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Generalized Weighted Composition Operators from the Bloch-Type
Spaces to the Weighted Zygmund Spaces

Ebrahim Abbasia, Hamid Vaezia

aDepartment of Pure Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran.

Abstract. The boundedness and compactness of generalized weighted composition operators from Bloch-
type spaces and little Bloch-type spaces into weighted Zygmund spaces on the unit disc are characterized,
in this paper.

1. Introduction

Let D be the open unit disc in the complex plane C, H(D) the class of all analytic functions on D, and
H∞ = H∞(D) the space of bounded analytic functions on D with the norm ‖ f ‖∞ = supz∈D | f (z) |. For
0 < α < ∞, a function f ∈ H(D) is said to be in the Bloch-type spaces Bα = Bα(D), if

bα( f ) = sup
z∈D

(1 − | z |2)α | f ′(z) |< ∞.

The spaceBα becomes a Banach space under the norm ‖ f ‖Bα =| f (0) | +bα( f ). The little Bloch-type spaceBα0 ,
is a subspace of Bα, consisting of all f ∈ H(D) such that

lim
|z|→1̄

(1 − | z |2)α | f ′(z) |= 0.

When α = 1, B1 = B is the well-known Bloch space, whileB1
0 = B0 is the well-known little Bloch space. For

more information on Bloch-type spaces see [12, 13].
Every positive and continuous function on D is called a weight. Let µ(z) be a weight. The weighted
Zygmund spaceZµ = Zµ(D) is the space of all analytic functions f onD such that

bW2
µ
( f ) = sup

z∈D
µ(z) | f ′′(z) |< ∞.

The spaceZµ becomes a Banach space with the following norm

‖ f ‖Zµ =| f (0) | + | f ′(0) | +bW2
µ
( f ).
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When µ(z) = (1 − | z |2), Zµ = Z is the well-known Zygmund space. More information on the Zygmund-
type space on the unit disc or the unit ball, can be found in [9, 14, 17].
Let ϕ be an analytic self-map ofD and u ∈ H(D). The weighted composition operator uCϕ, which induced
by ϕ and u, is defined as follows

(uCϕ f )(z) = u(z) f (ϕ(z)), f ∈ H(D), z ∈ D.

If u(z) ≡ 1, then the weighted composition operator is reduced to the composition operator, usually denoted
by Cϕ, while for ϕ(z) = z, it is reduced to the multiplication operator, usually denoted by Mu.
Let D be the differentiation operator and n be a nonnegative integer. Write

D f = f ′, Dn f = f (n), f ∈ H(D).

The generalized weighted composition operator, denoted by Dn
ϕ,u, is defined as follows (see [15, 16, 18, 20])

(Dn
ϕ,u f )(z) = u(z) f (n)(ϕ(z)), f ∈ H(D), z ∈ D.

When n = 0, then Dn
ϕ,u becomes the weighted composition operator. If n = 0 and u(z) = 1, then Dn

ϕ,u = Cϕ.
If n = 1 and u(z) = ϕ′(z), then Dn

ϕ,u = DCϕ. If n = 1 and u(z) = 1, then Dn
ϕ,u = CϕD. The operators DCϕ and

CϕD were studied in [2, 5, 6, 8, 11]
Stević in [10] has found some characterizations for boundedness and compactness of generalized weighted
composition operators Dn

ϕ,u from H∞ and Bloch space to nth weighted-type spaces on the unit disc. In
addition, Zhu in [19, 21] has found some characterizations for boundedness and compactness of operator
Dn
ϕ,u fromB to H∞α andBα toBβ. Li and Stević in [7] provide some results for boundedness and compactness

of Dn
ϕ,u from Bα to H∞µ . In this paper, inspired by previous works, we attempt to study boundedness and

compactness of generalized weighted composition operators from Bα toZµ.
Throughout this paper, C is used to denote a positive constant which may differ from one occurrence to
the other. We say that A � B if there exists a constant C such that A ≤ CB. The symbol A ≈ B means that
A � B � A.

2. Boundedness of Dn
ϕ,u : Bα(Bα

0
) → Zµ

In this section, we give some characterizations for boundedness of generalized weighted composition
operators from the Bloch-type spaces into the weighted Zygmund spaces.

For a ∈ D and 0 < α < ∞, set

fa(z) =
1 − | a |2

(1 − āz)α
, ha(z) =

(1 − | a |2)2

(1 − āz)α+1 , 1a(z) =
(1 − | a |2)3

(1 − āz)α+2 , z ∈ D. (1)

We have

f (n)
a (z) =

(1 − | a |2)ān

(1 − āz)α+n

n−1∏
j=0

(α + j),

h(n)
a (z) =

(1 − | a |2)2ān

(1 − āz)α+n+1

n∏
j=1

(α + j),

1
(n)
a (z) =

(1 − | a |2)3ān

(1 − āz)α+n+2

n+1∏
j=2

(α + j).
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By using fa, ha and 1a, for any n ∈Nwe define mn,a, ln,a and kn,a as follows

mn,a(z) = fa(z) −
α(2α + 2n + 3)

(α + n)(α + n + 2)
ha(z) +

α(α + 1)
(α + n)(α + n + 2)

1a(z),

ln,a(z) = fa(z) −
2α

α + n + 1
ha(z) +

α(α + 1)
(α + n + 1)(α + n + 2)

1a(z),

kn,a(z) = fa(z) −
2α
α + n

ha(z) +
α(α + 1)

(α + n)(α + n + 1)
1a(z).

