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?Department of Mathematics, Harbin Institute of Technology, Harbin, China, 150001

Abstract. The equivalent relation is established here about the stability of stochastic differential equations
with piecewise continuous arguments(SDEPCAs) and that of the one-leg 6 method applied to the SDEPCAs.
Firstly, the convergence of the one-leg 6 method to SDEPCAs under the global Lipschitz condition is proved.
Secondly, it is proved that the SDEPCAs are pth(p € (0, 1)) moment exponentially stable if and only if the
one-leg O method is pth moment exponentially stable for some sufficiently small step-size. Thirdly, the
corollaries that the pth moment exponential stability of the SDEPCAs (the one-leg 6 method) implies the
almost sure exponential stability of the SDEPCAs (the one-leg 6 method) are given. Finally, numerical
simulations are provided to illustrate the theoretical results.

1. Introduction

In this paper, we consider the following SDEPCAs

dx(t) = p(x(t), x([t))dt + o(x(t), x([t]))dB(t) (1)

on t > 0, with initial value x(0) = & € L;O (Q;RY), B(t) is an r-dimensional Brownian motion. Here
x(t) = (1), x2(F), .o, x4(H) € R, p: RI xR - RY and 0 : RY x RY — R™, E|Ef < oo for all p > 0. [t]
denotes the integer part of t. The argument [t] has intervals of constancy. Since there is in general no explicit
solution to an SDEPCA, numerical solutions are required in practice. The motivation of this paper is to
establish the equivalent relation of the almost sure and the small-moment exponential stability between the
SDEPCAs and the one-leg 6 method applied to SDEPCAs.

At present, there are some results on the equivalence of stability between the stochastic differential
equations(SDEs) and the numerical approximations. Higham et al. [3] proved that the mean square
exponential stability of the SDEs is equivalent to that of the numerical method under the finite-time
convergence condition, and the corresponding second-moment Lyapunov exponent bounds can be taken
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to be arbitrarily close. Afterwards, in [4], it was shown that the Euler method preserves both the almost
sure and the small moment exponential stability on the scalar-noise SDEs which are linear or satisfy the
linear growth condition. It is also proved that the backward Euler method maintains the almost sure
exponential stability under the one-sided Lipschitz condition. Instead of Lyapunov functions, Mao [9] used
the discrete approximation to investigate whether the almost sure exponential stability of the SDEs is shared
with that of a numerical method or not. There are also several works on the stability of stochastic delay
differential equations(SDDEs). Using continuous and discrete semimartingale convergence theorems, Wu
[17] presented that the Euler method preserved the almost sure exponential stability of SDDEs with the
local Lipschitz and the linear growth conditions, while it didn’t hold when the SDDE:s satisfy the one-sided
Lipschitz condition. The author also showed that the backward Euler method preserves the almost sure
exponential stability of SDDEs with the local Lipschitz and the one-sided Lipschitz conditions in [17]. In
2011, conditions under which the Euler method shared the almost sure exponential stability of the exact
solution for SDDEs were given in [18], where the nonnegative semimartingale convergence theorem was
employed.

The deterministic differential equation with piecewise continuous arguments(EPCAs) is formulated as

X'(t) = f(t, x(t), x(a(1))), t €10, T1,
fo-
x(0) = xo,
where a(t) has intervals of constancy. The solutions of (2) are determined by a finite set of initial data, rather
than by an initial function, as in the case of general functional differential equations(FDEs). In fact, the
EPCAs have the structure of continuous dynamical systems within intervals of certain lengths. Therefore,
the EPCAs are with properties of both the differential and the difference equations. The theory of EPCAs
is firstly studied by Winner[15]. Subsequently, a number of works on EPCAs have been presented (see e.g.
[16],[1], [2],[7],[12],[13] and references therein).

In recent years, Song and Zhang et al. [14] considered the convergence in probability of the Euler-
Maruyama method for the SDEPCAs under Khasminskii-type condition. Subsequently, they presented
several conditions under which the Euler method is convergent to the SDEPCAs in mean square in [19]. In
2014, Li [6] devoted to the existence and exponential stability of the solutions for stochastic cellular neural
networks with piecewise constant argument, and some sufficient conditions were given for the existence
and uniqueness of the equilibrium point for the addressed neural networks. Recently, MiloSevi¢ [10] studied
the convergence and stability of the Euler-Maruyama method for retarded SDEPCAs in mean square under
the global Lipschitz condition. However, there is so far no theory on the equivalent relation of the almost
sure and the small-moment exponential stability between SDEPCAs and their numerical methods. The aim
of this paper is to study whether the one-leg 6 method can preserve the stochastic stability (the pth moment
exponential stability or the almost sure exponential stability) of the SDEPCAs (1) or not.

