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Abstract. In this paper, we establish some inequalities for the squared norm of the second fundamental
form and the warping function of warped product submanifolds in locally conformal almost cosymplectic
manifolds with pointwise ϕ-sectional curvature. The equality cases are also considered. Moreover, we
prove a triviality result for CR-warped product submanifold by using the integration theory on a compact
orientate manifold without boundary.

1. Introduction

The concept of warped product manifolds was first introduced by Bishop and O’Neil (cf. [7]) manifolds
of negative curvature. Let us consider that N1 and N2 are two Riemannian manifolds of dimensions n1
and n2 endowed with Riemannian matrices 11and 12 such that f : N1 → (0,∞) be a positive differentiable
function on N1. Thus the warped product manifold M = N1× f N2 is defined as the product manifold N1×N2
with an equipped metric 1 = 11 + f 2.12. Moreover, If f = 1 and f , 1, then M is called a simply Riemannian
product manifold and non-trivial warped product manifold respectively. Let M = N1 × f N2 be a non-trivial
warped product manifold of an arbitrary Riemannian manifold M̃. Then,

∇XZ = ∇ZX = (X ln f )Z,

for any vector fields X,Y ∈ Γ(TN1) and Z ∈ Γ(TN2). Further, ∇ is a Levi-Civitas connection of the induced
Riemannian manifold M.

Let φ : M = N1 × f N2 → M̃ be an isometric immersion of a warped product manifold N1 × f N2 into
a Riemannian manifold of M̃ of constant section curvature c. Assume that n1, n2 and n be the dimensions
of N1, N2, and N1 × f N2, respectively. Then for unit vector fields X,Z tangent to N1, N2, respectively, ones
have

K(X ∧ Z) = 1(∇Z∇XX − ∇X∇ZX,Z)

=
1
f
{(∇XX) f − X2 f }. (1.1)
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If we consider a local orthonormal frame {e1, e2 · · · en} such that e1, e2, · · · en1 tangent to M1 and en1+1, · · · en are
tangent to M2, we have

∑
1≤i≤n1

∑
n1+1≤ j≤n

K(ei ∧ e j) =
n2∆ f

f
. (1.2)

In [9] Chen obtained the sharp relationship between the norm of the squared mean curvature and the
warping function f of CR-warped product manifold NT × f M⊥ isometrically immersed in a complex space
form, i.e.,

Theorem 1.1. [9] M = Nh
T× f Np

⊥
be a CR-warped product submanifold into complex space form M̃(4c) with constant

sectional curvature c. Then

||σ||2 ≥ 2p{||∇ ln f ||2 + ∆(ln f ) + 2hc}, (1.3)

where ∆ is the Lapalcian operator of NT. Moreover, the equality hold in equation (1.3) then NT is totally geodesic and
N⊥ is totally umbilical submanifolds in M̃(4c).

Furthermore, the Munteanu recalls some of the basic problems of CR-warped productsubmanifolds
in Sasakian space forms as to a simple relationship between the second fundamental form and the main
intrinsic invariants. In [16], a sharp inequality is established for the sectional curvature of warped product
manifold in a locally conformal almost cosymplectic manifold in terms of the warping functions and
the squared norm of mean curvature vector field. Afterward several geometers [1–5, 11, 15] obtained
similar inequalities for different type of warped product manifold in different kind of structures. In [13],
Shukla et.al proved the existence of contact CR-warped product submanifolds in a locally conformal almost
cosymplectic manifold and also obtained an inequality for the second fundamental form without constant
sectional curvature in terms of the warping function. In this article, we establish a Chen type inequality for
CR-warped product submanifolds in a locally conformal almost cosymplectic manifold. We also find some
applications of the inequality in a compact Riemannian manifold by using integration theory on manifolds.

