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Abstract. Let G = (V, E) be a simple connected graph of order n (> 2) and size m, where V(G) = {1, 2,..., n}.
AlsoletA=dy >dy, >--->d, =6 >0, d; = d(i), be a sequence of its vertex degrees with maximum degree
A and minimum degree 6. The symmetric division deg index, SDD, was defined in [D. Vuki¢evi¢, Bond
additive modeling 2. Mathematical properties of max-min rodeg index, Croat. Chem. Acta 83 (2010) 261-

2142
273] as SDD = SDD(G) = Y. j %d/, where i ~ j means that vertices i and j are adjacent. In this paper
we give some new bounds for this topological index. Moreover, we present a relation between topological
indices of graph.

1. Introduction

Let G = (V, E) be a simple connected graph with n (> 2) vertices and m edges, where V(G) = {1, 2,..., n}
and E(G) = {ey, e, ..., ey}. The maximum vertex degree is denoted by A and the minimum by 6. For the
edge e connecting the verticesiand j, the degree of edgeisd(e) = di+d;—2. LetA=d; > dr > --- > d, =6 > (,
d; = d(i), and d(e1) > d(ez) > --- > d(ey), A, = d(e1) + 2 and 0, = d(ey) + 2, be sequences of its vertex and edge
degrees, respectively. If vertices v; and v; are adjacent, we denote it asi ~ j or v;v; € E.

Two vertex—degree-based topological indices, the first and the second Zagreb indices, M; and M,, were
defined in [12, 13] as

n
m:%@:zﬁamzmaw@=ZM,

i=1 i~j
As shown in [19], the first Zagreb index can also be expressed as
My =) (@ +d).
i~j
Bearing in mind that for the edge e connecting the vertices i and j we have that

dle)=di+d; -2,
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the index M; can also be considered as an edge—degree-based topological index [17]

M = Z(d(ei) +2).
i=1

Multiplicative variants of the Zagreb indices, the first and the second multiplicative Zagreb indices, Iy
and IT,, were defined in [15] as

M =T(G) = [[# and I =1L(G) = [ [dd;
i=1 i~

One year later, the multiplicative sum Zagreb index, IT;, was introduced in [8]
I = 11,(6) = [ [ + ).
i~

Since

m

m; = [ [ +2),

i=1

this index can also be considered as an edge—degree-based topological index.

For an edge i ~ j of G, its weight is defined to be d,-%d/' The harmonic index of G is the sum of weights
over all its edges. It is denoted by H(G) and is defined in [9] as

2
H:H(G):; T

For its basic mathematical properties, including lower bound, see, recent paper [2] and the references cited
therein.

The general Randi¢ index, R_;, was defined as [22]

1
R.; =R4(G) = Z R
inj

The geometric-arithmetic vertex—degree-based topological index, GA, was introduced in [30]. It is

defined as
2 \/did;

d,'+d‘ ’
i~j ]

GA = GA(G) =
Similarly, in [24], the arithmetic-geometric topological index, AG, was defined as

di+d‘
AG = AG(G) = Z—’

~ 2\ Jdd;

A family of Adriatic indices was introduced in [28, 29] . An especially interesting subclass of these
descriptors consists of 148 discrete Adriatic indices. A so called inverse sum indeg index, ISI, was defined
in [29] as a significant predictor of total surface area of octane isomers. The inverse sum indeg index is
defined as

did;
ISI=ISIG) = ) ——.
i~j LT
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The symmetric division deg index, SDD, was defined in [29] as
a7 +d3
j

did;

SDD = SDD(G) = Z

i~j

In this paper we are interested in upper and lower bounds on topological index SDD. This problem was
considered in [4, 11, 27]. Very recently in [10], the authors studied to test the physico-chemical applicability

of SDD on a much wider empirical basis, and to compare it with other, most often used, vertex-degree-based
topological indices.

