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Abstract. In this paper, we study if T is an (m, C)-isometric operator and CT*C commutes with T, then T* is
an (m, C)-isometric operator. We also give local spectral properties and spectral relations of (1, C)-isometric
operators, such as property (), decomposability, the single-valued extension property and Dunford’s
boundedness. We also investigate perturbation of (i, C)-isometric operators by nilpotent operators and by
algebraic operators and give some properties.

1. Introduction

We denote by H a complex separable Hilbert space endowed with the inner product(.,.) and by L(H) be
the algebra of all bounded linear operators on a separable complex Hilbert space H. If T € L(H), we write
a(T), O'p(T), Uap(T)r oau(T), O comp (T),01(T),0(T), 06(T), 01(T), 61e(T), 05e(T), Ges(T), 05(T), 0o(T), for the spectrum,
the point spectrum, the approximate point spectrum, the surjective spectrum, the compression spectrum,
the residual spectrum, the continuous spectrum, the essential spectrum, the left essential spectrum, the right
essential spectrum, the semi-regular spectrum, the essentially semi-regular spectrum, Browder spectrum,
and Weyl spectrum of T, respectively.

In [1], S. R. Garcia and M. Putinar investigated complex symmetric operators. In [2-4], M. Chg, E. Ko
and J. Lee investigated m-complex symmetric operators. In [5], S. Jung, E. Ko, M. Lee and ]. Lee defined
the (m, C)-isometric operator as follows: an operator T € L(H) is said to be (m, C)-isometric if there exists
some conjugation C such that Y.7o(~1)/ (;”)T*"”f CT™IC = 0 for some positive integer m.

Let Ay(T) := Lio(=1)/ ( )T""~ICT™-IC, then T is an (m, C)-isometric operator with conjugation C if and
only if A,,(T) = 0, note that

T"Aw(T)CTC = Ap(T) = Asa (T). )

Hence, if A,,,(T) = 0, then A,(T) = 0 for all n > m. Moreover, it is clear that T is an (m, C)-isometric
operator if and only if CTC is an (m, C)-isometric operator. In [5], S. Jung, E. Ko, M. Lee and ]. Lee have
given some properties and we will give some other properties of (m, C)-isometric operators.
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An operator T € L(H) is said to have the single-valued extension property (or SVEP) if for every open
subset G of C and any H-valued analytic function f on G such that (T — A)f(1) = 0 on G, we have f(1) =0
on G. For an operator T € L(H) and for a vector x € H, the local resolvent set pr(x)of T at x is defined as the
union of every open subset G of C on which there is an analytic function f : G — H such that (T—A)f(A) = x
on G. The local spectrum of T at x is given by or(x) = C\pr(x). We define the local spectral subspace of
T € L(H)by Hr(F) = {x € H : or(x) C F} for a subset F of C. An operator T € L(H) is said to have Dunford’s
property (C) if Hr(F) is closed for each closed subset F of C. An operator T € L(H) is said to have Bishop’s
property () if for every open subset G of C and every sequence {f,} of H-valued analytic functions on G
such that (T — A) f,(A) converges uniformly to 0 in norm on compact subsets of G, we get that f,(A) converges
uniformly to 0 in norm on compact subsets of G. An operator T € L(H) is said to be decomposable if for
every open cover {U, V} of C there are T-invariant subspaces X and Y such that H = X + Y, o(T | x) c U
and o(T | y) C V. It is well-known that

Decomposable = Bishop’s property (). Decomposable = Dunford’s property (C) = SVEP.

In this paper, we study if T is an (m, C)-isometric operator and CT*C commutes with T, then T* is an
(m, C)-isometric operator. We also give local spectral properties and spectral relations of (m, C)-isometric
operators, such as property (), decomposability, the single-valued extension property and Dunford’s
boundedness. We also investigate perturbation of (m, C)-isometric operators by nilpotent operators and by
algebraic operators and give some properties.

2. Some properties of A, (T)

In this section we will give some properties of (1, C)-isometric operators.

Theorem 1. Let T € L(H) be an (m, C)-isometric operator, where C is a conjugation on H. If T commutes with
CT*C, then T* is an (m, C)-isometric operator.

