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Abstract. In this paper, we establish some inequalities for the squared norm of the second fundamental
form and the warping function of warped product submanifolds in locally conformal almost cosymplectic
manifolds with pointwise ¢-sectional curvature. The equality cases are also considered. Moreover, we
prove a triviality result for CR-warped product submanifold by using the integration theory on a compact
orientate manifold without boundary.

1. Introduction

The concept of warped product manifolds was first introduced by Bishop and O’Neil (cf. [7]) manifolds
of negative curvature. Let us consider that N; and N, are two Riemannian manifolds of dimensions 14
and 1, endowed with Riemannian matrices giand g, such that f : Ny — (0, c0) be a positive differentiable
function on N;. Thus the warped product manifold M = N; X; N is defined as the product manifold N1 XN,
with an equipped metric g = g1 + f2.g2. Moreover, If f = 1and f # 1, then M is called a simply Riemannian
product manifold and non-trivial warped product manifold respectively. Let M = N1 Xy N> be a non-trivial

warped product manifold of an arbitrary Riemannian manifold M. Then,
VxZ =VzX =(XInf)Z,

for any vector fields X, Y € I'(TN;) and Z € I'(TN,). Further, V is a Levi-Civitas connection of the induced
Riemannian manifold M. _

Let ¢ : M = N1 Xy N — M be an isometric immersion of a warped product manifold Ny X; N; into
a Riemannian manifold of M of constant section curvature c¢. Assume that 11, 1, and n be the dimensions
of N1, Nz, and Np Xf Ny, respectively. Then for unit vector fields X, Z tangent to N1, Ny, respectively, ones
have

KXAZ)= g(VZVXX - VxVzX,7)

- %{(VXX) f-X2f). (1.1)
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If we consider a local orthonormal frame {ej, e - - - e,} such thate;, e5, - - - e, tangent to M; and ey, 41, - - - e, are
tangent to M, we have

X ) K(eme»:”ff : (12)

1<i<ng m+1<j<n

In [9] Chen obtained the sharp relationship between the norm of the squared mean curvature and the
warping function f of CR-warped product manifold Nt X M, isometrically immersed in a complex space
form, i.e.,

Theorem 1.1. [9]M = N%x ;N bea CR-warped product submanifold into complex space form M(4c) with constant
sectional curvature c. Then

lloll? > 2p{lIVIn fI* + A(In f) + 2hc}, (1.3)

where A is the Lapalcian operator of Nt. Moreover, the equality hold in equation (1.3) then Nr is totally geodesic and
N is totally umbilical submanifolds in M(4c).

Furthermore, the Munteanu recalls some of the basic problems of CR-warped productsubmanifolds
in Sasakian space forms as to a simple relationship between the second fundamental form and the main
intrinsic invariants. In [16], a sharp inequality is established for the sectional curvature of warped product
manifold in a locally conformal almost cosymplectic manifold in terms of the warping functions and
the squared norm of mean curvature vector field. Afterward several geometers [1-5, 11, 15] obtained
similar inequalities for different type of warped product manifold in different kind of structures. In [13],
Shukla et.al proved the existence of contact CR-warped product submanifolds in a locally conformal almost
cosymplectic manifold and also obtained an inequality for the second fundamental form without constant
sectional curvature in terms of the warping function. In this article, we establish a Chen type inequality for
CR-warped product submanifolds in a locally conformal almost cosymplectic manifold. We also find some
applications of the inequality in a compact Riemannian manifold by using integration theory on manifolds.

2. Preliminaries

An (2m + 1)-dimensional smooth manifold M is called a locally conformal almost cosymplectic manifold,

if it is consisting an endomorphism ¢ of its tangent bundle TM, a structure vector field & and a 1-form 1,
which is satisfying the following:

PP =-I+n@¢& n(E) =1, nog=0, (24)

g, V) = g(U, V) = n(t)n(V), nU) = g(U, <), (2.5)
(Vup)V = alg(eU, V) - n(V)pU}, 2.6)
Vué = afl - n(U)é}, 2.7)

for any U, V tangent to Mand @ = an (see [12]). A plane section o in Tp]\71 of an almost contact manifoldM,
is said to be a ¢-section if 0 L & and ¢(0) = 0. A manifold M is called pointwise constant ¢-sectional
curvature if the sectional curvature K(o) does not depend on the choice of the p-section tangent space o
of Tpﬁ at each point p € M. In this case, for p € M and for ¢—scetion o of T,,Z\7I, the function ¢ defined by
cp) = Iz(p) is said to be @-sectional curvature of M. Then the curvature tensor R of a locally conformal
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almost cosymplectic manifold M(c) of dimension > 5 is given by,

R(X, Y, 2, W) =(— 43”‘2 ){g<x, Wg(Y, 2) - 9(X, Z2)(Y, W)}

2
- (C t}a ){9(Xr(PW)9(Y/ PZ) - g(X, Z)g(Y, W)
- 29(X, ¢Y)g(Z, (pW)}

c+a?
(2

+ 900, DO (Y, WD)
+ 9UHCX, W), (Y, 2) = g(h(X, 2), O, W), 28)

+ &YX, WINZ) = (X, ZInCOn(W)

where «a is the conformal function such that w = an and o’ = £a. Moreover, ¢ is a function of constant
@—sectional curvature of M.