Compared with [10], there are several differences to highlight in this paper. On the one hand, we use the
discrete solutions to obtain the results on stability, while [10] adopts the continuous-time approximation.
In general, only the discrete solutions are computed by the numerical methods but not the continuous-time
approximate solutions. Therefore, it is much more useful if the theory is based on the discrete solutions.
On the other hand, many inequalities used in [10] for the 2nd moment do not work for small-moment.
Hence, we develop this paper to deal with the small-moment case. Moreover, in [10], MiloSevi¢ regards
the SDEPCAs as functional differential equations and employs the techniques in the functional differential
equations to get the lemmas and theorems. However, we resort to the constant intervals of [¢], which reveals
the feature of the SDEPCAs, to develop the results in this paper.

An outline of this paper is as follows. Section 2 discusses some preliminary theory on the analytical
solution. Section 3 proves the convergence of the one-leg 0 method on SDEPCAs under the global-Lipschitz
condition. In Section 4, we show that the SDEPCAs is pth(p € (0, 1)) moment exponentially stable if and only
if the one-leg 6 method is pth moment exponentially stable for some sufficiently small step-size, and the pth
moment exponential stability of both the SDEPCAs and the one-leg 6 method can derive the almost sure
exponential stability of the SDEPCAs and the one-leg O method. The mean-reverting Ornstein-Uhlenbeck
process is taken as an example to verify the theoretical analysis in Section 5.
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2. Preliminary notations

Let (), F,IP) be a completed probability space with a filtration {#;};»0 satisfying the usual conditions
and B(t) be an r-dimensional Brownian motion defined on this probability space. Throughout this paper,
we assume p € (0,1). We use the notation |lx|| := (x3 + x5 +... + xﬁ)% for all x = (x1,x2,...,x4) € R% For
a,b € R, we use a Vb and a A b for max(a, b) and min(a, b), respectively. Equation (1) is equivalent to the
following stochastic integral equation

t

t
x(t) =&+ fo p(x(s), x([s))ds + fo o(x(s), x([s]1))dB(s), t=0. ©)

It is helpful for us to introduce an inequality used in the rest of this paper.

Lemma 2.1. ([5]) Suppose that a;(i = 1,2, .., n) are complex numbers, for any p > O, then there exists C, such that

(Yl <, Y la, (4)
i=1 i=1

1, 0<p<l,

where C, = { W, p> 1,

Let us give the definition of the solution for Eq. (1).

Definition 2.2. [19] An R%-valued stochastic process {x(t)};o is called a solution of SDEPCAs (1) on [0, o), if it
has the following properties:

o {x(t)}i=0 is continuous on [0, co) and F; adapted;
o {p(x(t), x([t))}0 € L([0, 00), RY) and {o(x(t), x([t])}iz0 € L*([0, 00), R™");
o Equation (3) is satisfied on each interval [k, k + 1) C [0, oo) with integral end points almost surely.
A solution {x(t)}0 is said to be unique if any other solution {X(t)}¢ is indistinguishable from {x(t)}»0, that is
P{x(t) = X(t), foranyt e [0,00)} =1.

Remark 2.3. Denote the solution of equation (1) by x(t; 0, &). Note from (3) that for any integer k € [0, o),

t t
x(t) = x(k) + f p(x(s), x([s1))ds + f o(x(s), x([sD)dB(s), t=k. )
k k
This is an SDEPCA on [k, o) with initial value x(k) = x(k;0, &), whose solution is denoted by x(t; k, x(k; 0, &)).
Therefore, the solution of (1) has the following semigroup property
x(£;0,&) = x(t;k, x(k; 0, £)), 0<k<t<oo, (6)

In order to investigate whether the numerical solution solved by the one-leg 0 method shares with the
almost sure exponential stability of (1) or not, we impose the global Lipschitz condition on the coefficients
of (1).

Assumption 2.4. Assume that there exists a positive constant K such that for any x1, y1, X2, Y2 € RY, the coefficients
u and o satisfy

kG, 1) = 2, y2)IP V llo(xn, y1) = o(x2, y2)IP < K(llxr = 22l + lly1 = yalP). )
Furthermore, assume u(0,0) = 0 and ¢(0,0) = 0.
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We should point out that equation (1) has the trivial solution x(t) = 0 corresponding to the initial value
£=0.

Remark 2.5. Assumption 2.4 implies that there exists a unique global solution x(t) to equation (1) on t > O(see [19]).

Lemma 2.6. Let Assumption 2.4 hold. For any p € (0, 1), there exists H(t, p, K) dependent on t, p, K such that the
solution x(t) of SDEPCAs satisfies

Ellx®l” < H(t, p, KEIEIP, = 0. (8)

Proof. Since the solution of equation (1) satisfies the integral equation (3), by conditional expectation and
(4), we have

t t
E(lx(®)IPIE) < BE(IEIPE) +3]E(”f0 u(x(s), x([s1))dsl*lE) +31E(|IfO a(x(s), x([s1)dB(s)I71€)
< 3|EI? + 3tf E(llp(x(s), x([sD)IP1E)ds + 3f E(llo(x(s), x([s))IF1€)ds
0 0

t
< 3JIEIP +3(t + DK fo E((x()IP + Ix([sDIP)IE )ds.