Proof. Since T is an (m, C)-isometric operator, we obtain A,(T) = 0, so

Y CVeNTyICr)c

j=0

An(T)

Y (Cviemricyic
j=0

Y (1T ICT)™T = A(T) = 0.
j=0

Hence, A,(T7) is an (m, C)-isometric operator. [J

Theorem 2. Let T € L(H) be an (m, C)-isometric operator and C be a conjugation on H. If T* has property (B),
then T has property (B).

Proof. Suppose T* has property (8). Let sequence {f,} : G — H be H-valued analytic functions on G
such that lim,—e (T = A)f,(A)ll = 0 on compact subset of G. Then lim,_ [[(TF — A¥)f,(A)]| = 0 and

—k
lim,—0 [[(CTFC = A') £,(M)I| = 0 on compact subset of G for some k € N ). Since T is an (m, C)-isometric
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operator, then A, (T) = Z71:0(—1)f(;T’)(T*)m’7C(T)m’fC = 0. Then

m

lim [0} (=1 (/)" C(D)" ICICA W)

j=0

Lim [[Au(T)C (A

= lim I @y A I
j=0

= g}ou(T*K— D"CH.AMI
0

on compact subset of G.
Choose an open set Gi & G such that 0 ¢ Gy, the we obtain lim,,_, [|(T* — %)mc fu(M)|l = 0 on Gy. Set

A =a+bi forabeR. Then % = ﬁ = ﬁ/\ =yA,wherey = ‘ﬁ is positive real number. So lim,,_,o [|(T* —
yA)"Cf(MIl = 0 for a positive real number y, set u = yA. Define g : yG1 — G1 by g(u) = )1—/;1, then we
have limy,_, [[(T* — )" Cfa(g(u)ll = 0 on yG;. Since T* has property (), we have lim,_,« [|Cf.(g(u)ll = 0
on yG; and so lim,, [ICf,(A)ll = 0 on G1. Moreover, since C is isometric, lim,_, [|f:(A)ll = 0 on G1. Since
lim, e || f(A)ll = 0 on G; and G; is an open set of domain G of f,. It follows that lim,_ [|f,(A)|l = 0 on G.
Hence T has the property (5). O

Corollary 3. Let T € L(H) be an (m, C)-isometric operator, where C be a conjugation on H. If T* has property (B),
if and only if T is decomposable.

Proof. Since the converse implication holds by ([6], Theorem 1.2.29 and Theorem 2.2.5). From Theorem 3, we can
obtain that T has property (B) and so T is decomposable from [6]. Hence, we conclude that T* has property (B), if and
only if T is decomposable. [

Corollary 4. Let T € L(H) be an (m, C)-isometric operator, where C be a conjugation on H. If T* is hyponormal,
then T is decomposable.

Proof. since T* is hyponormal, then T has the property (). From Corollary 3, we obtain T is decomposable. [

Corollary 5. Let T € L(H) be an (m, C)-isometric operator, where C be a conjugation on H. If T* has property ()
and o(T) has nonempty interior. Then T has a nontrivial invariant subspace.

Proof. If T* has property (B), then T is decomposable from Corollary 4. So in this case T has the property (B) by
Theorem 3, since o(T) has nonempty interior, we obtain this result from ([71, Theorem 2.1). O

Lemma 6. Let C be a conjugation on H. Assume T € L(H) is an (m, C)-isometric operator. If T* has the
single-valued extension property, then CTC has the single-valued extension property.

Proof. Suppose T has the single-valued extension property. Let f : G — H be an analytic function such that
(CTC = A)f(A) = 0 on G, where G is a domain of f. Then (CT*C — A¥)f(A) = 0 on G, for some k € N. Since T is an
(m, C)-isometric operator, it follows that

0

An(T)fA) = Y (DT Ty IC(A)
j=0

P EDNTY AT = (T°A = 1)" ().
j=0

Since A # 0, then (T — %)’”f(A) =0. Let u = %,A = % =g(u)and g : G — G. Then (T* — u)" f(g(u)) = 0. Since
T has the single-valued extension property, then f(g(u)) = 0. We obtain f(A) = 0, hence CTC has the single-valued
extension property. [
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Corollary 7. Let C be a conjugation on H. Assume T € L(H) is an (m,C)-isometric operator. If T* has the
single-valued extension property, then or-(x) C o1(Cx).