Lemma 2.1. For any a ∈ D and n ∈N, m(n)
n,a(a) = m(n+2)

n,a (a) = 0 and

m(n+1)
n,a (a) = −

ān+1

(α + n + 2)(1 − | a |2)α+n

n−1∏
j=0

(α + j).

Proof.

m(n)
n,a(a) =

ān

(1 − | a |2)
α+n−1

n−1∏
j=0

(α + j) −
ān

(1 − | a |2)
α+n−1

α(2α + 2n + 3)
(α + n)(α + n + 2)

n∏
j=1

(α + j)

+
ān

(1 − | a |2)
α+n−1

α(α + 1)
(α + n)(α + n + 2)

n+1∏
j=2

(α + j)

=
ān

(1 − | a |2)
α+n−1

n−1∏
j=0

(α + j)
(
1 −

2α + 2n + 3
α + n + 2

+
α + n + 1
α + n + 2

)
=0,

m(n+1)
n,a (a) =

ān+1

(1 − | a |2)
α+n

n∏
j=0

(α + j) −
ān+1

(1 − | a |2)
α+n

α(2α + 2n + 3)
(α + n)(α + n + 2)

n+1∏
j=1

(α + j)

+
ān+1

(1 − | a |2)
α+n

α(α + 1)
(α + n)(α + n + 2)

n+2∏
j=2

(α + j)

=
ān+1

(1 − | a |2)
α+n

n−1∏
j=0

(α + j)
(
α + n −

(2α + 2n + 3)(α + n + 1)
α + n + 2

+ α + n + 1
)

= −
ān+1

(α + n + 2)(1 − | a |2)α+n

n−1∏
j=0

(α + j)

and

m(n+2)
n,a (a) =

ān+2

(1 − | a |2)
α+n+1

n+1∏
j=0

(α + j) −
ān+2

(1 − | a |2)
α+n+1

α(2α + 2n + 3)
(α + n)(α + n + 2)

n+2∏
j=1

(α + j)

+
ān+2

(1 − | a |2)
α+n+1

α(α + 1)
(α + n)(α + n + 2)

n+3∏
j=2

(α + j)

=
ān+2

(1 − | a |2)
α+n+1

n+1∏
j=0

(α + j)
(
1 −

2α + 2n + 3
α + n

+
α + n + 3
α + n

)
= 0.
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The proofs of the next lemmas are similar to the proof of Lemma 2.1 and are omitted.

Lemma 2.2. For any a ∈ D and n ∈N, l(n+1)
n,a (a) = l(n+2)

n,a (a) = 0 and

l(n)
n,a(a) =

2ān

(α + n + 1)(α + n + 2)(1 − | a |2)α+n−1

n−1∏
j=0

(α + j).

Lemma 2.3. For any a ∈ D and n ∈N, k(n)
n,a(a) = k(n+1)

n,a (a) = 0 and

k(n+2)
n,a (a) =

2ān+2

(1 − | a |2)α+n+1

n−1∏
j=0

(α + j).

Theorem 2.4. Let n be a positive integer, 0 < α < ∞, u ∈ H(D), µ be a weight and ϕ be an analytic self-map ofD.
Then the following statements are equivalent.

(a) The operator Dn
ϕ,u : Bα →Zµ is bounded.

(b) The operator Dn
ϕ,u : Bα0 →Zµ is bounded.

(c) sup j≥n jα−1
‖Dn

ϕ,up j‖Zµ < ∞, where p j(z) = z j.

(d) u ∈ Zµ, supz∈D µ(z) | u(z) || ϕ′(z) |2< ∞, supz∈D µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |< ∞ and

sup
a∈D
‖Dn

ϕ,u fa‖Zµ < ∞, sup
a∈D
‖Dn

ϕ,uha‖Zµ < ∞, sup
a∈D
‖Dn

ϕ,u1a‖Zµ < ∞,

where fa, ha and 1a are defined in (1).
(e)

sup
z∈D

µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |
(1− | ϕ(z) |2)α+n < ∞, sup

z∈D

µ(z) | u′′(z) |
(1− | ϕ(z) |2)α+n−1 < ∞, sup

z∈D

µ(z) | ϕ′(z) |2| u(z) |
(1− | ϕ(z) |2)α+n+1 < ∞.

Proof. (a)⇒ (b) This implication is obvious.

(b) ⇒ (c) The sequence { jα−1p j}
∞

1 is bounded in Bα0 and lim j→∞ jα−1
‖p j‖Bα =

(
2α
e

)α
(see Lemma 2.1 in [3]).