Hence
t
sup E(|lx(#)I*1€) < BIIEIP + 6(t + 1)Kf sup E(lx(n||€)ds. ©)
0<t<h 0 0<r<s
Using the Gronwall inequality, we obtain
sup E(x(DIPIE) < 3¢K D¢ (10)

0st<h
for any t; > t. Therefore, for arbitrary t > 0, x(f) yields

El(®)P = E(E(x(hIR16)) < 3¢ DE|]. (11)
According to the Holder inequality, for any p € (0, 1), we have

Elx()IF = E(E(k()IFIE)) < B(3:e¥<D)e|P) = H(t, p, K)ENEIF, (12)

where H(t, p, K) = 32¢%K1t+D)_ The lemma is proved. [J

For any integer k € [0, o), if we regard {x()};>; as the solution of (1) on t > k with initial value x(k) at
t = k, then, by time-homogeneity, x(t) satisfies

Ellx(t)I < H(t =k, p, QE|x®)IF, >k (13)

3. Convergence of the one-leg 0 method

In this section, we consider the one-leg 6 method to (1) on [0,T]. The main result is to obtain the
convergence of the one-leg 6 scheme under Assumption 2.4 on [0, T].

Leth = % be given step-size with integer m > 1. Grid points ¢, are defined as t, = nh, n =0,1,--- . For
simplicity, let T = Nh, N € IN*. The one-leg 6 method to (1) is defined as

Y1 = Yo + hu(y"(n + O)h), y"([(n + O)h])) + 0(Yn, Ypurgm)ABn, 1=0,1,2,... (14)
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where vy = x(0) = &, AB, = B(t,+1) — B(t,), 6 € [0, 1], and vy, is the approximation to x(f,) at f,. Moreover,
y"'() with t > 0 is defined by the linear interpolation, i.e.

yh(t) = %ynﬂ + (n%)h_tyn, nh<t<m+1h, n=012---.

As we know, for arbitrary n = 0,1,2,---, thereexistk€e Nand [/ =0,1,2,--- ,m — 1 such thatn = km + .
Hence (14) can be written as

Yimie1 = Ykmal + Hu(OYkmrer + (1= O)Ykmst, Yim) + 0(Yim+1, Yim) ABr1- (15)

Remark 3.1. Ift, =nh €[0,T], n=0,1,2,--- ,N, then nh = (km + )h = k+1h, 1 =0,1,--- ,m — 1. Because
Ih <1, hencek <T.

Lemma 3.2. Under Assumption 2.4, if K20h < 1, then the one-leg 6 method (15) can be solved uniquely for Yip.+1+1
with probability 1.

Proof. Writing (15) as F(Ykm+1+1) = Ykm+i+1,1 =0,1,2,--- ,m — 1 and using (7), we have
IF(x) = F()ll = hllu(0x + (1 = 0)a, b) — u(Oy + (1 — O)a, bl
< hK20)|x — y]l.

Due to K26k < 1 and Banach contraction mapping theorem[11], the one-leg 6 method has unique
solution. [

In order to get the convergence theorem, several key lemmas are presented.

Lemma 3.3. Let Assumption 2.4 hold. If h satisfies 12KhO* < 1, then, for any p € (0, 1), we have

sup  Ellykmull < H(T,p, K)EIEIP  forany T > 0. (16)

OStan—lST
wherek € N,1=0,1,2,--- ,m—1, H(T,p,K) = 6/T+1/2(1 4 2K)PT+D/2IKp(T+1),

Proof. For convenience, we let

Zl (t) = Z ykm"'l1[tkm+l/tkm+l+1)(t)’

km+1=0

Zz(t) = Z ykm+l+11[tkm+l/tkm+1+1)(t)’
km+1=0

Z3(t) = Z ykml[tkm/t(kﬂ)m)(t)
k=0

forkeN,[=0,1,2,--- ,m—1.
According to (15), we obtain

Yims141 = Ykmal + Hu(OVimsrs1 + (1 = O Ykt Yim) + Wi+, Yim) ABroms1

Fem-+1+1

tom+14+1
= Yim+l + f ((0z2(s) + (1 — 0)z1(5), z3(s))ds + f 0(z1(s), 23(5))dB(s)

bem+1 Eem+1

(17)
Fm-+141

ton-+1+1
= Yim + f 1(0z2(s) + (1 — 0)z1(s), z3(s))ds + f 0(z1(s), 23(5))dB(s)-

tem tem
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Hence

tkm+l+1
i1 P19 <319+ 3E(1 [ oa16) MBI
tkm
#3E(1 [ (06 + (1= 02109, (0N
tkm

Flm+1+1
<3E(lysnlIE) +3 f E(llo(z1(s), z3G)IPIE )ds
£

km

#3040 [ (06 + (1 - 02, )P
tem

By Assumption 2.4 and (a + b)* < 2(a® + b?), it is easy to derive that

Fm-+141
E(llyens11IP1E) <BE(lyinlPl) + 3K f E((llz1()I + llza(s)I2)1)ds

Fem

Fem-+141
+3( + 1)Kh f E((2(6*lz2($)IP + (1 = 0)%llz1(s)I12) + llz3(s)IP)IE )ds

tem

Fem-+141
=3E(IlyimlPIE) + 3K(2(1 = O)(1 + D +1) f E(lz1(s)IP1)ds (18)

tem

Fom+14+1
+60%K(1 + 1) f E(lz2(9)PIE)ds

tem

tom+14+1
+3K(1+ (I + 1)h) f E(||z3(5)IIE)ds.