Proof. Since T* has the single-valued extension property, so does CTC. Moreover, by [6] we know o1-(x) € ocre(x)
forall x € H. Let Ay € pcre(x), then there is an H-valued analytic function f(A) in a neighborhood D of Ay, such
that (CTC — A)f(A) = x, for every A € D. Therefore (T — A)Cf(A) = Cx, for every A € D". Since Cf(A) is analytic
on D*, we get Ao € pr(Cx), so Ay € pr(Cx)*. Hence pcrc(x) € pr(Cx)*.

Conversely, assume that Ay € pr(Cx)*, then there exist an H-valued analytic function f(A) in a neighborhood D
of Ao, such that (T — A)f(A) = Cx, for every A € D. Then we have (CT — XC)f(A) = (CTC - X)Cf(/\) = x, for every
A € D, that means that (CTC — A)C f(X) = x, for every A € D", therefore Ao € pcrc(x), then pr(Cx)* C pere(x).
Hence, pr(Cx)* = pcrc(x). Since (C\G)* = C\G" for any subset G of C. We have o1(Cx)* = ocrc(x), since
o7(x) € ocre(x), hence o-(x) C or(Cx)*. O

Let us recall that we assume that T has the single-valued extension property, if there exists a constant K
such that for every x, y € H with or(x) N o7(y) = 0, we have ||x|| < K||x + yl|, where K is independent of x
and y, we say that an operator T satisfies Dunford’s boundedness condition (B).

Corollary 8. Let T € L(H) be an (m, C)-isometric operator and let C be a conjugation on H. If T* has the single-
valued extension property and Dunford’s boundedness condition (B), then T has Dunford’s boundedness condition

(B).
Proof. The proof is similar to ([3], Theorem 4.12). [

Lemma 9. ([5], Corollary 3.11) Let C be a conjugation on H. Assume T € L(H) is an (m, C)-isometric operator. If
T* has the single-valued extension property, then the following properties hold:

(i) 0(T) = 05u(T) = 04p(T) = 05 (T).

(ii) 0es(T) = 0p(T) = 0(T) = 0o(T).

(iii) Ho(T — A) = Hr({A}) and Ho(T* — A) = Hr-({A)) forall A € C.

(iv) T is biquasitriangular.

Theorem 10. Let C be a conjugation on H. Assume T € L(H) is an (m, C)-isometric operator. If T commutes with
CT*C, then the following properties hold:

(i) Gap(T) = gﬂp(;r)/ Gp(T) = ﬁ/ Gcomp(T) = gmp(T) s osu(T) = ‘”(1T*)w
(i6) 01(T) = 5oy, 01e(T) = oy

(iii) If T* has the szngle -valued extension property, then

o(T) = 05(T) = T) =04p(T) = = 0g(T).

Proof. (i) From ([5], Theorem 3.4 (i), we know that o,,(T) C : (T) , we need only to prove - (T) C ogp(T). Let
A € 0gp(T"), if {x,} is a sequence of unit vectors such that lim,, ., (T* — A)x, = 0, then lim;, ,(CT*C— )\)an = 0and

limy,—00(C(T*YC = (A)F)Cx, = 0 for every k € N. Since T € L(H) is an (m, C)-isometric operator and T commutes
with CT*C, we obtain A,,(T*) = 0 from Theorem 1. Then

0 = lim Au(T")Cx, = 1im(Z(—1)f(T)(T)'“—fC(T*)m—fC)an
j=0

= 1im(Z(—1)1'(71)(T)m—ﬁm’j)<:xn = lim(TA — 1)"Cx,.

j=0
3 - o . . (T-Ly"icy,
From ([5], Lemma 3.1 (ii)), we know that A # 0, we can obtain 11mn_,oo[(T—i)’”an] = 0. Iflim, e m #0,
X n
. . _ . (T-1)y"2Cx,
then L eoy(T)and A € - (T) , otherwise, 1im, e (T — %)’” 1Cx, = 0. If lim, 0 ”(Tl‘)—“C” # 0, then % € agp(T)
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and Ae (T) , otherwise limy, oo (T — l)"’*2an = 0. By induction, we have lim,, 0o (T — %)Cx,, =0, so we have
3 € oap(T) and A € (T) , therefore . (T C 4p(T). Hence, o,zp(T)
For 0,(T) = UV(T*)* , the proof is similar to the 04,(T) = GMT,)*.