2. Preliminaries

An (2m + 1)-dimensional smooth manifold M̃ is called a locally conformal almost cosymplectic manifold,
if it is consisting an endomorphism ϕ of its tangent bundle TM̃, a structure vector field ξ and a 1-form η,
which is satisfying the following:

ϕ2 = −I + η ⊕ ξ, η(ξ) = 1, ηoϕ = 0, (2.4)
1(ϕU, ϕV) = 1(U,V) − η(U)η(V), η(U) = 1(U, ξ), (2.5)

(∇̃Uϕ)V = α{1(ϕU,V) − η(V)ϕU}, (2.6)

∇̃Uξ = α{U − η(U)ξ}, (2.7)

for any U,V tangent to M̃ and ω = αη (see [12]). A plane section σ in TpM̃ of an almost contact manifoldM̃,
is said to be a ϕ-section if σ ⊥ ξ and ϕ(σ) = σ. A manifold M̃ is called pointwise constant ϕ-sectional
curvature if the sectional curvature K̃(σ) does not depend on the choice of the ϕ-section tangent space σ
of TpM̃ at each point p ∈ M. In this case, for p ∈ M and for ϕ−scetion σ of TpM̃, the function c defined by
c(p) = K̃(p) is said to be ϕ-sectional curvature of M̃. Then the curvature tensor R̃ of a locally conformal
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almost cosymplectic manifold M̃(c) of dimension ≥ 5 is given by,

R̃(X,Y,Z,W) =
(c − 3α2

4

){
1(X,W)1(Y,Z) − 1(X,Z)1(Y,W)

}
+

(c + α2

4

){
1(X, ϕW)1(Y, ϕZ) − 1(X, ϕZ)1(Y, ϕW)

− 21(X, ϕY)1(Z, ϕW)
}

−

(c + α2

4
+ α′

){
1(X,W)η(Y)η(Z) − 1(X,Z)η(X)η(W)

+ 1(Y,Z)η(X)η(W)1(Y,W)(X)η(Z)
}

+ 1(h(X,W), h(Y,Z) − 1(h(X,Z), h(Y,W)), (2.8)

where α is the conformal function such that ω = αη and α′ = ξα. Moreover, c is a function of constant
ϕ−sectional curvature of M̃.

Let M be a submanifold of an almost contact metric manifold M̃ with an induced metric 1. If ∇ and
∇
⊥ are the induced Riemannian connections on the tangent bundle TM and the normal bundle T⊥M of M,

respectively. Then Gauss and Weingarten formulas are given by

(i) ∇̃UV = ∇UV + h(U,V), (ii) ∇̃UN = −ANU + ∇⊥UN, (2.9)

for each U,V ∈ Γ(TM) and N ∈ Γ(T⊥M), where h and AN are the second fundamental form and the shape
operator (corresponding to the normal vector field N), respectively, for the immersion of M into M̃. They
are related as;

1(h(U,V),N) = 1(ANU,V), (2.10)

where 1 denote the Riemannian metric on M̃ as well as the metric induced on M. Now for any U ∈ Γ(TM)
and N ∈ Γ(T⊥M), we have

(i) ϕU = TU + FU, (ii) ϕN = tN + f N, (2.11)

where TU(tN) and FU( f N) are tangential and normal components ofϕU(ϕN), respectively. If T is identically
zero, then a submanifold M is called totally real submanifold. For a subamnifold M, the Gauss equation is
defined as;

R̃(U,V,Z,W) = R(U,V,Z,W) + 1(h(U,Z), h(V,W))
− 1(h(U,W), h(V,Z)), (2.12)

for any U,V,Z,W ∈ Γ(TM), where R̃ and R are the curvature tensors on M̃ and M, respectively. The mean
curvature vector H for an orthonormal frame {e1, e2, · · · , en} of tangent space TM on M is defined by

H =
1
n

trace(h) =
1
n

n∑
i=1

h(ei, ei), (2.13)

where n = dimM. Also we set

hr
i j = 1(h(ei, e j), er) and ||h||2 =

n∑
i, j=1

1(h(ei, e j), h(ei, e j)). (2.14)
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The scalar curvature ρ for a submanifold M of an almost complex manifolds M̃ is given by

ρ =
∑

1≤i, j≤n

K(ei ∧ e j), (2.15)

where K(ei ∧ e j) is the sectional curvature of plane section spanned by ei and e j. Let Gr be a r-plane section
on TM and {e1, e2, · · · , er} any orthonormal basis of Gr. Then the scalar curvature ρ(Gr) of Gr is given by