2. Preliminary results

In this section we list some analytical inequalities for real number sequences that will be used in the
subsequent considerations. Let x = (x;) and a = (1;),i = 1,2, ...,m, be positive real number sequences. Then
forallr, r > 0, holds [21]

1)

with equality holding if and only if
0 _ %

a1 a;

Xm

am

Leta = (4;), 1 = 1,2,...,m, be a positive real number sequence. In [16] (see also [31]) the following
inequalities were proven

m 2 m m %
Z\/a_i S(m—l)Zai+m[Hai] )
i=1 P i=1

and

m 2 m m %
Z va; ZZai+m(m—1)[Hai] . 3)
P P 1

— p

Letp = (p;)) and a = (4;), i = 1,2,...,m, be two positive real number sequences with the properties
pr+p2+--+pm=1and 0 <r <a; <R < +oo. In [23] (see also [18]) the following inequality was proven

m m
Zpiai+rRZ%Sr+R. 4)
=1 i=1
Moreover, the equality holds in (4) if and onlyif R =ay =a, =--- =a,, =, or forsome k, 1 <k <m -1,
R=a1=m=--=aqpr>2ap,1=--=ay=T1.

Letp = (pi)) and a = (a;), b = (b)), i = 1,2,...,m, be non-negative real number sequences with the
properties r; < a; < Ry and r, < b; < R,. Further, let S be a subset of I = {1,2,...,m} which minimizes the
expression

VR 0
i=1

i€S
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In [1] the following inequality was proven

wm " " w2
Z Z - Zpiﬂi szb < (Ry = )Ry = r2)a(S) [Z Pz] , (6)

i=1 i=1 i=1 i=1
where
Yol L
O((S) i€S 11— i€S (7)
Y sz
i=1
Moreover, the equality holds in (6) if and only if Ry =a1 =ay = =a, =riorRy=bi=by=--- = b, =1,.

Leta, ay,..., a,and by, by, ..., b, be real number sequences for which there exist real constants r and R
so that foreachi, i =1, 2,..., n, holds ra; < b; < Ra;. Then the following inequality holds [7]:

be+rRZafs(r+R)Zaibi (8)
i=1 i=1 i=1
with equality holding if and only if for at least one i, 1 <7 < n holds ra; = b; = Ra.

3. Main results

In this section we determine some lower and upper bounds for the SDD index in terms of some other
topological indices.

In the following theorem we establish lower bound for invariant SDD in terms of parameter m and
topological indices M; and M,.

Theorem 3.1. Let G be a connected graph of order n with m (> 1) edges. Then

2

Ml
SDDZATZ—Zm )

with equality holding if and only if G is a reqular graph or a semiregular bipartite graph.
Proof. Define S = S(G) as
Z (d + d i)

Then we have

d? + d? (d: +d:)? - 2did;
3 i 7Y it+4d; idj o
spD =Y, -t = Z | s = 5-2m. (10)

Forr =1, x; :=d; + dj, a; := did;, where summation is performed over all edges, the inequality (1) becomes

2
Y (i +dj)
ij . M2
, thatis, S> — (11)

> >
= did Z did, M,
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with equality holding if and only if + + + d +4 - for any edges v;vj, vxv, € E(G). The inequality (9) follows
from equality (10) and inequality (11) The f1rst part of the proof is done.

Suppose that equality holds in (11). Then dl’ + dl,. = % + dl[ for any edges v;v;, vt € E(G). For vj, vy € Ng(vi),
we have d; = dj. Since G is connected, one can easily see that G is a regular graph or a semiregular bipartite
graph.

Conversely, let G be a regular graph. Then

dlz+d? M2
DD = —om=—1-2
S T P VA

Corollary 3.2. Let G be a connected graph with m (> 2) edges. Then

M
1\7 < SDD +2m <m( ] (12)

Remark 3.3. Since m < "(n L)

, both inequalities in (12) are stronger than
M2 -1 ( [A [ )

Since M% > M;6,m > m*8?, the following corollary of Theorem 3.1 holds.

which was proven in [20].