Forany S € L(H), we have 0comp(S)* = 0,(S*), it’s easy to get Geomp(T) =

%p D

1
chmp(T»)* ’

Forany S € L(H), we have 05,(S)* = 04,(S), it’s easy to get 04, (T) = o(+)

(ii) If A € 01,(T), then there exist a sequence {x,} of unit vectors in H such that {x,} weakly converges to 0 and

limy o0 (T — A)xyll = 0 for any T € L(H), then we have lim,,_,« [l(CT*C - Xk)anII =0. Since T € L(H) is an
(m, C)-isometric operator, so A,,(T) = 0, it follows that

0 = lim [ AWT)Cxll = lim I[(}_(<1) ()T ICT" I C)Cx, |
j=0

m .
= lim () (/T )Cxll = lim (T3 = 1)"Co|
=0

. 1.,
= lim [[(T — =)"Cxyll.
n—oo /\

Moreover, since {x,} weakly converges to 0, {Cx,} weakly converges to 0. Hence, 0;(T) < - (T)
Conversely, A € 01.(T*), then there exists a sequence(x,} of unit vectors in H such that {x,} weakly converges to 0

and lim, e ||(T* = A)x,l| = O for any T € L(H), then we have lim,,_,« [|(C(T*)¥C - Xk)anH = 0. Since T € L(H)
is an (m, C)-isometric operator. From Theorem 1, we obtain A,,(T*) = 0. It follows that

0 = Lim A, (T)Cx,l = lim 1) (<1)/(")(T)" I C(T)" I O)Cx, |
j=0

= lim I /T A" )Cxl = lim (T = 1"l
j=0

We obtain limn_,oo (T — l)'“anll = 0. Moreover, since {x,} weakly converges to 0, {Cx,} weakly converges to 0.
Therefore, - T) c ale(T) Hence 01(T) = Gle(lT*)*.
For Grg(T) U,C(T*)” since for any S € L(H), 0,.(S)* = 01,(S*). 1t is easy to get o,(T) = ﬁ

(iii) From Lemma 9 and (i), we obtain o(T) = 04,(T) = # = 0,p(T) = M+) =0.(T). O

3. Perturbation of (1, C)-isometric operators by nilpotent operators

In this section, we provide some properties of perturbation of (1, C)-isometric operators by nilpotent
operators, we need some preliminaries.

Recall that an operator N € £L(H) is said to be nilpotent of order #, if N* = 0 and N*! # 0 for some
positive integer n. Let G be a commutative group and denote its operation by +. Given a sequence a = (a,)u>0
in G, the difference sequence Da = (Da),»¢ is defined by (Da),>¢ := a4+1 — a,. The powers of D are defined
recursively by D% := a, D**a = D(D*a). 1t is easy to show that

k
(Dra), = Y (=1 aien, 2)
i=0
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for all k > 0 and i > 0 integers. A sequence a in a group G is called an arithmetic progression of order
h=0,1,2,...if D'"la = 0. Equivalently,

h+1

Y 1 e, =0, (3)

i=0

forn =0,1,2,.... It is well known that the sequence a in G is an arithmetic progression of order & if and
only if there exists a polynomial p(n) in 1, with coefficients in G and of degree less than or equal to &, such
that p(n) = a,, for every n = 0,1,2,...; that is, there are y5,, ¥n-1,- - ,¥1,Y0 € G, which depend only on G,
such that, foreveryn =0,1,2,...,

h
an=pn) =Y yin 4)
i=0

We say that the sequence a is an arithmetic progression of strict order i = 0,1,2,..., if h = 0 or if it is of
order /1 > 0 but is not of order & — 1; that is, the polynomial p of (4) has degree h. Moreover, a sequence a in
a group G is an arithmetic progression of order # if and only if, for all n > 0,

- 1 k h
that is,
h
an = Y DO a (6)
k=0

Now we give a basic result about perturbation of (1, C)-isometric operators by nilpotent operators.