ρ(Gr) =
∑

1≤i, j≤r

K(ei ∧ e j). (2.16)

Assume that M̃ is an almost contact metric manifold and M to be a submanifold of M̃ is called totally
umbilical if h(U,V) = 1(U,V)H and totally geodesic h(U,V) = 0, for all U,V ∈ Γ(TM) where H is the mean
curvature vector field of M. Furthermore, if H = 0, them M is minimal in M̃. If ϕ preserves any tangent
space of M which is tangent to structure vector field ξ, i.e., ϕ(TpM) ⊆ TpM, for each p ∈M, then M is called
invariant submanifold. Similarly, the anti-invariant submanifold tangent to structure vector field ξ is defined
as, i.e., ϕ maps any tangent space of M into normal space, that is ϕ(TpM) ⊆ T⊥M, for each p ∈ M. Now we
give the following definition;

Definition 2.1. A submanifold M tangent to a structure vector field ξ of an almost contact metric manifold M̃ is
said to be a CR-submanifold if there exists a pair of orthogonal distributionsD andD⊥ such that

(i) TM = D⊕D⊥⊕ < ξ >, where < ξ > is 1-dimensional distribution spanned by ξ.
(ii) The distributionD is invariant, i.e., ϕ(D) ⊆ D,

(iii) The distributionD⊥ is anti-invariant, i.e., ϕD⊥ ⊆ (T⊥M).

If d1 and d2 be the dimensions of invariant distribution D and anti-invariant distribution D⊥ of a contact
CR-submanifold of an almost contact metric manifold M̃. Then M is invariant if d2 = 0, and anti-invariant
if d1 = 0. It is called a proper contact CR-subamnifold if neither d1 = 0 nor d2 = 0. Moreover, if µ is an
invariant subspace under ϕ of normal bundle T⊥M. Then, in case of a contact CR-submanifold, the normal
bundle T⊥M can be decomposed as

T⊥M = ϕD⊥ ⊕ µ.

If M is a compact orientate Riemannian submanifold without boundary, then, the following satisfies
by using the integration theory on manifold, i.e.,∫

M
∆( f )dV = 0, (2.17)

where dV is the volume element of M [17].

3. Main inequalities of CR-warped product submanifolds

We study the contact CR-warped product submanifolds tangent to ξ in a locally conformal almost
cosymplectic manifold.

Proposition 3.1. Let M = NT × f N⊥ be a CR-warped product submanifold in a locally conformal almost cosmplectic
manifold M̃ such that the structure vector field ξ is tangent to NT. Then

1(h(ϕX,Y), ϕZ) = 1(h(X,Y), ϕZ) = 0, (3.18)
1(h(X,X), τ) = −1(h(ϕX, ϕX), τ), (3.19)

for any X,Y ∈ Γ(TNT) and Z,W ∈ Γ(TN⊥). Moreover, τ ∈ Γ(µ) where µ is an invariant subspace.
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Proof. From (2.9)(i), (2.6) and (2.5), we obtain

1(h(ϕX,Y), ϕZ) = 1(∇̄YϕX, ϕZ) = 1(∇̄YX,Z) − η(∇̄YX)η(Z).

Thus from the facts that NT is tangent to ξ which is totally geodesic in M, then using (2.7), we get required
result (3.18). In similar way, we obtain (3.19). This completes the proof of the proposition.

Proposition 3.2. On a CR-warped product submanifold M = NT × f N⊥ of a locally conformal almost cosymplectic
manifold M̃ such that NT is invariant submanifold of dimension n1 tangent to ξ. Then NT is ϕ-minimal submanifold
of M̃.

Proof. The mean curvature vector of NT is defined as

||HT ||
2 =

1
n2

1

2m+1∑
r=n1+1

[
hr

11 + hr
22+, · · · + hr

n1n1

]2
,

where n1 is the dimension of NT such that n1 = 2d1 + 1. Thus from adapted frame, we can expressed the
above equation as

||HT ||
2 =

1
n2

1

2m+1∑
r=n1+1

(
hr

11+, · · · + hr
d1d1

+ hr
d1+1d1+1+, · · · + hr

2d12d1
+ hr

ξξ

)2

.