tem

Because of z(txu+1) = z1(tkmsis1), We have

Fem+14+1 om-+1+1
f llz2(s)I[Pds = f llz1(5)IPds + | Yt |-
tim Fam+1
According to (I + 1)h < mh =1and 6 + (1 - 0)> < 1 (6 € [0,1]), (18) yields
E(Yin+141171E) <3(1 + 2K)E(lyion|PIE) + 66 KHE(|Yiom+141171E)

tom+1+1
+3K(1+20% +2(1 - 0)?) f E(||z1(s)I*1£)ds

tem

1
<3(1 + 2K)E([yknl1€) + 66°KHE(|Yson+141/%1E) + 9K Z E(I|Yson+IP1E)-

j=0
By 126°Kh < 1, foralll =0,1,--- ,m — 1, we obtain
!
E(1Ytnrs11IP1E) S6(1 + 2K)E(lyionlP1€) + 18KI Y . Bl P16). (19)
j=0
According to the Gronwall inequality, we have
E(lyams111718) <6(1 +2K)e* E(llynl’1E)  1=0,1,-- ,m—1. (20)

Ifl =m—1, then
E(lygsnmlPIE) <6(1 + 2K)e" ¥ E(|[yiml *1E). (21)
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Hence (20) satisfies that

E([yim11P1E) <6(1 + 2K)e"  E(|[yiml 1)
<6°(1 + 2K) e E(lly-1mlI€)
<.. (22)
S6k+1(1 + ZK)(kH)elSK(kH)IE(Ha|2|§)

S6T+1(1 + 2K)T+1€18K(T+1)”é”2.

For any p € (0,1), we have

Ellyinal” = BEQYinslP1€)) < E(E(yinnlP1E))*

(23)
< /T2 4 2K TDE £

The proof is now complete. [

Lemma 3.4. Under Assumption 2.4, if h is sufficiently small for 12Kh < 1, then the solution x(t) of SDEPCAs (1)
satisfies

Ellx(t) = x(tons DI V Ellx(t) = x(timre1)IP < C(K, T)HRE|E] (24)
forany 0 < typyy <t < tyuin < T, and C(K, T) = (1 + 12K)e®KTT+D),

Proof. To prove this lemma, we only need to prove the first part, and the proof of the second part is similar
to that of the first part.
According to (3), for 0 <ty < t < tgmers1 < T, we have

t

t
X(£) = X(teme) = p(x(s), x([s1))ds + f 0(x(s), x([s]))dB(s).

Frm+1 Frm+1

By Lemma 2.1, the Ho6lder inequality, and Assumption 2.4, it can be deduced
E(Ilx(t) = x(tan+)I’1E)

t t
<2K(| f u(x(s), x([s])ds|PI) + 20E(| f o(x(s), x([s)dB(s)|PI£)

Frm+1
t t 25
<2(t - tkm+l)f 1E(II#(JC(S),JC([S]))IIZIcE)dS+2f E(llo(x(s), x([s])I*I1&)ds )

Frm+1 Frm+1

t
<21+t = hy)K f E((e@)IP + esDIP) € )ds.

Frm+1

Using the Inequality (10), we obtain

E(Ix() — x(timen)IP1E) < 12K(1 + h)e®KTT+Dp) &) 12

26
< (1 + 12K)e T D)€, (26)

Therefore
Ellx() = Xt )2 = E(E((E) = x(tns)IP1E)) < (1 + 12K)e™ T DRE] ],

Similarly, we obtain
Elfx(t) = x(tomsi1)IP < (14 12K)e KT DREIE| .

The proof is completed. [
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Next, the convergence theorem of the one-leg 0 method in the pth moment is given.

Theorem 3.5. Under Assumption 2.4, if p € (0,1) and h is sufficiently small with 24K0*h < 1, then the one-leg 6
method is convergent and satisfies

sup  Elx(tonst) = Vil < C(K, p, TIWPPEIEW forany T > 0, 27)

OStkm+15T
where 5(1(, p, T) is independent of h, ke Nand 1 =0,1,2,--- ,m — 1.

Proof. In view of equations (5) and (17), fork e Nand /=0,1,2,--- ,m — 1, the following expression holds

Fm+1+1
X(tnat1) = Yot =X(tin) = Yion + f (0(x(s), x([s1)) - 0(z1(5), z3(5)) )AB(s)

Fm+1+1
+ f (1(x(s), x(Is]) = (O22(5) + (1 = O)z1(5), z3(5)) )ds.
tkm

Hence

E(lx(tonsre1) = Yemeir1IP1E) < BE(x(tm) — YimlPIE)

#3E(1 [ (o9 105 = (0226) + 1 = 0)216), 76D Pl

Eem-+1+1
+ 3IE(| f (0(x(s), x(Is]) - 0(z1(5), 23(5)) JABG)IPIE).
tem
Due to the Holder inequality, the property of the stochastic integral and Assumption 2.4, we show