Hence,
sup
j≥1

jα−1
‖Dn

ϕ,up j‖Zµ < ∞.

Since for j < n, Dn
ϕ,up j = 0, we obtain sup j≥n jα−1

‖Dn
ϕ,up j‖Zµ < ∞.

(c)⇒ (d) Suppose (c) holds. Applying the operator Dn
ϕ,u for p j with j = n, n + 1 and n + 2, we obtain

(Dn
ϕ,upn)(z) = n!u(z), (Dn

ϕ,upn+1)(z) = (n + 1)!ϕ(z)u(z), (Dn
ϕ,upn+2)(z) =

(n + 2)!
2

ϕ2(z)u(z). (2)

Thus from (2), we have

sup
z∈D

µ(z) |u′′(z)| ≤
1
n!
‖ Dn

ϕ,upn ‖Zµ< ∞. (3)

So, u ∈ Zµ. By using (2), we get

sup
z∈D

µ(z)
∣∣∣ϕ′′(z)u(z) + 2ϕ′(z)u′(z) + ϕ(z)u′′(z)

∣∣∣ ≤ 1
(n + 1)!

‖ Dn
ϕ,upn+1 ‖Zµ< ∞.

From the boundedness of the function ϕ and (3),

sup
z∈D

µ(z)
∣∣∣ϕ′′(z)u(z) + 2ϕ′(z)u′(z)

∣∣∣ < ∞. (4)
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By using (2),

sup
z∈D

µ(z)
∣∣∣∣2ϕ′(z)2u(z) + 2

(
ϕ′′(z)u(z) + 2ϕ′(z)u′(z)

)
ϕ(z) + ϕ2(z)u′′(z)

∣∣∣∣ ≤ 2
(n + 2)!

‖ Dn
ϕ,upn+2 ‖Zµ< ∞.

Finally, from boundedness of the function ϕ, (3) and (4)

sup
z∈D

µ(z)| ϕ′(z) |2 | u(z) |< ∞.

We set Q := sup j≥n jα−1
‖ Dn

ϕ,up j ‖Zµ . For any a ∈ D, it is easy to check that fa, ha and 1a are in Bα. By
simple calculation, we obtain

fa(z) = (1 − | a |2)
∞∑
j=0

Γ( j + α)
j!Γ(α)

a jz j, ha(z) = (1 − | a |2)2
∞∑
j=0

Γ( j + 1 + α)
j!Γ(1 + α)

a jz j,

1a(z) = (1 − | a |2)3
∞∑
j=0

Γ( j + 2 + α)
j!Γ(2 + α)

a jz j.

From Stirling’s formula, we have Γ( j+α)
j!Γ(α) ≈ jα−1 as j→∞. Using linearity, we get

‖ Dn
ϕ,u fa ‖Zµ≤ C(1− | a |2)

∞∑
j=0

| a | j jα−1
‖ Dn

ϕ,up j ‖Zµ≤
CQ(1 − |a|2)

1 − |a|
≤ 2CQ, (5)

‖ Dn
ϕ,uha ‖Zµ≤ C(1− | a |2)2

∞∑
j=0

| a | j j jα−1
‖ Dn

ϕ,up j ‖Zµ≤
CQ|a|(1 − |a|2)2

(1 − |a|)2 ≤ 4CQ, (6)

‖ Dn
ϕ,u1a ‖Zµ≤ C(1− | a |2)3

∞∑
j=0

| a | j j2 jα−1
‖ Dn

ϕ,up j ‖Zµ≤
CQ|a|(1 + |a|)(1 − |a|2)3

(1 − |a|)3 ≤ 16CQ. (7)

Since a is arbitrary, so

sup
a∈D
‖ Dn

ϕ,u fa ‖Zµ< ∞, sup
a∈D
‖ Dn

ϕ,uha ‖Zµ< ∞ and sup
a∈D
‖ Dn

ϕ,u1a ‖Zµ< ∞.

(d)⇒ (e) Assume that (d) holds. Set

C1 = sup
a∈D
‖ Dn

ϕ,u fa ‖Zµ , C2 = sup
a∈D
‖ Dn

ϕ,uha ‖Zµ and C3 = sup
a∈D
‖ Dn

ϕ,u1a ‖Zµ .