Theorem 11. Let T € L(H) be a strict (m, C)-isometric operator with conjugation C. If and only if there are
By-1,Bu-2, ..., B1, By in L(H), which depend only on T and C, such that, for everyn=0,1,2. . .,

m=1
T"CT"C = Z Bin' 7)
i=0
that is, the sequence (I""CT"C),»0 is an arithmetic progression of strict order m — 1 in L(H).

Proof. From ([8], Theorem 1). Since T is a strict (m, C)-isometric operator with conjugation C, then A, (T) =
Z}TLO(;?’)(—l)IT*’"‘JCTm‘/C =0.Letm — j =k, so Ay(T) = LiLo(=1)"*(")T*CT*C = 0. So we have

m
T A (T)CT'C = T*iZ(—1)"”k(,’(’l)T*kCT"C)CT"C
k=0
m

Z(_l)m—k(lr(n)T*kHCTkHC =0.
k=0

Then we obtain

Z(_l)mfk(;(n)T*kHCTkJriC =0. (8)
k=0
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Since T € L(H) is a strict (i, C)-isometric operator with conjugation C, then A,,_1(T) # 0. We obtain

m—1
Z(—l)m-l—k(gl—l)T*kCT’fc #0. (9)
k=0

By (3) the operator sequence (T""CT"C),»o is an arithmetic progression of strict order m — 1, Therefore,
from (4) we obtain that there is a polynomial p(n) of degree m — 1 in n, with coefficients in L(H) satisfying
p(n) = T"CT"C foreveryn =0,1,2, ...,

T"CT"C = Byy_1n™ ' + Byyon™ % + ... + Bin + By.
Conversely, if (T™ CT"C)>0 is an arithmetic progression of strict order m—1, then (9) and (10) hold, takei = 0,
we obtain A, (T) = Z;”:O(;.”)(—l)f T ICT"IC = 0and A,,—1(T) # 0, hence T € L(H)is a strict (m, C)-isometric
operator. [J

Theorem 12. Let T € L(H) be an (m, C)-isometric operator and N € L(H) be an n—nilpotent (n > linteger) such
that TN = NT. Then T + N is a strict (2n + m — 2, C)-isometric operatot.

Proof. From ([8], Theorem 3). Let R = T + N,k = 2n + m — 2, then we need to prove that Ay(R) =
Y o(M)(=1yR*CR*IC = 0. Letq = k — i, h = min{q,n — 1}, for

RYCRIC (T* + N"YI(CTC + CNC)!

h h
[ (ONTTTY (DCTTCCN'C
j=0 r=0

h

Z(j)(Z)N*fT*q-fCTq-fCCNfC

=0

Z ()NIT"I(T~ CTI"C)CN'C
0<j<r<h

Z ()N HTIICTTIC)CTI"CCN'C

0<r<j<h

+

from (8) we obtain, for certain B,,_1, By;—2, ..., B1, By , we have

m—1
TI7CTI"C = Y Bulq - )",

w=0

then we have

(T* + N)/(CTC + CNC)

m—1
= ), OONIT™ Y Bulg-n"CN'C
0

0<j<r<h w=
m—1
+ ) (OGN Y Bu(g - j)*CTI7CCN'C.
0<r<j<h w=0
Let
H, = NYT"B,CN'C,
H, = N'B,CT/"CCN'C,
Q1 = (?)(’Z)(q—r)“’,
Q = (Z)(?)(q—j)“’-
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Note that (7) and () are real polynomials in g of degree less than or equal to h < n — 1, and (g — r)¥

and (g — j) degree w < m — 1, hence Q; and Q, are real polynomials of degree less than an equal to
m—1+2(n-1) =2n+m - 3. Consequently, we can write

(T"+NY(CTC + CNC)T = Y02, o, HiQ + Lo5 ki, HaQo,

which is a polynomial of g of degree less than or equal to 21 + m — 3 with coefficients in £(H), by Theorem
11, the operator T + N is a strict (2n+m-2,C)-isometric operator. []

Corollary 13. Let T € L(H) be a strict (1,C)-isometric operator and N € L(H) be an n—nilpotent (n > 1,n € N)
such that TN = NT, then T + N is a strict (2n — 1,C)-isometric operator.