IE(”x(tk‘m+l+1) - ]/km+l+1||2|é) < 31E(||x(tkm) - ]/km”zlé)

Fem-+1+1
+3(1+ D f E(ll(x(s), x([s])) — 1(022(s) + (1 = B)z1(s), z5())IPIE ds
tem

Flm-+1+1
#3 [ E(lot9, 110 - o), DIPIE)s
Fem
Flom+1+1 28
<IEtt) ~ enlP1E) + 3K+ D [ (0D~ 5Pl )
tem
om+1+1
+3K(I+ 1)k f E(llx(s) — 022(5) - (1 = 0)z1()|2|E )ds
tem

tkm+1+1
#3K [ E(©) - 210 + (s) - P
tkm

Let

(o) (o)

1O = Y M) i@, Y26 =Y, Kltinrie) gt 6)-

km+1=0 km+1=0
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According to Lemma 3.4 and (I + 1)k < 1, (28) yields
E(lx(tinsi41) = Yims11P1E) < 3(1+ K(1 + (L + DR+ DR)E(I(En) = yinl1)

Flom-+1+1
+12KO*(L + 1)h f E((1x() = 2P + llya(s) — 22()IP)IE)ds
tem

o414+
+6K(1+2(1 - )1+ 1)h) f E((Ilx(s) = y16)I? + llya(s) = z1() D)€ )ds
tkrn

<3(1+ K(1 + (1 + DA+ DA)E o) — YinlP1E)

km+j

! tkm+j+1
#12K6 0+ 0 Y [ B - altpIPIE)S
j=0 vt

tkrr1+j

! Fm+j+1
+ 61<(1 +2(1-0)%(1 + 1)h) Z f E(Ilx(s) = x(tons )IF1E)ds
j=0

1
+ 12KO%(L+ 1) Y Bt 1) = YionsjaIP1E)
=0

1
+6K(1+2(1 - 0)*(1 + Dh)h Z (%t 1) = YiomsI21E)
j=0
<12KOPRE(Ix(tim1+1) — Yems1+1P1E) + 3(L + 2K)E(IIx(tim) — Vi |PIE)
+ 6K(1+20% +2(1 - )*)C(K, TP

+ 6K(1+2(1 = ) + 267 )1 Y E(Ix(tin+ 1) — Y+ IP1E).

I
=0
Using 24K0%h < 1 and 6% + (1 — 0)* < 1, we obtain

E(|[x(ten+i+1) — Yemei+1IP1E) < 6(1 + 2K)E(Ix(tin) — Yiml*1E)

!
+ 36KC(K, T)|IEIh + 36K Z E(Ilx (s 1) = Yoo IP1E).
j=0

Due to the Gronwall inequality, for/ =0,1,2,--- ,m — 1, we have
E(1x(tm+141) = Yems141IP1E) < (AollEIPh + BoB(x(ten) = YiomlPIE))Fo
=AoFoll€IPh + (BoFo)E(lIx(tm) = YiamlIE)-
where Ay = 36KC(K, T), By = 6(1 + 2K) and Fy = ¢3°K. If | = m — 1, then
E(x(tgrrym) = YsnmlP1) < AoFoll&lPh + (BoFo)E(IIx(tem) — Yienl*1E).
Hence (29) yields
E(|x(tm+141) = Yems141IP1E) < AoFollElPh + (BoFo)EB(Ix(ten) — YimlPIE)
<AoFollEIPh + (BoFo)AoFollENPh + (BoFo) E(IIx(Eg—1ym) — Yoe—tyml*I1E)

S “e
(BoFo)F+! — 1 )
<
Aokl
BoF T+1 _ 1
Bl T =1, Foeieh.

BoFo — 1

953

(29)

(30)

(31)

(32)
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Using the Holder inequality gives

sup ]E”x(tkm+l) - ykm+l||p = Ssup ]E(]E(”x(tka) - ykm+l”p|£))

0<ti+1<T 0<t+1<T

yond A , (33)
< sup B(E(x(tn) — Yl PI8))* < CK,p, TIRZEJEIP,
OStkarIST

[NTa3

where p € (0,1) and C(K, p,T) = (%AOFO) . The proof is completed.
O

4. Stability of the one-leg 6 method

In this section, we aim to investigate whether the one-leg & method shares the exponential stability with
SDEPCAs (1) in the sense of pth(p € (0,1)) moment or not. Theorem 4.5 gives the positive answer. To begin
with, two useful definitions are given.

Definition 4.1. Let p > 0. The SDEPCA (1) is said to be exponentially stable in pth moment if there exists a pair of
positive constants A and M such that for any initial value &

Ellx(t)lP < ME|E|Pe™™  forall t >0, (34)

where A is the rate constant and M is the growth constant.
Since SDEPCAs (1) is time-homogeneous, (34) has the following more general form

Ellx(O)IP < ME|lx®)|Pe P forall t > k, (35)
where k is an integer.

