

in−1

)
, (18)

where i j ∈ {0, 1}, j ∈ {0, 1, · · · ,n − 1}, and In−1 = i0 + i1 + · · · + in−1.

Proof. For k = 0 (18), gives

Wm,r(n, 0; ᾱ) = (r − α0)(r − α1) · · · (r − αn−1),

which is agrees with the definition of Wm,r(n, k; ᾱ).
Also, if in−1 ∈ {0, 1}, we have that

Wm,r(n, k; ᾱ) =
∑

In−2=(n−1)−(k−1)

(
r − α0

i0

)(
r − α1 + (1 − i0)m

i1

)
· · ·

(
r − αn−2 + (n − 2 − i0 − · · · − in−3)m

in−2

)
+

∑
In−2=(n−1)−k

[r − αn−1 + (n − 1 − i0 − i1 − · · · − in−2)m]

×

(
r − α0

i0

)
· · ·

(
r − αn−2 + (n − 2 − i0 − · · · − in−3)m

in−2

)
,

i.e.,

Wm,r(n, k; ᾱ) = Wm,r(n − 1, k − 1; ᾱ) + (r − αn−1 + mk)Wm,r(n − 1, k; ᾱ).

Therefore, by (17) and induction we get the desired result.

Moreover, setting m = 1 and r = 0 in (18), we get the explicit formula of the multiparameter Stirling
numbers of the second kind introduced in [5], also Setting m = 1, r = 0 and αi = 0 in this equation we
obtain the explicit formula of the Stirling numbers of the second kind.

3.1. Special cases
From Eq. (16) we have the following special cases:

1 m = 1 and r = 0 W1,0(n, k; ᾱ) = S(n, k; ᾱ)), the multiparameter non-
central Stirling numbers of the second kind, see El-
Desouky [8].

2 m = 1, r = 0 and αi = 0 W1,0(n, k; 0) = S(n, k), the usual Stirling numbers of
the second kind, see Stirling [15] .

3 m = 1, r = 0 and αi = α W1,0(n, k;α) = Sα(n, k), the noncentral Stirling num-
bers of the second kind, see Koutras [10].

4 m = 1, r = 0 and αi = i W1,0(n, k; i) = C(n, k; 1), the C-numbers where r = 1,
see [6] and [8].

5 αi = 0 Wm,r(n, k; 0) = Wm,r(n, k), the r-Whitney numbers of
the second kind, see Mező [13].

6 αi = 0 and r = 1 Wm,1(n, k; 0) = Wm(n, k), the Whitney numbers of the
second kind, see Benoumhani [2].

7 αi = 0 and m = 1 W1,r(n, k; 0) = Sr(n, k), the r-Stirling numbers of the
second kind, see Broder [3].

8 αi = a and r = 0 Wm,r(n, k; a) = W̃m,a(n, k), the The noncentral Whit-
ney numbers of the second kind, see Mangontarum
[12].

9 Setting m = 1, r = 0,
αi = 0 and then multiply-
ing the given equation by
(α)n

w1,0(n, k; 0) = (α)k−n
{n

k

}(α)
, the translated Whitney

numbers of the second kind see [1].
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Corollary 3.4. A new explicit expression for the r-Whitney numbers of the second kind is given by

Wm,r(n, k) =
∑

In−1=n−k

(
r
i0

)(
r + (1 − i0)m)

i1

)
· · ·

(
r + (n − 1 − i0 − i1 − · · · − in−2)m

in−1

)
.

Proof. The proof follows directly by setting αi = 0 in (18).

Remark: Mező [13] proved that

Wm,r(n, k) =

k∑
i=0

(
k
i

)
(−1)k−i(mi + r)n.

So, we have the combinatorial identity

k∑
i=0

(
k
i

)
(−1)k−i(mi + r)n =

∑
In−1=n−k

(
r
i0

)(
r + (1 − i0)m)

i1

)
· · ·

(
r + (n − 1 − i0 − i1 − · · · − in−2)m

in−1

)
.