Thus from the fact hr
ξξ = 0, we derive

||HT ||
2 =

1
n2

1

2m+1∑
r=n1+1

(
hr

11+, · · · + hr
d1d1

+ hr
d1+1d1+1+, · · · + hr

2d12d1

)2

. (3.20)

Hence, there are two cases, i.e., er ∈ Γ(ϕD⊥) or er ∈ Γ(µ). If er ∈ Γ(ϕD⊥), then equation (3.20) can be written
as

||HT ||
2 =

1
n2

1

2m+1∑
r=1

(
1(h(ẽ1, ẽ1), ϕēr) + · · · + 1(h(ẽd1 , ẽd1 ), ϕēr)

+ 1(h(ẽd1+1, ẽd1+1), ϕēr) + · · · + 1(h(ẽ2d1 , ẽ2d1 ), ϕēr)
)2

.

Thus from (3.18), we get HT = 0, i.e., NT is a minimal submanifold. On the other case, if er ∈ Γ(µ), then
(3.20) can be written by using (3.19), i.e.,

||HT ||
2 =

1
n2

1

2m+1∑
r=1

(
1(h(ẽ1, ẽ1), er) + · · · + 1(h(ẽd1 , ẽd1 ), er)

− 1(h(ẽ1, ẽ1), er) − · · · − 1(h(ẽd1 , ẽd1 ), er)
)2

,

which implies that HT = 0. Hence in both the cases it easy to conclude that NT is ϕ-minimal submanifold
of M̃. This completes the proof of proposition.

Proposition 3.3. Assume thatφ : M = NT× f N⊥ −→ M̃ be an isometric immersion of an n-dimensional CR-warped
product submanifold M into a locally conformal almost cosymplectic manifold M̃. Thus
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(i) The squared norm of the second fundamental form of M is satisfied

||h||2 ≥ 2
(
n2||∇ ln f ||2 + τ̃(TM) − τ̃(TNT) − τ̃(TN⊥) − n2∆(ln f )

)
, (3.21)

where n2 is the dimension of an anti-invariant subamnifold N⊥ and ∆ is the Laplacian operator of NT.
(ii) The equality holds in (3.21) if and only if NT is totally geodesic and N⊥ is totally umbilical in M̃. Moreover M

is a minimal submanifold of M̃.

Proof. The above Proposition 3.3 can be easily proved as similar as the proof of Theorem 4.4[11] if we
consider Riemannian submanifold as a CR-warped product submanifold. Further base manifold is a
locally conformal almost cosymplectic manifold instead of a Kenmotsu manifold.

Now we are able to prove our important theorem using the Proposition 3.3 for locally conformal almost
cosymplectic manifolds.

Theorem 3.1. Let M̃(c) be a (2m + 1)−dimensional locally conformal almost cosymplectic manifold and φ : NT × f

N⊥ −→ M̃(c) to be a CR-warped product submanifolds into a M̃(c) such that c is a pointwise constant ϕ−sectional
curvature and ξ is tangent to MT. Then the second fundamental form is given by

||h||2 ≥ 2n2

{
||∇ ln f ||2 +

(c − 3α2

4

)
n1 +

(c + α2

8

)
n2 − α

′
− ∆(ln f )

}
, (3.22)

where ni = dimNi, i = 1, 2 and ∆ is the Laplacian operator on NT. The equality holds in (3.22) if and only if NT

and N⊥ are totally geodesic and totally umbilical submanifolds in M̃(c), respectively. Moreover, M is a minimal
submanifold of M̃(c).

Proof. Substituting X = W = ei and Y = Z = e j in a equation (2.8), we get

R̃(ei, e j, e j, ei) =
(c − 3α2

4

){
1(ei, ei)1(e j, e j) − 1(ei, e j)1(ei, e j)

}
+

(c + α2

4

){
1(ei, ϕe j)1(ϕe j, ei) − 1(ei, ϕei)1(e j, ϕe j) + 212(ϕe j, ei)

}
.