Corollary 3.4. Let G be a connected graph of order n with m (> 2) edges. Then

mo M1 —om > m25§

SDD > ——— > —2m.

2 2

Equalities hold if and only if G is reqular or semiregular bipartite graph.

Since M2 > ZmHM’ > 4’” the following corollary of Theorem 3.1 is also valid.

Corollary 3.5. Let G be a connected graph with m (> 2) edges. Then

2 4
My s A o

SDD >
- MyH - MH?

Equalities hold if and only if G is reqular or semiregular bipartite graph.
Since M, < A, ISI, the following corollary of Theorem 3.1 holds.
Corollary 3.6. Let G be a connected graph with m (> 2) edges. Then

2

>
SbD = A, ISI

Equality holds if and only if G is regular or semiregular bipartite graph.

—2m.
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Theorem 3.7. Let G be a connected graph of order n with m (> 2) edges. Then

m2A0,
> —
SDD = (Ag + 0.)ISI — M 2m

with equality holding if and only if
Z—; + Z—j = Z—}; + Z—Z for any edges v;vj, vyve € E(G),
and d; +d; = A, or 6, for any edge v;v; € E(G).
Proof. Since 6, < d; +d; < A, for any edge v;v; € E(G), we have
(Ae—di —dj)(0. —di —dj) <0,
e,  (di+d)*+ A0 —(di+d;)(Ae+0) <0,

Lo 1+ A O _Ae+6e<0
Y (di+dj)2 d,'+d]' -

Moreover, the above equality holds if and only if d; + d; = A, or 6, for any edge v;v; € E(G).
Using the above result, one can easily see that

)3

i~j

Ade  Actd
1 e Ve _ e e dld<
Tl dp di+dj] j=0

with equality holding if and only if d; + d; = A, or 6, for any edge v;v; € E(G). Thus we have
did;

de + A5, Z(d d)z_(A +5,) ;di:r[’i

that is,
Ma + Ao, Z(d rp < (Ao +6)ISI,
that is,
Z didj _ (Ao+0)ISI- My
@+ d)y = Acde

with equality holding if and only if d; + d; = A, or 6, for any edge v;v; € E(G).

By Cauchy-Schwarz inequality, we have

di +d; (d+d)
[ di + ]W] Z(d+d)22 Z(al+al)2

with equality holding if and only if

di dj dk dg di
= thatis, =
di+dj)?  (de +dp)?’ e dj *

dj _di
di de  d

From the above result with (14), we have

(Ae + 80)ISI — M, 12 A

—< hat i
s = Ao, , thatls, S = e,

L d— for any edges v;v;, v, € E(G).

688

(13)

(14)
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with equality holding if and only if

di d  dy
E = ch + d_k for any edges v;v;, vrvr € E(G),

&y
d;
and d; +d; = A, or 6, for any edge v;v; € E(G).
From the above with identity (10), we arrive at (13). This completes the proof of the theorem. O

Example 3.8. Let H = (V, E) be a graph with vertex set V(H) = {v1, vy, ..., vs3} and |E(H)| = 72 such that
v € E(H) (i=2,3,...,13)and vj;10x413 € E(H) (j =1, 2,..., 12; k = (5] — 4 mod 20), (5j —3 mod 20), (5] -
2 mod 20), (5j — 1 mod 20), (5j mod 20)). For graph H,

d + ﬂ =2 or any edge v;v; € E(H)

d] di - 2 f Yy eage viv; /
and A, = 18, 6, = 9. Moreover, d; +d; = 18 or 9 for any edge v;v; € E(H). This graph H is neither regular graph nor
semiregular bipartite graph.

The following result is the corollary of Theorem 3.7.

Corollary 3.9. Let G be a connected graph with m (> 2) edges. Then

m25,

ISI

SDD > - 2m.

Equality holds if and only if G is a reqular graph or a semireqular bipartite graph.