3.2. Some relations

1. We determine the relation between generalized Stirling numbers of the first kind sβ̄(n, i) and multipa-
rameter r-Whitney numbers of the second kind Wm,r(n, k; ᾱ). From (16), we have

mn(x; β̄)n =

n∑
k=0

Wm,r(n, k; ᾱ)mk(x)k,

hence

mn
n∑

i=0

sβ̄(n, i)x
i =

n∑
k=0

Wm,r(n, k; ᾱ)mk
k∑

i=0

s(k, i)xi =

n∑
i=0

( n∑
k=i

mkWm,r(n, k; ᾱ)s(k, i)
)
xi.

Equating the coefficients of xi on both sides, we get

mnsβ̄(n, i) =

n∑
k=i

mkWm,r(n, k; ᾱ)s(k, i). (19)

2. Also Wm,r(n, k; ᾱ) can be expressed in terms of S(k, i) and sβ̄(n, k) as

(x; β̄)n =

n∑
k=0

sβ̄(n, k)xk =

n∑
k=0

sβ̄(n, k)
k∑

i=0

S(k, i)(x)i,

hence

m−n
n∑

i=0

Wm,r(n, i; ᾱ)mi(x)i =

n∑
i=0

( n∑
k=i

sβ̄(n, k)S(k, i)
)
(x)i.

Equating the coefficients of (x)i on both sides, we get

Wm,r(n, i; ᾱ) = mn−i
n∑

k=i

sβ̄(n, k)S(k, i). (20)
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3. Similarly, we can express S(n, i) in terms of Sβ̄(n, k) and Wm,r(k, i; ᾱ) as

xn =

n∑
k=0

Sβ̄(n, k)(x; β̄)k,

then
n∑

i=0

S(n, i)(x)i =

n∑
k=0

Sβ̄(n, k)m−k
k∑

i=0

Wm,r(k, i; ᾱ)mi(x)i =

n∑
i=0

( n∑
k=i

mi−kSβ̄(n, k)Wm,r(k, i; ᾱ)
)
(x)i.

Equating the coefficients of (x)i on both sides, we get

S(n, i) =

n∑
k=i

mi−kSβ̄(n, k)Wm,r(k, i; ᾱ). (21)

4. From (1) and (16), we get the orthogonal relation of wm,r(n, k; ᾱ) and Wm,r(n, k; ᾱ) as

mn(x)n =

n∑
k=0

wm,r(n, k; ᾱ)(mx + r; ᾱ)k =

n∑
k=0

wm,r(n, k; ᾱ)
( k∑

i=0

Wm,r(k, i; ᾱ)mi(x)i

)
=

n∑
i=0

( n∑
k=i

wm,r(n, k; ᾱ)Wm,r(k, i; ᾱ)
)
mi(x)i,

hence
n∑

k=i

wm,r(n, k; ᾱ)Wm,r(k, i; ᾱ) = δni,

where δni is Kronecker’s delta.
5. Cakić [4] defined the generalized harmonic numbers as

Hn(k;α) =

n−1∑
i=0

1
(αi)k

.

From (16) we have

(mx + r;α)n =

n∑
k=0

Wm,r(n, k; ᾱ)mk(x)k =

∞∑
k=0

Wm,r(n, k; ᾱ)
k∑

j=0

wm,r(k, j)(mx + r) j

=

∞∑
j=0

( ∞∑
k= j

Wm,r(n, k; ᾱ)wm,r(k, j)
)
(mx + r) j. (22)

Also, we have

(mx + r;α)n =

n∏
i=0

((mx + r) − αi) =

n∏
i=0

(−αi)(1 −
mx + r
αi

) =

n∏
i=0

(−αi). exp
( n−1∑

i=0

log(1 −
mx + r
αi

)
)

=

n∏
i=0

(−αi). exp
(
−

n−1∑
i=0

∞∑
k=1

1
k

(mx + r
αi

)k)
=

n∏
i=0

(−αi). exp
(
−

∞∑
k=1

(mx + r)k

k

n−1∑
i=0

( 1
αi

)k)
=

n∏
i=0

(−αi). exp
(
−

∞∑
k=1

(mx + r)k

k
Hn(k;α)

)
=

n∏
i=0

(−αi)
∞∑
`=0

(−1)`

`!

( ∞∑
k=1

(mx + r)k

k
Hn(k;α)

)`
,
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using Cauchy rule product of series, this lead to

(mx + r;α)n =

n∏
i=0

(−αi)
∞∑
`=0

(−1)`

`!