−

(c + α2

4
+ α′

){
1(ei, ei)η(e j)η(e j) − 1(ei, e j)η(ei)η(ei)

+ 1(e j, e j)η(ei)η(ei)1(e j, ei)(ei)η(e j)
}

+ 1(h(ei, ei), h(e j, e j)) − 1(h(ei, e j), h(e j, ei)), (3.23)

Taking summation over the basis vector fields of TM such that 1 ≤ i , j ≤ n, then it is easy to obtain that

2̃τ(TM) =
c − 3α2

4
n(n − 1) + 3

c + α2

4

∑
1≤i, j≤n

12(ϕei, e j) −
(c + α2

4
+ α′

)
2(n − 1).

As, for an n-dimensional CR-warped product submanifold tangent ξ, we derive ||T||2 = n − 1, then

2̃τ(TM) =
(c − 3α2

4

)
n(n − 1) +

(c + α2

4

)
3n −

(c + α2

4
+ α′

)
2(n − 1) (3.24)

On the other hand, by helping the frame field of TN⊥ and Proposition 3.2, we have

2̃τ(TN⊥) =
(c − 3α2

4

)
n2(n2 − 1). (3.25)
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Similarly, we consider that ξ is tangent to invariant submanifold NT. Then using the frame vector fields of
TNT, we get from (3.23)

2̃τ(TNT) =
(c − 3α2

4

)
n1(n1 − 1) +

(c + α2

4

)
3n1 −

(c + α2

4
+ α′

)
2(n1 − 1). (3.26)

Therefore, using (3.24), (3.25) and (3.26) in Proposition 3.3, we get the required result. The equality case
follows from the Proposition 3.3. Thus, the proof is completed.

4. Applications

Remark 4.1. If we substitute α = 1 in Theorem 3.1, then Theorem 3.1 is generalized the result for a contact
CR-warped product submanifold in Kenmotsu space forms.

Remark 4.2. If we put α = 0 in Theorem 3.1, It becomes same as the Theorem 1.2 in [15].

Corollary 4.1. Let ln f to be a harmonic function on NT. Then there does not exist any CR-warped product
submanifold NT × f N⊥ into a locally conformal almost cosymplectic manifold M̃(c) with c ≤ 3α2.

Corollary 4.2. Assume that ln f to be a non-negative eigenfunction on NT with corresponding non-constant eigen-
value λ > 0. Then there does not exist any CR-warped product submanifold NT × f N⊥ into a locally conformal almost
cosymplectic manifold M̃(c) with c ≤ 3α2.

Theorem 4.3. Let M = NT × f N⊥ be a compact orientate CR-warped product submanifold into a locally conformal
almost manifold M̃(c). Then M is a trivial warped product submanifold if and only if

||h||2 ≥
(c − 3α2

2

)
n1n2 +

(c + α2

4
− 2α′

)
n2 (4.27)

where n1 = dim NT and n2 = dim N⊥.

Proof. From Theorem 3.1, we get

||h||2 ≥ (
c − 3α2

2

)
n1n2 +

(c + α2

4
− 2α′

)
n2 − n2∆(ln f ) + n2||∇ ln f ||2,

and

n2||∇ ln f ||2 + (
c − 3α2

2

)
n1n2 +

(c + α2

4
− 2α′

)
n2 − ||h||2 ≤ n2∆(ln f ). (4.28)

From the integration theory on compact orientate Riemannian manifold M without boundary, we obtain∫
M

((c − 3α2

2

)
n1n2 +

(c + α2

4
− 2α′

)
n2 + n2||∇ ln f ||2 − ||h||2

)
dV ≤ n2

∫
M

∆(ln f )dV = 0. (4.29)

Now, if

||h||2 ≥ (
c − 3α2

2

)
n1n2 +

(c + α2

4
− 2α′

)
n2,

Then, from (4.29), we find ∫
M

(||∇ ln f ||2)dV ≤ 0,

which is impossible for a positive integrable function, and hence ∇ ln f = 0, i.e., f is a constant function on
M. Thus by definition of warped product manifold, M is trivial. The converse part is straightforward.
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Corollary 4.4. Assume that M = NT × f N⊥ to be a CR-warped product submanifold in a locally conformal almost
cosymplectic manifold M̃(c). Let NT is a compact invariant submanifold and λ be non-zero eigenvalue of the Laplacian
on NT. Then∫