It is obvious that for any a ∈ D and n ∈N the functions mn,a, ln,a and kn,a are in Bα. Moreover

sup
a∈D
‖ Dn

ϕ,umn,a ‖Zµ ≤ sup
a∈D
‖ Dn

ϕ,u fa ‖Zµ +
α(2α + 2n + 3)

(α + n)(α + n + 2)
sup
a∈D
‖ Dn

ϕ,uha ‖Zµ

+
α(α + 1)

(α + n)(α + n + 2)
sup
a∈D
‖ Dn

ϕ,u1a ‖Zµ

≤ C1 +
α(2α + 2n + 3)

(α + n)(α + n + 2)
C2 +

α(α + 1)
(α + n)(α + n + 2)

C3. (8)

Hence, for any λ ∈ D it follows from Lemma 2.1 and (8) that

m(n)
n,ϕ(λ)(ϕ(λ)) = m(n+2)

n,ϕ(λ)(ϕ(λ)) = 0,
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µ(λ) | 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) || ϕ(λ) |n+1

(α + n + 2)(1− | ϕ(λ) |2)α+n

n−1∏
j=0

(α + j) = µ(λ)
∣∣∣∣(2u

′

(λ)ϕ
′

(λ) + u(λ)ϕ
′′

(λ)
)

m(n+1)
n,ϕ(λ)(ϕ(λ))

∣∣∣∣ =

µ(λ)
∣∣∣∣u′′ (λ) m(n)

n,ϕ(λ)(ϕ(λ)) +
(
2u

′

(λ)ϕ
′

(λ) + u(λ)ϕ
′′

(λ)
)

m(n+1)
n,ϕ(λ)(ϕ(λ)) + u(λ)ϕ′2(λ) m(n+2)

n,ϕ(λ)(ϕ(λ)
∣∣∣∣ ≤

sup
z∈D

µ(z)
∣∣∣∣u′′ (z) m(n)

n,ϕ(λ)(ϕ(z)) +
(
2u

′

(z)ϕ
′

(z) + u(z)ϕ
′′

(z)
)

m(n+1)
n,ϕ(λ)(ϕ(z)) + u(z)ϕ′2(z) m(n+2)

n,ϕ(λ)(ϕ(z))
∣∣∣∣ =

sup
z∈D

µ(z)
∣∣∣∣∣(u(z) m(n)

n,ϕ(λ)(ϕ(z))
)′′ ∣∣∣∣∣ ≤‖ Dn

ϕ,umn,ϕ(λ) ‖Zµ≤ sup
a∈D
‖ Dn

ϕ,umn,a ‖Zµ≤ C1 +
α(2α + 2n + 3)

(α + n)(α + n + 2)
C2+

α(α + 1)
(α + n)(α + n + 2)

C3 < ∞. (9)

So,

µ(λ) | ϕ(λ) |n+1
| 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |

(1− | ϕ(λ) |2)α+n ≤

α + n + 2
α(α + 1) · · · (α + n − 1)

(C1 +
α(2α + 2n + 3)

(α + n)(α + n + 2)
C2 +

α(α + 1)
(α + n)(α + n + 2)

C3).

Therefore,

sup
λ∈D

µ(λ) | ϕ(λ) |n+1
| 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |

(1− | ϕ(λ) |2)α+n < ∞. (10)

For any fixed r ∈ (0, 1) from (10), we obtain

sup
|ϕ(λ)|>r

µ(λ) | 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |
(1− | ϕ(λ) |2)α+n ≤

1
rn+1 sup

|ϕ(λ|>r

µ(λ) | ϕ(λ) |n+1
| 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |

(1− | ϕ(λ) |2)α+n < ∞. (11)

On the other hand from (d),

sup
|ϕ(λ)|≤r

µ(λ) | 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |
(1− | ϕ(λ) |2)α+n ≤

sup
|ϕ(λ)|≤r µ(λ) | 2ϕ′(λ)u′(λ) + ϕ′′(λ)u(λ) |

(1 − r2)α+n < ∞. (12)

For any a ∈ D,

‖Dn
ϕ,uln,a‖Zµ ≤ C1 +

2α
α + n + 1

C2 +
α(α + 1)

(α + n + 1)(α + n + 2)
C3. (13)

So, supa∈D ‖D
n
ϕ,uln,a‖Zµ < ∞. From Lemma 2.2,

l(n+1)
n,ϕ(λ)(ϕ(λ)) = l(n+2)

n,ϕ(λ)(ϕ(λ)) = 0.

Hence, by a similar calculation as in (9), we obtain

µ(λ) | ϕ(λ) |n| u′′(λ) |
(1− | ϕ(λ) |2)α+n−1

2
(α + n + 1)(α + n + 2)

n−1∏
j=0

(α + j) = µ(λ)
∣∣∣∣u′′ (λ) l(n)

n,ϕ(λ)(ϕ(λ))
∣∣∣∣ ≤ ‖Dn

ϕ,uln,ϕ(λ)‖Zµ

≤ C1 +
2α

α + n + 1
C2 +

α(α + 1)
(α + n + 1)(α + n + 2)

C3. (14)

Therefore,

sup
λ∈D

µ(λ) | ϕ(λ) |n| u′′(λ) |
(1− | ϕ(λ) |2)α+n−1 < ∞. (15)
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From (15) and u ∈ Zµ with similar calculation as in (11) and (12), we get

sup
λ∈D

µ(λ) | u′′(λ) |
(1− | ϕ(λ) |2)α+n−1 < ∞.