Let M be a submanifold of an almost contact metric manifold M with an induced metric g. If Vand
V+ are the induced Riemannian connections on the tangent bundle TM and the normal bundle T*M of M,
respectively. Then Gauss and Weingarten formulas are given by

(i) VuV =VuV +h(U V), (i) VuN = —AyU + VN, (2.9)

for each U,V € T(TM) and N € I'(T*M), where h and Ay are the second fundamental form and the shape

operator (corresponding to the normal vector field N), respectively, for the immersion of M into M. They
are related as;

g(h(U, V),N) = g(AnU, V), (2.10)

where g denote the Riemannian metric on M as well as the metric induced on M. Now for any U € I'(TM)
and N € I'(T+*M), we have

() U=TU+FU, (i) pN = tN + fN, 2.11)

where TU(tN) and FU(fN) are tangential and normal components of pU(¢N), respectively. If T is identically
zero, then a submanifold M is called totally real submanifold. For a subamnifold M, the Gauss equation is
defined as;

R(U,V,Z,W) = R(U,V,Z,W) + g(h(U, Z), h(V, W))
- g(h(U, W), h(V, Z)), (2.12)

for any U, V,Z, W € I'(TM), where R and R are the curvature tensors on M and M, respectively. The mean
curvature vector H for an orthonormal frame {ej, ey, - - - , e,} of tangent space TM on M is defined by

1 1 v
H = ~trace(h) = ; h(e;, e:), (2.13)

where n = dimM. Also we set

hi; = g(h(ei e)), ) and IhlP* = Z g(hei, ej), h(ei, e7)). (2.14)

=1
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The scalar curvature p for a submanifold M of an almost complex manifolds Mis given by

p= Z K(e; Aey), (2.15)

1<ij<n

where K(e; A ¢) is the sectional curvature of plane section spanned by ¢; and e;. Let G, be a r-plane section
on TM and {ej, s, - - , e,} any orthonormal basis of G,. Then the scalar curvature p(G,) of G, is given by

p(G,) = Z K(ei Aej). (2.16)

1<i#j<r

Assume that M is an almost contact metric manifold and M to be a submanifold of M is called totally
umbilical if h(U, V) = g(U, V)H and totally geodesic h(U, V) = 0, for all U,V € I['(TM) where H is the mean

curvature vector field of M. Furthermore, if H = 0, them M is minimal in M. If ¢ preserves any tangent
space of M which is tangent to structure vector field ¢, i.e., p(T,M) C T,M, for each p € M, then M is called
invariant submanifold. Similarly, the anti-invariant submanifold tangent to structure vector field ¢ is defined
as, i.e., ¢ maps any tangent space of M into normal space, that is ¢(T,M) C T*M, for each p € M. Now we
give the following definition;

Definition 2.1. A submanifold M tangent to a structure vector field & of an almost contact metric manifold M is
said to be a CR-submanifold if there exists a pair of orthogonal distributions D and D* such that

(i) TM = D& D@ < & >, where < & > is 1-dimensional distribution spanned by &.
(ii) The distribution D is invariant, i.e., (D) C D,
(iii) The distribution D* is anti-invariant, i.e., D+ C (T+M).

If d; and d, be the dimensions of invariant distribution 9 and anti-invariant distribution D* of a contact
CR-submanifold of an almost contact metric manifold M. Then M is invariant if d, = 0, and anti-invariant
if dy = 0. It is called a proper contact CR-subamnifold if neither d; = 0 nor d, = 0. Moreover, if u is an
invariant subspace under ¢ of normal bundle T*M. Then, in case of a contact CR-submanifold, the normal
bundle T+M can be decomposed as

T*M = D" & .

If M is a compact orientate Riemannian submanifold without boundary, then, the following satisfies
by using the integration theory on manifold, i.e.,

f A(f)dV =0, (2.17)
M

where dV is the volume element of M [17].

3. Main inequalities of CR-warped product submanifolds

We study the contact CR-warped product submanifolds tangent to £ in a locally conformal almost
cosymplectic manifold.