Definition 4.2. Let p > 0. For a given step size h > 0, the one-leg O method is said to be exponentially stable in pth
moment on SDEPCA (1) if there exists a pair of positive constants y and L such that for any initial value &

El[yinsll’ < LE[IE|Pe @ D", (36)

forallkeN,1=0,1,2,..,m —1, where y is the rate constant and L is the growth constant.

In fact, for each k € IN, we know that if t € [k, k + 1), then SDEPCAs (1) become SDEs. Hence, if the
initial time ty = k and the initial value x(k) of (1) are given, then SDEPCAs possess Markov property in
[k, k + 1). The numerical solution {Ym+} imsisim iS Solved by the one-leg 6 method on (1) with the initial
value x(tz,,) = Y- By time-homogeneity, (36) yields the following general form

El[Yinsill? < LIE|yg,, e Crei=Fkmt (37)
forallk >k 1=0,1,2,---,m—1.

Theorem 4.3. Let Assumption 2.4 hold. Assume that the SDEPCAs (1) is pth(p € (0, 1)) moment exponentially
stable and satisfies (34). Then there exists h* > 0 such that for every 0 < h < min(h*, 55), the one-leg 0

method applied to SDEPCASs (1) is pth moment exponentially stable with rate constant y = 3\ and growth constant
L=H(,p, T)e:AT, where T =1 + [3logM). And H(K, p, T) is given by Lemma 3.3.

Proof. Let 24K60h < 1. It is not difficult to know $logM < T. Hence,
Me™T < 73T, (38)
Due to p € (0,1) and the Elementary Inequality (4), we have

Ellyim+llP < Ellx(tion+1) = YimillP + Ellx(tem)llP (39)
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forkeIN,1=0,1,2,--- ,m — 1. Using Theorem 3.5, we get

sup  Elx(tims1) — Yemstl < C(K, p, 2T)RZEIE|P.

0<tin 12T

According to (40) and (34), (39) yields that

sup  Ellyemall < sup  Elx(toms) — YinsillP + Me " TE||E|P

T<tiu+1<2T T<timu<2T
<(C(K,p,2T)h* + e MBI
=R(ME|EI”

forkeN,1=0,1,2,--- ,m —1, where R(h) = C(K, p, 2T)h + =T
Since R(0) = e~ 17, there exists h* such that

R() < e M.

we have

Therefore, for every 0 < h < min(h*, 2411<—92),

1

EllyimsillP < e 2 ENEF,  tins € [T,2T]

forkeN,[=0,1,2,--- ,m—1.

955

(40)

(41)

Denote x(t) as the solution of SDEPCAS (1) with initial value X(T) = yry, for t > T. As the same procedure

as Theorem 3.5, we can shift (27) to obtain

sup  ElX(tms1) = Yimsill? < CK, p, 2D E|lyrall,

Tty <3T
and we may shift (35) to get

EIXOIF < MEllyry|l"e”* ¢ forallt>T.
Hence, we obtain

sup ]E“ykm+l”p < sup ]Elly(tkm+l) - ykm+l||p + Me_AT]E“mi”p

2T <tim+1<3T 2T <tim+1<3T
<(C& p,2T)% + & # T )Ellyrall
=RMWENyrnll.
Continuing the approach above and using R(h) < e"7*T, we obtain
Ellyinstl < ¢ * TEllyirulf 20
sup Yem+1ll" = € Yirmll", r=U.
((+1)T <ty (i+2)T
Consequently
E P < 2AT E p
sup IYkmsill” <e sup Ykl
(i+1) TSt <(+2)T IT<tya <(+1)T

IA

—LAG+D)T
<e” 2T gup  Ellyemall.
OStkarIST

(42)

(43)

(44)
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By Lemma 3.3, (44) becomes

sup  Ellyull <e 2 TAK, p, TYEIEP
(H’l)TStka S(i+2)T

= MTH(K, p, T)e HM+2T g g (45)
<e?'TA(K, p, T)e™ M6 g )P,

which implies the one-leg 0 method is exponentially stable in pth moment on SDEPCAs (1) with rate
constant y = 11 and growth constant L = H(K, p, T)ez*T. Now the proof is complete. []

Theorem 4.4. Under Assumption 2.4, if for a step size h > 0, the one-leg 6 method is pth(p € (0, 1)) moment exponen-
tially stable with rate constant y and growth constant L and satisfies (36), and if h satisfies max{12Kh, 24K6?h} < 1
and

C(K,p,2T)hi + ¢ 9T <277, (46)
where T =1+ [;—flogL], then the SDEPCAs (1) is pth(p € (0,1)) moment exponentially stable with rate constant

A= %y and growth constant M = H(T, p, K)e%VT, where C(K, p,2T) = (~Z(K, p,2T) + C(K,ZT)g, and the constants
H(T,p,K), C(K,2T) and C(K, p,2T) are given in Lemma 2.6, Lemma 3.4and Theorem 3.5, respectively.