NT

||h||2dVT ≥

∫
NT

((c − 3α2

2

)
n1n2 +

(c + α2

4
− α′

)
n2

)
dVT + 2n2λ

∫
NT

(ln f )2dVT. (4.30)

Proof. Thus using the minimum principle property, we obtain∫
NT

||∇ ln f ||2dVT ≥ λ

∫
NT

(ln f )2dVT. (4.31)

From (3.22) and (4.31) we get required the result (4.30). It completes the proof of corollary.

Acknowledgment

The authors extend their appreciation to the Deanship of Scientific Research at King Khalid University
for funding this work through research groups program under grant number R. G. P. 1/85/40.

References

[1] A. Ali, P. Laurian-Ioan, Geometric classification of warped products isometrically immersed in Sasakian space forms, Math. Nachr. 292
(2018); 234-251.

[2] A. Ali, J. W. Lee, A. H. Alkhaldi, Geometric classification of warped product submanifolds of nearly Kaehler manifolds with a slant fiber,
Int. J. Geom. Meth. Mod. Phy. (2018); doi;10.1142/S0219887819500312.

[3] A. Ali, P. Luarian, Geometry of warped product immersions of Kenmotsu space forms and its applications to slant immersions, J. Geom.
Phy., 114, (2017); pp 276-290.

[4] A. Ali, C. Ozel, Geometry of warped product pointwise semi-slant submanifolds of cosymplectic manifolds and its applications, Int. J.
Geom. Meth. Mod. Phy. 14 (2017), no. 3, 1750042.

[5] Ali, A; Uddin, S., Othmam, W. A. O., Geometry of warped product pointwise semi-slant submanifold in Kaehler manifolds, Filomat, 31
(2017), 3771-3788.

[6] M. Acteken, Contact CR-warped product submanifolds in cosymplectic space forms, Collect. Math., 62 (2011), 1726. 1, 3.
[7] R. L. Bishop and B. O’Neil, Manifolds of negative curvature, Trans. Amer. Math. Soc. 145 (1969), 1-9.
[8] B. Y. Chen, Geometry of warped product submanifolds: A survey, J. Adv. Math. Stud., 6(2), (2013), 1-43
[9] B. Y. Chen, Another general inequality for CR-warped products in complex space forms, Hokkaido Math. J., 32 (2003), 415444. 1.1.

[10] M. I. Munteanu, Warped product contact CR-submanifolds of Sasakian space forms, Publ. Math. Debrecen 66 (2005) 1-2, 75-120.
[11] A. Mustafa, A. De and S. Uddin, Characterization of warped product submanifolds in Kenmotsu manifolds, Balkan Journal of Geometry

and Its Applications, Vol.20, No.1, 2015, pp. 86-97.
[12] Z. Olzak, Locally conformal almost cosymplectic manifolds, Collq. Math., 57(1989)., 73-87.
[13] S. S. Shukla and S.K. Tiwari, Contact CR-Warped product submanifolds in locally conformal almost cosymplectic manifolds, Bulletin of

Cal. Math. Soc. Vol. 102, 2(2010), 121-128.
[14] S. S. Shukla and P.K. Rao, B. Y. Chen inequalities for bi-slant submanifolds in generalized complex space forms, J. Nonlinear Sci. Appl.,

3 (2010), no. 4, 282-293.
[15] S. Uddin and L.S. Alqahtani, Chen type inequality for warped product immersions in cosymplectic space forms, J. Nonlinear Sci. Appl.

9 (2016), 2914-2921.
[16] D. W. Yoon, Some inequalities of warped product submanifolds of locally conformal almost cosympelctic manifolds, Note. di. Matematics.

23(2004), 251268.
[17] K. Yano and M. Kon, Structures on Manifolds, World Scientific., 1984.