Proof. The proof is similar to ([8], Theorem 4). [

Theorem 14. Let T € L(H) be a strict (m, C)-isometric operator and N € L(H) be an n—nilpotent (n > 1,n € N)
such that TN = NT, let R = T + N, then the following argquments hold:

(i) If T* has the single-valued extension property, then R* and R has the single-valued extension property.

(ii) If T has Dunford’s property (C) and or(x) C or(N""'x) N or(x) for all x € H, then R has Dunford’s property
(C).

Proof. (i) Let G be an open set in C and let f : G — H be an analytic function such that (R* —z) f(z) = 0 on G, which
implies

(R =2)f(z) =(T" + N" = 2)f(2) = (T" = 2)f(2) + N' f(2) =

Since N = 0 and T*N* = N*T*, it follows that (T* — zZ)N*""1 f(z) = 0. Since T* has the single-valued extension
property, we have N"""1 f(z) = 0, moreover, since (T* — z)f(z) + N*f(z) = 0, we can obtain (T* — z)N""2f(z) = 0.
Since T* has the single-valued extension property, we get N™"~2f(z) = 0. By similar process, we obtain that f(z) = 0,
hence R* has the single-valued extension property. From Lemma 2, we can obtain T has the single-valued extension
property, similarly, we get R has the single-valued extension property.

(i) If T has Dunford’s property (C) and or(x) C or(N"'x) for all x € H, then it suffices to show that or(N"'x) C
or(x), assume zo € pr(x), then there is an H-valued analytic function f(z) in an neighborhood D of zy such that
(T-z)f(z) = xforeveryz € D, since TN = NT and N" = 0, it follows that (R—z)N"" f(z) = (T-z)N""! f(z) = N""1x
on D. Since N""1 f(z) is analytic on D, we get zg € pr(N""'x), then pr(x) = pr(N""'x) on D. For any S € L(H),
os(x) = C\ ps(x). So or(N""'x) C or(x). Thus or(x) = or(N""'x), therefore, we have N""*Hg(F) = Hr(F).
Since N'""'Hg(F) c Hr(F) , it follows that Hr(F) ¢ N""'Hg(F), where F is closed subset of C. Moreover, since
or(x) € or(x) for all x € H, it follows that Hr(F) € Hr(F) and so Hr(F) = Hr(F) is closed for each closed subset F
of C, hence R has Dunford’s property (C), this completes the proof. [

Corollary 15. Let T € L(H) be an (m, C)-isometric operator and N € L(H) be an n—nilpotent (n > linteger) such
that TN = NT, let R = T + N and if T* has the single-valued extension property, then the following properties hold:
(i) 0(R) = 0su(R) = 04p(R) = 05(R).
(ii) 0¢s(R) = 0p(R) = 04(R) = 0¢(R).
(iii) Hy(R — A) = Hr({A}) and Ho(R* — A) = Hr-({A}) forall A € C.

Proof. Since T* has the single-valued extension property, it follows that R and R* the single-valued extension property,
hence it follows from Lemma 10. O

Proposition 16. Let T € L(H) be an (m, C)-isometric operator and N € L(H) be an n—nilpotent (n > linteger)
such that TN = NT, let R = T + N, if T* has the single-valued extension property and T* commutes with CTC, then
the following properties hold:
(i) 0ap(R) C 55 U 0, 0p(R) € 5 U 0, Geomp(R) ©
(i1) 01e(R) C Gle(T) 0re(R)" C 07e(T7)".

U0, 0:u(R) C - U 0.

Ocomp (T ) )
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Proof. (i) Let R = T + N, where T € L(H) is an (m,C)-isometric operator , N = 0 and TN = NT. It follows from
Theorem 11 and ([6], Page256) that 04,(R) = 04p(T) + 04p(N), it is easy to obtain 4y(N) = 0. Since 0 & 0,4,(T) from
Theorem 11 we obtain o,y(T) = #, therefore we have o4y(R) C U 0. By the similar method we get that
GP(R) % (T) GE(W(T) U0, osu(R) C o (T) uo.