For any a ∈ D,

‖Dn
ϕ,ukn,a‖Zµ ≤ C1 +

2α
α + n

C2 +
α(α + 1)

(α + n)(α + n + 1)
C3. (16)

Hence, supa∈D ‖ Dn
ϕ,ukn,a ‖Zµ< ∞. For any λ ∈ D, from Lemma 2.3

k(n)
n,ϕ(λ)(ϕ(λ)) = k(n+1)

n,ϕ(λ)(ϕ(λ)) = 0

and with the similar calculation as in (9), we have

2µ(λ) | ϕ(λ) |n+2
| ϕ

′

(λ) |2| u(λ) |
(1− | ϕ(λ) |2)α+n+1

n−1∏
j=0

(α + j) = µ(λ)
∣∣∣∣u(λ)ϕ

′2
(λ) k(n+2)

n,ϕ(λ)(ϕ(λ))
∣∣∣∣ ≤‖ Dn

ϕ,ukn,ϕ(λ) ‖Zµ

≤ C1 +
2α
α + n

C2 +
α(α + 1)

(α + n)(α + n + 1)
C3. (17)

Thus,

sup
λ∈D

µ(λ) | ϕ(λ) |n+2
| ϕ′(λ) |2| u(λ) |

(1− | ϕ(λ) |2)α+n+1 < ∞. (18)

From (d) and (18) with similar calculation as in (11) and (12), we obtain

sup
λ∈D

µ(λ) | ϕ′(λ) |2| u(λ) |
(1− | ϕ(λ) |2)α+n+1 < ∞.

(e)⇒ (a) Assume (e) holds. For any f ∈ Bα,

µ(z)
∣∣∣(Dn

ϕ,u f )′′(z)
∣∣∣ = µ(z)

∣∣∣∣ f (n+2)(ϕ(z))ϕ′2(z)u(z) + f (n+1)(ϕ(z))
(
2ϕ′(z)u′(z) + ϕ′′(z)u(z)

)
+ f (n)(ϕ(z))u′′(z)

∣∣∣∣
≤ µ(z)

∣∣∣ f (n+2)(ϕ(z))
∣∣∣ ∣∣∣ϕ′2(z)u(z)

∣∣∣ + µ(z)
∣∣∣ f (n+1)(ϕ(z))

∣∣∣ ∣∣∣2ϕ′(z)u′(z) + ϕ′′(z)u(z)
∣∣∣ + µ(z)

∣∣∣ f (n)(ϕ(z))
∣∣∣ ∣∣∣u′′ (z)

∣∣∣
≤
µ(z)| ϕ′(z) |2 | u(z) |

(1 − | ϕ(z) |2)α+n+1
C ‖ f ‖Bα +

µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |

(1 − | ϕ(z) |2)α+n
C ‖ f ‖Bα +

µ(z) | u′′(z) |

(1 − | ϕ(z) |2)α+n−1
C ‖ f ‖Bα .

(19)

In the last inequality we use the fact that (Proposition 8 in [13]) for f ∈ Bα

sup(1 − | z |2)α | f ′(z) |≈| f (0) | + · · ·+ | f (n)(0) | + sup(1 − | z |2)α+n
| f (n+1)(z) | . (20)

Moreover, ∣∣∣(Dn
ϕ,u f )(0)

∣∣∣ =
∣∣∣ f (n)(ϕ(0))u(0)

∣∣∣ ≤ | u(0) |

(1 − | ϕ(0) |2)α+n−1
C ‖ f ‖Bα ,∣∣∣(Dn

ϕ,u f )′(0)
∣∣∣ =

∣∣∣ f (n+1)(ϕ(0))ϕ′(0)u(0) + f (n)(ϕ(0))u′(0)
∣∣∣

≤

∣∣∣ f (n+1)(ϕ(0))ϕ′(0)u(0)
∣∣∣ +

∣∣∣ f (n)(ϕ(0))u′(0)
∣∣∣

≤
| ϕ′(0) || u(0) |

(1 − | ϕ(0) |2)α+n
C ‖ f ‖Bα +

| u′(0) |

(1 − | ϕ(0) |2)α+n−1
C ‖ f ‖Bα . (21)

From (e), (19) and (21), we conclude that the operator Dn
ϕ,u : Bα →Zµ is bounded. The proof is complete.
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3. Compactness of Dn
ϕ,u : Bα(Bα

0
) → Zµ

In this section, we obtain several characterizations for compactness of generalized weighted composition
operators from the Bloch-type spaces into the weighted Zygmund spaces. To study compactness, we need
the following lemma, which can be proved in a standard way (see, for example, Proposition 3.11 in [1]).

Lemma 3.1. Let n be a positive integer, 0 < α < ∞, µ be a weight, u ∈ H(D) and ϕ be an analytic self-map of D.
Then Dn

ϕ,u : Bα → Zµ is compact if and only if Dn
ϕ,u : Bα → Zµ is bounded and for any bounded sequence ( fk)k∈N

in Bα, which converges to zero uniformly on compact subsets ofD,

lim
k→∞
‖Dn

ϕ,u fk‖Zµ = 0.