Proof. Sinced; +d; > 6., we have

did; 1 M,
= < — = ——
IS Z; s ;d,d, 5

with equality holding if and only if d; + d; = 6, for any edge v;v; € E(G), that is, if and only if G is a regular
graph or a semiregular bipartite graph [3].

The above result with Theorem 3.7, we get the required result. Moreover, the equality holds if and only if
G is a regular graph or a semiregular bipartite graph. [

In the following theorem we determine lower bound for the invariant SDD depending on parameter m and
topological index GA.

Theorem 3.10. Let G be a simple graph of order n with m (> 1) edges. Then

3

SDD > 4

m

with equality holding if and only if

d; dj . dk de
7 Tt a for any edges v;vj, vyv € E(G).

Proof. By Cauchy-Schwarz inequality, we have

2
d,‘ + d]‘ (dl + d]‘)z m
§ ———| <mY ———, thatis, —S > (AG)? 16
[ ) didj] ~ 4did, ;52 A0) (16)

]
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with equality holding if and only if

di+d; di+d, d; / [de  |de
= that is, —
2 did]‘ 2 dedg d dé’ dk

. di 4 _dx  de
that is, d_] + i + A for any edges v;vj, vrvr € E(G).
Using the arithmetic-harmonic mean inequality for real numbers (see e.g. [18]), we have
(AG)(GA) = m? (17)

with equality holding if and only if

4
% + EZ Zl; + Z— for any edges v;vj, vv, € E(G).
From this inequality and inequality (16) follows
3
5> dm
(GA)?
with equality holding if and only if
o d
4 +1= Ay + de for any edges v;vj, vv, € E(G).

di di de o dy
According to this inequality and (10), we obtain (15). Moreover, the equality holds in (15) if and only if

Cd;
Z—; + EZ Z’; + Z— for any edges v;vj, vv, € E(G).

O

In the next theorem we establish lower and upper bounds for SDD in terms of parameter m and invariants
GA, AG, IT] and IT;.

Theorem 3.11. Let G be a connected graph with m (> 2) edges. Then

2
4 m (I )"
SDD > — - - (%) _ —om (18)
(m=1)(GA? (4 — 1) (TI) "
with equality holding if and only if
di dj dp  dp
d_j + d_z = d—{ + a for any edges v;vj, vive € E(G),
and
, mm=1) ()"
SDD < 4(AG)" - ————— - 2m. (19)
(IL)"
Moreover, the equality holds in (19) for
.d;
4 +- = dy + — for any edges v;v;, vxve € E(G).

4" d " d
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Proof. Lower bound: For 4; := (diltg ,-/)z , where summation goes over all edges in graph G, the inequality (2)
becomes X
di +d; di +d;)? di+d;)?\"
Z ) “itdp)y I (d; +dj) /
P /d d P d,‘d]' i d,'dj
that s,

2
()"

4AGP <(m-1)S+m

(L)
According to this and inequality (17) we get
2
4 4 H){. m
e 5 S(m—1)5+m< 1)1 .
(GA) ()"

The inequality (18) is obtained from the above inequality and equality (10). The first part of the proof is
done.

Suppose that equality holds in (18). Then all the above inequalities must be equalities. From the equality
in (17), we have

di d dk d
-+ E ot a0 for any edges v;vj, vxv; € E(G).

Conversely, let

+ _ =—+ de _ =p for any edges v;v;, vyv¢ € E(G).

Then one can easily see that

ZIT + 4 f = y/p+2 foranyedge viv; € E(G).