∞∑
j=`

( ∑
k1+k2+···+k`= j

1
k1k2 · · · k`

∏̀
ι=1

Hn(kι;α)
)
(mx + r) j

=

n∏
i=0

(−αi)
∞∑
j=0

( ∞∑
`=0

(−1)`

`!

( ∑
k1+k2+···+k`= j

1
k1k2 · · · k`

∏̀
ι=1

Hn(kι;α)
)
(mx + r) j.

(23)

From (22) and (23) we have the following identity

∞∑
k= j

Wm,r(n, k; ᾱ)wm,r(k, j) =

n∏
i=0

(−αi)
∞∑
`=0

(−1)`

`!

( ∑
k1+k2+···+k`= j

1
k1k2 · · · k`

∏̀
ι=1

Hn(kι;α)
)
.

3.3. Matrix representation

1. Eq. (19) can be represented in a matrix form as

ŝβ̄ = Wm,r(ᾱ) ŝ, (24)

where Wm,r(ᾱ) is a matrix whose entries are the multiparameter r-Whitney numbers of the second
kind.
Remark: It is worth noting that (24)comes directly by multiplying Eq. (13) by Wm,r(ᾱ) from left.
For example if 0 ≤ n, k, i ≤ 3, Eq.(24) can be written as

1 0 0 0
−(α0 − r) m 0 0

(α0 − r)(α1 − r) −m(α0 + α1 − 2r) m2 0
−(α0 − r)(α1 − r)(α2 − r) ŝβ(3, 1) −m2(α0 + α1 + α2 − 3r) m3

 =


1 0 0 0
r − α0 1 0 0
(r − α0)(r − α1) 2r + m − α0 − α1 1 0
Wm,r(3, 0; ᾱ) Wm,r(3, 1; ᾱ) Wm,r(3, 2; ᾱ) 1




1 0 0 0
0 m 0 0
0 −m2 m2 0
0 2m3

−3m3 m3


where Wm,r(3, 0; ᾱ) = (r−α0)(r−α1)(r−α2),Wm,r(3, 1; ᾱ) = (r−α0)(r−α1) + (r + m−α2)(2r + m−α0 −α1)
and Wm,r(3, 2; ᾱ) = 3r + 3m − α0 − α1 − α2.

2. Eq. (20) can be represented in a matrix form as

ŝβ̄ S = Ŵm,r(ᾱ), (25)

where Ŵm,r(n, i; ᾱ) = miWm,r(n, i; ᾱ).
For example if 0 ≤ n, k, i ≤ 3, Eq.(25) can be written as

1 0 0 0
−(α0 − r) m 0 0
(α0 − r)(α1 − r) −m(α0 + α1 − 2r) m2 0
−(α0 − r)(α1 − r)(α2 − r) ŝβ(3, 1) −m2(α0 + α1 + α2 − 3r) m3




1 0 0 0
0 1 0 0
0 1 1 0
0 1 3 1

 =


1 0 0 0
r − α0 m 0 0
(r − α0)(r − α1) m(2r + m − α0 − α1) m2 0
Wm,r(3, 0; ᾱ) mWm,r(3, 1; ᾱ) m2Wm,r(3, 2; ᾱ) m3


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3. Eq. (21) can be represented in a matrix form as

Sβ̄ Ŵm,r(ᾱ) = S , (26)

where Ŵm,r(k, i; ᾱ) = mi−kWm,r(k, i; ᾱ).
Remark: It is worth noting that (26) comes directly by multiplying Eq. (15) by Wm,r(ᾱ) from right.
For example if 0 ≤ n, k, i ≤ 3, Eq. (26) can be written as

1 0 0 0
α0−r

m 1 0 0
(α0−r)2

m2
α0+α1−2r

m 1 0
(α0−r)3

m3
(α0−r)2+(α0−r)(α1−r)+(α1−r)2

m2
α0+α1+α2−3r

m 1




1 0 0 0
r−α0

m 1 0 0
(r−α0)(r−α1)

m2
(2r+m−α0−α1)

m 1 0
Wm,r(3,0;ᾱ)

m3
Wm,r(3,1;ᾱ)

m2
Wm,r(3,2;ᾱ)

m 1

 =


1 0 0 0
0 1 0 0
0 1 1 0
0 1 3 1


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