Theorem 3.2. Let n be a positive integer, 0 < α < ∞, u ∈ H(D), ϕ be an analytic self-map ofD and Dn
ϕ,u : Bα →Zµ

is bounded. Then the following statements are equivalent.
(a) The operator Dn

ϕ,u : Bα →Zµ is compact.
(b) The operator Dn

ϕ,u : Bα0 →Zµ is compact.
(c) lim j→∞ jα−1

‖Dn
ϕ,up j‖Zµ = 0.

(d) lim|ϕ(a)|→1̄ ‖Dn
ϕ,u fϕ(a)‖Zµ = 0, lim|ϕ(a)|→1̄ ‖Dn

ϕ,uhϕ(a)‖Zµ = 0, lim|ϕ(a)|→1̄ ‖Dn
ϕ,u1ϕ(a)‖Zµ = 0.

(e)

lim
|ϕ(z)|→1̄

µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |

(1 − | ϕ(z) |2)α+n
= 0, lim

|ϕ(z)|→1̄

µ(z) | u′′(z) |

(1 − | ϕ(z) |2)α+n−1
= 0, lim

|ϕ(z)|→1̄

µ(z)| ϕ′(z) |2 | u(z) |

(1 − | ϕ(z) |2)α+n+1
= 0.

Proof. (a)⇒ (b) This implication is clear.
(b)⇒ (c) The sequence { jα−1p j}

∞

j=1 is bounded in Bα0 and converges to 0 uniformly on compact subsets ofD.
By Lemma 3.1 it follows that lim j→∞ jα−1

‖Dn
ϕ,up j‖Zµ = 0.

(c)⇒ (d) Suppose (c) holds. Since for j < n, Dn
ϕ,up j = 0, hence for given ε > 0 there exists a positive integer

N ≥ n, such that

jα−1
‖Dn

ϕ,up j‖Zµ < ε,

for all j ≥ N. Also from Theorem 2.4 (c), Q = sup j≥n jα−1
‖Dn

ϕ,up j‖Zµ < ∞. Let {zk}k∈N be a sequence inD such
that limk→∞ | ϕ(zk) |= 1. Similar to the proof of (5), there exists a constant C such that

‖Dn
ϕ,u fϕ(zk)‖Zµ ≤ C(1 − | ϕ(zk) |2)

∞∑
j=0

| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ = C(1 − | ϕ(zk) |2)
n−1∑
j=0

| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ︸                            ︷︷                            ︸
0

+ C(1 − | ϕ(zk) |2)
( N−1∑

j=n

| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ +

∞∑
j=N

| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ

)
≤ C(1 − | ϕ(zk) |2)

(
Q

N−1∑
j=0

| ϕ(zk) | j + ε
∞∑
j=0

| ϕ(zk) | j
)

≤ 2CQ(1 − | ϕ(zk) |N) + 2Cε.

Since limk→∞ | ϕ(zk) |= 1, so
lim
k→∞
‖ Dn

ϕ,u fϕ(zk) ‖Zµ≤ 2Cε.

Hence, lim|ϕ(a)|→1̄ ‖Dn
ϕ,u fϕ(a)‖Zµ = 0, because ε is an arbitrary positive number.

Notice that
N−1∑
j=0

( j + 1)r j =
1 − rN

−NrN(1 − r)
(1 − r)2 , 0 ≤ r < 1.
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Arguing as in the proof of (6), we get

‖Dn
ϕ,uhϕ(zk)‖Zµ ≤ C(1 − | ϕ(zk) |2)2

∞∑
j=0

| ϕ(zk) | j jα‖Dn
ϕ,up j‖Zµ

≤ C(1 − | ϕ(zk) |2)2
( N−1∑

j=0

( j + 1)| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ +

∞∑
j=N

( j + 1)| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ

)
≤ 4CQ

(
1 − | ϕ(zk) |N −N| ϕ(zk) |N(1− | ϕ(zk) |)

)
+ 4Cε.

Therefore,
lim
k→∞
‖ Dn

ϕ,uhϕ(zk) ‖Zµ≤ 4Cε

and arbitrariness of ε gives us lim|ϕ(a)|→1̄ ‖Dn
ϕ,uhϕ(a)‖Zµ = 0.

Notice that
N∑

j=1

j2r j =
r(1 + r − (N + 1)2rN + (2N2 + 2N − 1)rN+1

−N2rN+2)
(1 − r)3 , 0 ≤ r < 1.

Similar to the proof of (7), we get

‖Dn
ϕ,u1ϕ(zk)‖Zµ ≤ C(1 − | ϕ(zk) |2)3

∞∑
j=0

| ϕ(zk) | j jα+1
‖Dn

ϕ,up j‖Zµ =

C(1 − | ϕ(zk) |2)3
( N∑

j=0

j2| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ +

∞∑
j=N+1

j2| ϕ(zk) | j jα−1
‖Dn

ϕ,up j‖Zµ

)
≤ 8CQ | ϕ(zk) |

(
1+ | ϕ(zk) | −(N + 1)2

| ϕ(zk) |N +(2N2 + 2N − 1) | ϕ(zk) |N+1
−N2

| ϕ(zk) |N+2

)
+ 16Cε.