Now,
2
At B m (H])"’ o
(m=1(GAY " (n - 1) (IT,)*
1
m(p+2) m 1 (di +dp?|"
(m-1  (m-1) o did;
2
_ mp+d) mpe)
(m—1) (m-1)
= mp=SDD.
Upper bound: For a; := (d‘;j; i , where summation goes over all edges in graph G, the inequality (3) becomes

d; +d; (d;i +d;)? (di +d))° ’
= 7 -1 -1,
[Z ld.d J ZJ did; mim=1) [H did;

~]
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that is,

2

()"

4AG)? > S+m(m—1)

()"
From this inequality and equality (10) we arrive at (19). Let
di dj _dy  dp
d_]- + s + 0 p for any edges v;vj, vv, € E(G).
Then
di dj
T = yp+2 foranyedge vv; € E(G).
] 1
Now,

S

4(AG)2 _ M —2m

(ITy)7

mz(p+2)—m(m—1)(p+2)—2m

mp = SDD.
This completes the proof of the theorem. [
Corollary 3.12. Let G be a connected graph with m (> 2) edges. Then

()"

(ITy) 7

SDD > 2(m+1) -

m-—1

Equality holds if and only if G is a reqular graph.

Proof. In[5], we have that GA < m with equality holding if and only if G is a regular graph as G is connected.
Using this result with Theorem 3.11, we get the required result. Moreover, the equality holds if and only if
Gisaregular graph. O

In the following theorem we determine an upper bound for SDD in terms of parameters n, m, A,, 6, and
topological index R_;.

Theorem 3.13. Let G be a connected graph with n (> 2) vertices and m edges. Then
SDD < n(6, + A,) — 0.A.R_1 — 2m. (20)

Equality holds if and only if G is a regular graph or a semiregular bipartite graph, or d; +d; = A, or &, for any edge
v;vj € E(G) (A¢ # 0e).

Proof. For p; := %, a; :==di +dj, r = 6, R = A,, where summation goes over all edges in graph G, the

(d; + d;)? 1
- — <
Z ndid]- +0che ; Tld,‘dj <0t A

i~

inequality (4) becomes

that is,

S+ 8.AcR_1 < 15 + Ab). (21)
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The inequality (20) is obtained from this inequality and equality (10).

Moreover, the equality holds in (4) if and only if R=a) =a, =--- =a, =v,or forsomek, 1 <k <m -1,
R=ay=ay="-=ay2ax1 =+ = ay = r. It follows that equality holds in (21) ifand only if d; +d; = A, = 0.
for any edge v;v; € E(G), or d; +d; = A, or 6, for any edge v;v; € E(G) (A, # 0.). Consequently, the equality
holds in (20) if and only if G is a regular graph or a semiregular bipartite graph [3], or d; + d; = A, or 6, for
any edge v;v; € E(G) (A, # 6.). O

Corollary 3.14. Let G be a connected graph with n (> 2) vertices and m edges. Then

SDD < n(, + Ae) —

2
A
m Ai‘f < _om. (22)

2

Equality holds if and only if G is a reqular graph or a semiregular bipartite graph.
Proof. By Cauchy-Schwarz inequality, we have

2
" Z[Z Vdidf—,/;_d ] <Y dd; Y —, thatis, n? < MR s (23)
i~j i o

i~j i~j

with equality holding if and only if did; = did, for any edges v;v}, vyv; € E(G). By Theorem 3.13 with (23),
we get the required result in (22). The first part of the proof is done.

We have to prove that did; = did,, for any edges v;v;, vro, € E(G) if and only if G is a regular graph
or a semiregular bipartite graph. For this we suppose that did; = dd,, for any edges v;v;, vv, € E(G).
From the equality did; = d;dy, viv; € E(G) and v;vx € E(G), follows d; = d. Similarly, from the equality
did; = djd;, vjv; € E(G) and vjv; € E(G), it follows that d; = d;. Hence all the vertices adjacent to any vertex v;
(i=1,2,..., n) have the same degree. First we assume that G contains an odd cycle. Since G is connected,
then using the above result, we conclude that dy = d, = --- = d,, that is, G is a regular graph. Next we
assume that G contains only even cycles. In this case G is semiregular bipartite graph as G is connected.
Hence G is a regular graph or a semiregular bipartite graph. Conversely, one can easily see that d;d; = dyd,,
for any edges v;v;, vxv, € E(G) holds for regular graph or semiregular bipartite graph.