Proof. From the definition of T, it is easy to obtain
Le?T < e 07,

Note that for any ¢ > 0, there exist integerskand ! =0,1,2,--- ,m—1such that (km+0)h < t < (km+I1+1)h.
Using p € (0,1) and the Elementary Inequality (4), we have

IEHX(t)”p :]EHX(t) - x(tkm+l) + x(tkm+1) — Yim+l + ykm+l||p

(47)
<Ellx(t) = x(tem+D)II” + Ellx(ton+1) = Yionstl” + Ellyigm+i]lP -
According to Lemma 3.4 and Holder inequality, the first term in (47) yields
sup Ellx(t) - x(tan)ll’ < C(K,2T) h*EJIE]P. (48)
te[0,2T]
Using (27), (36) and (48), we have
sup Ellx()I < sup Ellx(t) - x(tw)lP +  sup  Ellyonall”
te[T,2T] te[T,2T] km+1e[mT,2mT]
+ sup Ellx(tim+1) = YimsllP
te[T,2T]
< sup Ellx(t) - x(tone)I +  sup  Ellygmall”
te€[0,2T] km+1e[mT,2mT) (49)
+ sup Ellx(tin+1) = YomillP
te[0,2T]
oy = r T
<(C(K,21)2h* + C(K, p, 2T)h* + Le T )E||”
<(CE p,2Dhs + e DT ENEIP.
Using (46), we have
sup Ellx(®)lF < ¥ TEJIP
te[T,2T] (50)

<e 2T sup Ellx(®)|P.
te[0,T]
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Let {Vkm+1}km+1>Tm e the approximate solutions of SDEPCAs (1) obtained by the one-leg 0 method on
t > T with initial value x(T) att = T. Then (37) becomes

El[VimsillP < LV O=TIR|1x(TY|P,  km +1 > Tm. (51)

Using the similar approach that produces (50), we obtain

sup Elx()IF < sup Ellx(t) = x(tew)llP +  sup  Elyimlll

te[2T,3T] te[T,3T] km+1€[2Tm,3Tm]
+ sup El[x(tins1) — Vil
te[T,3T) (52)

<(C(K,p,2)h* + T )EIK(T)IP

<e 2T sup E|x()|P.
te[T,2T]

Repeating this procedure, we can show that for any i > 0

sup  Elx()IF <e " sup Elx(®)P

te[iT,(i+1)T] te[(i-1)T,iT]
<. (53)
<e 27T sup Ellx(t)|P.
t€[0,T]

Moreover, according to (8), for t € [iT, (i + 1)T], (53) yields

Elx(O)lF <e™ 2" H(T, p, K)E||E|
=2 TH(T, p, K)e 2V DT E| &P (54)
<e?TH(T, p, K)e 2" E||€P.

LetA =1y, M =H(T,p, K)e2?T, then the SDEPCAs is pth moment exponentially stable with rate constant
A and growth constant M. The proof is completed. [

Theorem 4.3 and Theorem 4.4 lead to the following necessary and sufficient theorem.

Theorem 4.5. Under Assumption 2.4, the SDEPCASs is exponentially stable in pth(p € (0, 1)) moment if and only if
there exists h* > 0 such that the one-leg 6 method is exponentially stable in pth(p € (0,1)) moment with rate constant
y, growth constant L, step size 0 < h < h*, and C(K, p, 2T) satisfying (46) with T = 1 + [% log L].

Theorem 4.6 below indicates that by taking # small enough, the rate constants A for SDEPCAs and y for
the one-leg 6 method can be arbitrarily close.

Theorem 4.6. Let Assumption 2.4 hold. If SDEPCASs (1) is exponentially stable in pth(p € (0,1)) moment with rate
constant A, then given any € € (0, A) there exists h* such that for all h € (0, h") the one-leg O method is exponentially
stable in pth(p € (0,1)) moment with rate constant y = A — . Conversely, if the one-leg O method on (1) is
exponentially stable in pth(p € (0,1)) moment with rate constant y for some sufficiently small h, then for any given
€ €(0,y), the SDEPCAs (1) is exponentially stable in pth(p € (0, 1)) moment with rate constant y — e.

Proof. The proof of Theorem 4.6 is similar to that of Theorems 4.3 and 4.4. For given ¢ € (0, A), choose
T =1+ [2logM] such that

Me AT < ¢=(A-05e)T
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As in the proof of Theorem 4.3, there exists some /* such that
R(h) =C(K, p, 2T)h5 + e~ (A-050T < p=(1=0)T

for all h € (0,h*). Here, C(K,p,2T) depends on ¢. Continuing as in the proof of Theorem 4.3, we observe
that for each 1 < h* the one-leg 0 methods are exponentially stable in pth moment with y = A — ¢ and
L =H(K,p, T)e"=T.

To prove the converse, for any ¢ € (0,y), we can choose T' =1 + [%logL] such that

Le—)/T < e—(y—O.Ss)T.

Choosing M = H(K, p, T)e"~9T and continuing as in the proof of Theorem 4.4, we can obtain the second part
of this theorem. 0O

Now, we are in position to consider the almost sure exponential stability of both equation (1) and the
one-leg 0 method.