(ii) The proof is similar to ([2], Proposition 16). If A € 01,(R) , then there exzsts a sequence x; of unit vectors in H
such that x; weakly converges to 0 and lim;_, ||[(R — A)xl| = 0. Put y; = for some n > 1,since N" = 0 and
TN = NT, it follows that

Oq (T)
U 0. From the proof of Theorem 11, we can obtain ocomp(R) C

IIN” 1XH’

N 1X,
[IN"Lx|

= hmIIN” YT+N-A)————

im (T = A) ==l

tim [T = D)y

l
IIN” T xill

= lim|IN""'(R- 1) [

[IN"= T x|
In addition, if x; weakly converges to 0, then y; weakly converges to 0. Therefore, A € g1(T), hence c1(R) C 01e(T).
Since 6,(S*) = 0,(S)*, for any S € L(H), we have 6,(R*)* C 0,(T*)". O

4. Perturbation of (m, C)-isometric operators by algebraic operators

In this section, we will give some properties of perturbation of (m, C)-isometric operators by algebraic
operators, we will consider the decomposability of T + A and TA where T is (m,C)-isometric and A is an
algebraic operator.

Proposition 17. Let T € L(H) be an (m, C)-isometric operator and A € L(H) be a algebraic operator of order k, if
R =T + A or TA where T commutes with A, then the following properties are equivalent:

(i) T is decomposable.

(ii) T* has the property (B).

(iii) R* has the property (B).

Proof. (1) Since the proof of from Theorem 3 and Corollary 4, we get (i) & (ii), we only consider the following
implication (ii) & (iii). Assume that T* has the property (B), let R = T + A, since A € L(H) is a algebraic operator
of order k, there exists a nonconstant polynomial P(A) = (A — y1)(A = y2)(A = ¥3)...(A — yx) such that P(A) = 0,
set Po(A) = 1 and Py(A) = (A = y1)(A = y2)(A = p3)..(A = y)) for j = 1,2,3,..., k. Let G be an open set in C and
fn : G = H be a sequence of analytic functions such that

lim [I(R* = 2) f(2)llx = lim [(T" + A" = 2) f(z)llx = O (10)

for every compact set K in D, fix any compact subset K of D. Since Pr(A)" = (A" = y1)(A" = y2)(A* = 3)..(A" -
Yie1)(A* = k) = 0, we obtain Pi_1(A)*(A* — k) = 0, therefore Py_1(A)*A* = Pyr_1(A)" Yk this gives that

llm IPx-1(A)'(R* — 2) f (2)lIx

Im ([Pt (A)(T" + A" = 2) f(2)lIk
= lim [P (A)(T" + 7% = 2) f(@)lIk
= hm I(T" + Yk = 2)Pr-1(A) f(2)lIx
O.

Moreover, since T* + Yy has the property(pB), we have

Hm [[Pe1(A) (@)l = 0. (11)
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Equations (10) and (11) imply that limy, e [|Pk—2(A) (T* +Vic1—2) f (2)llk = im0 [1Pk—2(A) (T*+A*—2) f(2)llk = 0.
Since T +y_1 has the property (), we get that lim, .« ||Px-1(A)* f(2)llx = 0. Hence, by induction lim,,« || f(2)llx =
0. Therefore, R* has the property ().

(2) In the case R = TA. Assume that T* has the property (B). Let G be an open set in C and f, : G — H bea
sequence of analytic functions such that lim, e [|(R* = 2) f(2)llx = lim,—« [[(T*A* = 2) f(2)llx = O for every compact
set K in D, fix any compact subset K of D. Thus, it holds that

lim [|(A" = y)T" f(2) + yiT f(2) = 2f (@)llk = 0. (12)

Since Pr(A)* = (A" = y1)(A" = V) (A" = 3). (A" = Vic)(A" = Yx) = Pra(A)' (A" = yr) = 0and AT = T"A*. We
obtain that from (12)

}}g{}o [IPk-1(A)' (A" =Y T f(2) + Pr1(A) kT f(2) — Pr1(A)'zf (2)llk = 0.

So we have
gﬂ, IPe-1(A) kT f(z) — Pr1(A)zf(2)llk = 0. (13)

Since T*y has the property (B), we have limy,_,« ||Pk-1(A)* f(2)llx = 0. Following from the proof of (1), so we have
lim, o [ f(2)llk = 0. Hence, R* has the property (B). The converse implication holds by the similar arguments
above. [
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