Therefore,
lim
k→∞
‖ Dn

ϕ,u1ϕ(zk) ‖Zµ≤ 16Cε.

Since ε is arbitrary, we obtain lim|ϕ(a)|→1̄ ‖Dn
ϕ,u1ϕ(a)‖Zµ = 0.

(d)⇒ (e) To prove (e), it is sufficient to prove that for any sequence {zk}k∈N inDwith limk→∞ | ϕ(zk) |= 1,

lim
k→∞

µ(zk) | 2ϕ′(zk)u′(zk) + ϕ′′(zk)u(zk) |

(1 − | ϕ(zk) |2)α+n
= 0, lim

k→∞

µ(zk) | u′′(zk) |

(1 − | ϕ(zk) |2)α+n−1
= 0, lim

k→∞

µ(zk)| ϕ′(zk) |2 | u(zk) |

(1 − | ϕ(zk) |2)α+n+1
= 0.

Let {zk}k∈N be any sequence inD such that limk→∞ | ϕ(zk) |= 1. Similar to the proof (8), we obtain

lim
k→∞
‖ Dn

ϕ,umn,ϕ(zk) ‖Zµ ≤ lim
k→∞
‖ Dn

ϕ,u fϕ(zk) ‖Zµ +
α(2α + 2n + 3)

(α + n)(α + n + 2)
lim
k→∞
‖ Dn

ϕ,uhϕ(zk) ‖Zµ

+
α(α + 1)

(α + n)(α + n + 2)
lim
k→∞
‖ Dn

ϕ,u1ϕ(zk) ‖Zµ

= 0. (22)

From (22) and (9), we get

lim
k→∞

µ(zk) | ϕ(zk) |n+1
| 2ϕ′(zk)u′(zk) + ϕ′′(zk)u(zk) |

(1− | ϕ(zk) |2)α+n = 0.
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Since limk→∞ | ϕ(zk) |= 1, therefore

lim
k→∞

µ(zk) | 2ϕ′(zk)u′(zk) + ϕ′′(zk)u(zk) |
(1− | ϕ(zk) |2)α+n = 0.

Similar to the proof of (13), we have

lim
k→∞
‖ Dn

ϕ,uln,ϕ(zk) ‖Zµ ≤ lim
k→∞
‖ Dn

ϕ,u fϕ(zk) ‖Zµ +
2α

α + n + 1
lim
k→∞
‖ Dn

ϕ,uhϕ(zk) ‖Zµ

+
α(α + 1)

(α + n + 1)(α + n + 2)
lim
k→∞
‖ Dn

ϕ,u1ϕ(zk) ‖Zµ

= 0. (23)

By using (14) and (23), we get

lim
k→∞

µ(zk) | ϕ(zk) |n| u′′(zk) |
(1− | ϕ(zk) |2)α+n−1 = 0,

since limk→∞ | ϕ(zk) |= 1, from the above equation, we obtain

lim
k→∞

µ(zk) | u′′(zk) |
(1− | ϕ(zk) |2)α+n−1 = 0.

Finally, similar to the proof (16)

lim
k→∞
‖ Dn

ϕ,ukn,ϕ(zk) ‖Zµ ≤ lim
k→∞
‖ Dn

ϕ,u fϕ(zk) ‖Zµ +
2α
α + n

lim
k→∞
‖ Dn

ϕ,uhϕ(zk) ‖Zµ

+
α(α + 1)

(α + n)(α + n + 1)
lim
k→∞
‖ Dn

ϕ,u1ϕ(zk) ‖Zµ

= 0. (24)

So, by using (17) and (24),

lim
k→∞

µ(zk) | ϕ(zk) |n+2
| ϕ′(zk) |2| u(zk) |

(1− | ϕ(zk) |2)α+n+1 = 0.

Since limk→∞ | ϕ(zk) |= 1, we get

lim
k→∞

µ(zk) | ϕ′(zk) |2| u(zk) |
(1− | ϕ(zk) |2)α+n+1 = 0.

(e) ⇒ (a) Assume that ( fk)k∈N is a bounded sequence in Bα converging to 0 uniformly on compact subsets
ofD. For any ε > 0, there exists δ ∈ (0, 1) such that

µ(z)| 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |

(1 − | ϕ(z) |2)
α+n < ε,

µ(z)| u′′(z) |

(1 − | ϕ(z) |2)
α+n−1 < ε,

µ(z)| ϕ′(z) |2 | u(z) |

(1 − | ϕ(z) |2)
α+n+1 < ε (25)

when δ <| ϕ(z) |< 1. Since Dn
ϕ,u : Bα →Zµ is bounded, from Theorem 2.4, we have

C4 = sup
z∈D

µ(z) | u′′(z) |< ∞,

C5 = sup
z∈D

µ(z) | u(z) || ϕ′(z) |2< ∞,

C6 = sup
z∈D

µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |< ∞. (26)
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Let V = {z ∈ D :| ϕ(z) |≤ δ}. From (20), (25) and (26), we obtain

sup
z∈D

µ(z) | (Dn
ϕ,u fk)′′(z) | ≤ sup

z∈V
µ(z) | f (n+2)

k (ϕ(z)) | | ϕ′(z) |2 | u(z) |

+ sup
z∈V

µ(z) | f (n+1)
k (ϕ(z)) || 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |

+ sup
z∈V

µ(z) | f (n)
k (ϕ(z)) || u′′(z) | +C sup

z∈D−V

µ(z)| ϕ′(z) |2 | u(z) |
(1− | ϕ(z) |2)α+n+1 ‖ fk‖Bα

+ C sup
z∈D−V

µ(z) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |
(1− | ϕ(z) |2)α+n ‖ fk‖Bα + C sup

z∈D−V

µ(z) | u′′(z) |
(1− | ϕ(z) |2)α+n−1 ‖ fk‖Bα

≤ C5 sup
z∈V
| f (n+2)

k (ϕ(z)) | +C6 sup
z∈V
| f (n+1)

k (ϕ(z)) | +C4 sup
z∈V
| f (n)

k (ϕ(z)) | +Cε‖ fk‖Bα .

Hence,

‖Dn
ϕ,u fk‖Zµ ≤ C5 sup

|w|≤δ
| f (n+2)

k (w) | +C6 sup
|w|≤δ
| f (n+1)

k (w) | +C4 sup
|w|≤δ
| f (n)

k (w) | +Cε‖ fk‖Bα+ | u(0) || f (n)
k (ϕ(0)) |

+ | f (n+1)
k (ϕ(0)) || ϕ′(0) || u(0) | + | f (n)

k (ϕ(0)) || u′(0) | . (27)

Since ( fk)k∈N converges to 0 uniformly on compact subsets ofD, by Cauchy’s estimates so do the sequences
( f (n)

k )k∈N. From (27), letting k→∞ and using the fact that ε is an arbitrary positive number, we get

lim
k→∞
‖Dn

ϕ,u fk‖Zµ = 0.

From Lemma 3.1, we deduce that the operator Dn
ϕ,u : Bα →Zµ is compact.

Setting α = 1 and µ(z) = 1− | z |2, in (1) and Theorems 2.4 and 3.2, we obtain the following corollaries.

Corollary 3.3. Let n be a positive integer, u ∈ H(D) and ϕ be an analytic self-map of D. Then the following
statements are equivalent.

(a) The operator Dn
ϕ,u : B → Z is bounded.

(b) The operator Dn
ϕ,u : B0 →Z is bounded.

(c) sup j≥n ‖D
n
ϕ,up j‖Z < ∞, where p j(z) = z j.

(d) u ∈ Z, supz∈D(1− | z |2) | u(z) || ϕ′(z) |2< ∞, supz∈D(1− | z |2) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |< ∞ and

sup
a∈D
‖D

n
ϕ,u fa‖Z < ∞, sup

a∈D
‖Dn

ϕ,uha‖Z < ∞, sup
a∈D
‖Dn

ϕ,u1a‖Z < ∞

where fa, ha and 1a are defined in (1).

(e)

sup
z∈D

(1− | z |2) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |
(1− | ϕ(z) |2)n+1 < ∞, sup

z∈D

(1− | z |2) | u′′(z) |
(1− | ϕ(z) |2)n < ∞ and

sup
z∈D

(1− | z |2) | ϕ′(z) |2| u(z) |
(1− | ϕ(z) |2)n+2 < ∞.

Corollary 3.4. Let n be a positive integer, u ∈ H(D) and ϕ be an analytic self-map of D and Dn
ϕ,u : B → Z is

bounded. Then the following statements are equivalent.

(a) The operator Dn
ϕ,u : B → Z is compact.
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(b) The operator Dn
ϕ,u : B0 →Z is compact.

(c) lim j→∞ ‖Dn
ϕ,up j‖Z = 0.

(d) lim|ϕ(a)|→1̄ ‖Dn
ϕ,u fϕ(a)‖Z = 0, lim|ϕ(a)|→1̄ ‖Dn

ϕ,uhϕ(a)‖Z = 0, lim|ϕ(a)|→1̄ ‖Dn
ϕ,u1ϕ(a)‖Z = 0.

(e)

lim
|ϕ(z)|→1̄

(1− | z |2) | 2ϕ′(z)u′(z) + ϕ′′(z)u(z) |

(1 − | ϕ(z) |2)n+1
= 0, lim

|ϕ(z)|→1̄

(1− | z |2) | u′′(z) |

(1 − | ϕ(z) |2)n
= 0 and

lim
|ϕ(z)|→1̄

(1− | z |2)| ϕ′(z) |2 | u(z) |

(1 − | ϕ(z) |2)n+2
= 0.

The equivalence of conditions (a), (b) and (d) of corollaries 3.3 and 3.4 was proved in [4]. Also Stević in
[10] proved that the conditions (a), (b) and (e) of above two corollaries are equivalent.
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