Corollary 4.7. Under Assumption 2.4, if the SDEPCASs is pth(p € (0, 1)) moment exponentially stable and satisfies
(34), then the solution of SDEPCAs (1) is almost surely exponentially stable. That is

lim sup % log(llx(t)ll) < —% as.. (55)

t—o0

Proof. The proof of this theorem is similar to that of Theorem 4.2 in [8]. O

Corollary 4.8. Under Assumption 2.4, if the one-leg 6 method is pth(p € (0,1)) moment exponentially stable and
satisfies (36), then the method is almost surely exponentially stable. That is

. 1 y
limsup ——— 1o - <—-= as. ,
km+l—>o£) (km + D)h 8([Yen-ll) ’ -

Proof. The proof of this theorem is similar to that of Theorem 4.21in [9]. O

Remark 4.9. (1) According to Theorems 4.5 and 4.6, under Assumption 2.4, if h is small enough, then the pth(p €
(0,1)) moment exponential stability of the one-leg O method is equivalent to that of SEPCAs (1). Therefore, it is
feasible to investigate the exponential stability of SDEPCAs from carefully numerical simulations.

(2) The two corollaries above show that the almost sure exponential stability of SDEPCAs can be derived by the
pth(p € (0,1)) moment exponential stability of SDEPCAs. Moreover, by Theorem 4.5, it is feasible to investigate the

almost sure exponential stability of SDEPCAs from the pth(p € (0,1)) moment exponential stability of the numerical
approximations.

5. Numerical simulations
In this section, we focus on the following one-dimensional linear SDEPCAs
dx(t) = (= 5x(t) + x(It]))dt + x([tDdB(), ~ t=0, (57)

with x(0) = —1. (57) has an explicit solution which is called the mean-reverting Ornstein-Uhlenbeck process
(see Example 3.5.2 in [8]) and the solution can be expressed as

t
x(t) = éx(k) + %e_S(t‘k)x(k) + x(k) f e =94B(s), (58)
k
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step size e(1) €(2) €(3) €(4) e(5) €(6) e(7) €(8)
271 0.1384 0.0919 0.0543 0.0308 0.0169 0.0092 0.0049 0.0026
27° 0.0962 0.0652 0.0390 0.0218 0.0122 0.0067 0.0036 0.0019
276 0.0691 0.0459 0.0272 0.0155 0.0086 0.0047 0.0025 0.0013
2" 0.0496 0.0327 0.0194 0.0111 0.0062 0.0033 0.0018 0.0009

Table 1: The error forp = 0.5,0 =0.5at times T = 1,2, ..., 8.

for all t € [k, k + 1), where k is an integer. Applying the one-leg 0 method to (57), we have

_1-50-on L1
Yimslet = =7 5y Yl ¥ 7505 Yo T T 50 Ve

ABjyp1, (59)

where k is integerand / = 0,1,2,--- ,m — 1.

Our simulations consist of two parts which are used to verify Theorem 3.5 and stability results in
Theorem 4.5. The following settings are the same in each part. Let 0 = 0.5, p = 0.5. Moreover, the
exact value of (58) at time #4,4; is not known because of the Itd’s integral. To get x(fxy+1), Wwe approximate
the Itd’s integral in (58) with a sum with 2! summands for each interval (k, k + 1], that is, the step size
hy is 27 when computing the It6’s integral. In addition, a set of 50 blocks, each of which contains 100
outcomes(wj; : 1 <i < 50,1 < j <100), is simulated. We denote the numerical solution of the jth trajectory
in the ith block by yxu11(wij), and the exact solution of (57) in the jth trajectory and ith block by x(tx11, wij)
att = tyual.

Part 1: The convergence of the one-leg 6 method is tested in this part. Let € denote the error in pth
moment, then by the law of large numbers, at the final integer time T, € satisfies

50 100

oT) = BIX(T) -~ yrub = 255 Y " (T, @3) — Yoy (60)

i=1 j=1

There are 8 tests to compute the error in Table 1 with T = 1,2,..,8 and m = 2%, 25, 26, 27 It is obvious to
see that the one-leg 0 method converges to (57).

Part 2: In this part, we consider the exponential stability of both (57) and the numerical solution (59).
Because of x(0) = =1 < 0, according to Lemma 4.3.2 in [8], we see that for t > 0

x(t) <0, a.s. (61)

Choose function V(t,x) = ||V, by (61), Theorem 4.4.4 in [8] and p € (0, 1), then there exist A = —2p and
M = 10 such that

Elx(t)]P < 10e ' E|x(k)?, (62)

for all t € [k, k + 1]. Figure 1 shows the pth moment exponential stability of Equation (57) and the one-leg
0 method with 6 = 0.5 and p = 0.5. The solid line which is the reference line indicates the value of 10e~%"
with p = 0.5. It is apparent to observe that E|x(t)]P < 10e™%" and E|yilP < 10e~2P'»+. We can also discover
that the values of E|x(ty.)IP are quite close to that of E|y,+l’, which demonstrates that the rate constants
A and y can be considerably close. Figure 1 illustrates Theorem 4.6.
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| —*%— pth moment of x(t)
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pth moment of x(t) and y,

Figure 1: The pth moment exponential stability of (57) and the one-leg 8 method with 6 = 0.5 and p = 0.5
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