By Theorem 3.13 with the above result, we conclude that the equality holds in (22) if and only if G is a
regular graph or a semiregular bipartite graph. [

Corollary 3.15. Let G be a connected graph with n (> 2) vertices and m edges. Then

2 2
spp < 1 Be )

2 24
AR, A, M (24)

with equality holding if and only if G is a regular graph or a semiregular bipartite graph, or d; +d; = A, or o, for any
edges v;vj € E(G) (A, # 0,) with

1 1
Ae -3 = 6@ =3
0;5 did; v‘v]ZeW did;
where S = {vv; € E(G) : dij +dj = Ay and W = {v;jv; € E(G) : d; +d;j = 0.}
Moreover,

n2M, (A + 5.)?
SDD < —_
T 4m? A,

2m. (25)

Equality in (25) holds if and only if G is a regular graph or a semiregular bipartite graph.
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Proof. Using the arithmetic-geometric mean inequality for real numbers (see e.g. [18]), according to (21) we
have that

n2(Ae + 0.)

SADR 1 < §+0:A Ry <A, +5), thatis, § < —Feerre

According to this inequality and equality (10) we obtain (24).

By Theorem 3.13 with the above results, we conclude that the equality holds in (24) if and only if G is a
regular graph or a semiregular bipartite graph, or d; + d; = A, or 6, for any edges v;v; € E(G) (A, # 6,) with
S = 6.A, R_1, that is, if and only if G is a regular graph or a semiregular bipartite graph, or d; + d; = A, or o,
for any edges v;v; € E(G) (A, # 0.) with

(d; + d;)?
2 —_— = —_—
Azdd de .Z;dd SéAZ]ndd A(SZ +Aéz€"w
Ui D/ 1~ 1~ ?, Z)/ (Y 'U]
that is, if and only if G is a regular graph or a semiregular bipartite graph, or d; +d; = A, or 6, for any edges

viv; € E(G) (A; # 0.) with
Ae Z did; d; =0 Z did; d;’

v;vjES viv;eW
where S = {Uiv]' € E(G) : d,‘ + d]' = Ag} and W = {Uﬂ}j € E(G) : di + dj = (Se}.

The inequality (25) is obtained from (24) and R_1M, > m?. Since R_1M, = m? if and only if G is a regular
graph or a semiregular bipartite graph (see proof of the Corollary 3.14). Hence the equality in (25) is attained
if and only if G is a regular graph or a semiregular bipartite graph. [

In the following theorem we determine lower bound for SDD in terms of parameters 7, m and invariant
R..
Theorem 3.16. Let G be a connected graph with n (> 2) vertices and m edges. Then
"2
SDD > — —2m. (26)
R4

Equality holds if and only if G is a regular graph or a bipartite semiregular graph.
Proof. By Cauchy-Schwarz inequality, we have

2
(d +d d;+d;

i~j

with equality holding if and only if d; + d; = di + d, for any edges v;v;, vy, € E(G).

Since
d,‘-i-d]' 1 1 -
.\ dd, ‘Z(E’Ld_j)‘zl‘”’

i~j i~j i=1

the inequality becomes
R4S 2 n.

According to this inequality and equality (10), we obtain the inequality (26). Moreover, the equality holds
in (26) if and only if d; + d; = di + d, for any edges v;v;, vy, € E(G). Since G is connected, the equality holds
in (26) if and only if G is a regular graph or a bipartite semiregular graph [3]. [

In the following theorem we prove an inequality opposite to the inequality (26).
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Theorem 3.17. Let G be a connected graph with n vertices and m (> 2) edges. Let S be a subset of I = {eq, ez, ..., em}
which minimizes the expression

11
— _ZR,4|. (27)
;e;‘ did; 2
Then
2
SDD < R”— “2m+ (Ao — 8,)2a(S)R_1, (28)
-1
where
1 1
Lig| Lag
e€S eeS
a(S) = 1- . (29)

R R,

Equality holds in (28) if and only if G is a regular graph or a semiregular bipartite graph.

Proof. For p; = %dj the expressions (5) and (7) become (27) and (29). Now, for p; := %d,-/ a; = b;:=d; +dj,
Ri =R; = A,, 11 = 1, = 6, where summation goes over all adjacent vertices in graph G, i.e., over all edges,
the inequality (6) becomes

2 2
1 d; +d;)>? di +d; 2 1
Z KL‘Z] Z —didj - L didj < (Ae — 0e) a(S) Z ;d] ’

~] ~] ]

ie.
R4S =1 < (Ae — 6e)*a(S)R%,. (30)
According to this inequality and (10) we obtain (28).
Moreover, the equality holds in (6) ifand only if Ry =a1 =ay =---=ay,=rorRo=by=by=--- =b,, =
r2. It follows that equality holds in (30) if and only if A, = d(e;) +2 = --- = d(ey) + 2 = 5., that is, if and only

if G is a regular graph or a semiregular bipartite graph [3]. Consequently, the equality holds in (28) if and
only if G is a regular graph or a semiregular bipartite graph. [

Using the arithmetic-geometric mean inequality for real numbers (see e.g. [18]), we have that a(S) < 1
for every subset S C I. Therefore, we have the following corollary of Theorem 3.17.

Corollary 3.18. Let G be a connected graph with n vertices and m (> 2) edges. Then

n’ (A = 8)*R-y
< — — ~° v
SDD < R 2m + 1 .
Equality holds if and only if G is a reqular graph or a semiregular bipartite graph.
We now give a relation between different topological indices of graphs:

Theorem 3.19. Let G be a graph of order n with m edges and maximum degree A, minimum degree 0. Then

1/
SDD +2m +R-7-ISI < (r + R) \/(m—1)M1+m(H;) Y, (31)

r= Ei 1{ —_ :éi + ;l_ + fé
RN “Ne2 A

Moreover, the equality holds if and only if G is a reqular graph.

where
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Proof. We have

(di+d))? 1 d\ 1 d;
\ @e - d‘i(?’*z)*d‘f(“d?)

IA

(o))

+
|
+
|

8+

I
|~
>
-
RS
|
RN
N —

8+

@ +d)p L4 \/’_ - 2
d2d2 \/_ —= d_ 1, (say), as—+— (33)

Setting a; := d; + d;, where summation is performed over all edges, the inequality (2) becomes

2 1/m
[Z 1/al,-+d]-] s(m—1)2(d,-+d]-)+m[n(d +d)] )

~] ~] ~]

=R, (say) (32)

IN
|-
(e%)
-
> | >
|
—
;—/N
]
| >
+
—_
| O

and

that is,

Z \di+d; < \/(m 1)M1+m( ) m. (34)

i~j

. did
Setting a; := 1,d,v+c£,v and b; :=

inequality (8) becomes

Y with r < Z—: < R, where summation is performed over all edges, the

(di +d;)? did;
M R e D IR

i~j

that is,

1/m
SDD +2m +R-r-ISI < (r + R) \/(m—1)M1+m(n;) ,

where

(o)}

r_\/7  R= éz %+5, by (32), (33) and (34).
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The first part of the proof is done.

Suppose that equality holds in (31). Then all the above inequalities must be equalities. From the equality
in (8), we have that there exists at least one i, r = Z—; = R, that s, \/g = 1/ (% + % + g, thatis, A = 6. Hence G

is a regular graph.

Conversely, let G be a d-regular graph. Then SDD = m, ISI = md/2, M; = nd? and IT; = 2" d™ and hence

1/m
SDD +2m+R-r-ISI = 8m = (r + R) \/(m—l)M1+m(n;) .

Hence the equality holds in (31). O
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