Proposition 3.1. Let M = Nt X¢ N be a CR-warped product submanifold in a locally conformal almost cosmplectic
manifold M such that the structure vector field & is tangent to Nt. Then

gh(eX,Y), ¢Z) = g(h(X,Y), 9Z) = 0, (3.18)
g(X, X), 1) = —g(h(pX, pX), 7), (3.19)

forany X,Y e I(TNt) and Z, W € I'(TN ). Moreover, T € T'(u) where y is an invariant subspace.



Akram Ali, Wan Ainun Mior Otham, Sayyadah A. Qasem / Filomat 33:3 (2019), 741-748 745
Proof. From (2.9)(i), (2.6) and (2.5), we obtain
gh(@X, ), 9Z) = g(VypX, ¢Z) = g(VyX, Z) = n(VyX)n(2).

Thus from the facts that N7 is tangent to & which is totally geodesic in M, then using (2.7), we get required
result (3.18). In similar way, we obtain (3.19). This completes the proof of the proposition.
O

Proposition 3.2. On a CR-warped product submanifold M = Nt X N, of a locally conformal almost cosymplectic
manifold M such that Nt is invariant submanifold of dimension ny tangent to &. Then Nt is o-minimal submanifold
of M.

Proof. The mean curvature vector of Nt is defined as

2m+1

1 2
WP = = Y [+ ot + B |

1’11 r=ni+1

where 15 is the dimension of Nt such that n; = 2d; + 1. Thus from adapted frame, we can expressed the
above equation as

2m+1 2

1
2 _ r r r r r
P = = )" (e g, gt s, + 1)

1 r=n1+1

Thus from the fact hgé =0, we derive

2m+1 2
1
2 _
P = = Y (Bt B+ gt ) (3.20)

1 r=n+1

Hence, there are two cases, i.e., e, € [(pD*) or e, € T'(u). If e, € T'(pD+), then equation (3.20) can be written
as

2m+1

1 - _
|Hr|* = o Z (!](h(éhéd),(Pér) + o+ g(h(es,, 1,), ey)
1 r=1
2

+ g(h(@a,+1,84,41), 98;) + - - - + g(h(B2a,, €24,), (Pér)) .
Thus from (3.18), we get Hr = 0, i.e., Nt is a minimal submanifold. On the other case, if e, € I'(1), then
(3.20) can be written by using (3.19), i.e.,

2m+1

1
P = — Y, (90120 e0)+ -+ + g(hEa, ), )

1 r=1
2
- g(h(éll El)/ e?’) - g(h(édl/ édl )/ er)) ’

which implies that Hr = 0. Hence in both the cases it easy to conclude that Nt is ¢-minimal submanifold
of M. This completes the proof of proposition. []

Proposition 3.3. Assumethat¢p : M= NtXyN, — M be an isometric immersion of an n-dimensional CR-warped
product submanifold M into a locally conformal almost cosymplectic manifold M. Thus
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(i) The squared norm of the second fundamental form of M is satisfied
> > 2(n2||V1n fIP +7(TM) = T(TN7) — T(TN.) — noA(In £) |, (3.21)

where ny is the dimension of an anti-invariant subamnifold N, and A is the Laplacian operator of Nr.
(ii) The equality holds in (3.21) if and only if Nt is totally geodesic and N, is totally umbilical in M. Moreover M
is a minimal submanifold of M.

Proof. The above Proposition 3.3 can be easily proved as similar as the proof of Theorem 4.4[11] if we
consider Riemannian submanifold as a CR-warped product submanifold. Further base manifold is a
locally conformal almost cosymplectic manifold instead of a Kenmotsu manifold. [

Now we are able to prove our important theorem using the Proposition 3.3 for locally conformal almost
cosymplectic manifolds.

Theorem 3.1. Let M(c) be a (2m + 1)—dimensional locally conformal almost cosymplectic manifold and ¢ : Nt X

N, — M(c) tobea CR-warped product submanifolds into a M(c) such that c is a pointwise constant o—sectional
curvature and & is tangent to M. Then the second fundamental form is given by

AP > 2021V i fIP + (< _43“2 i + (£ J“S‘)‘z)n2 - o’ - A ), (322)

where n; = dimN;, i = 1,2 and A is the Laplacian operator on Nt. The equality holds in (3.22) if and only if Nt
and N, are totally geodesic and totally umbilical submanifolds in M(c), respectively. Moreover, M is a minimal
submanifold of M(c).

Proof. Substituting X = W =¢;and Y = Z = ¢; in a equation (2.8), we get

2

43a ){g(ei, eig(ej, ej) — glei, e))g(e;, ej)}

—_— C —
R(eil 6]', ejl ei) :(
2

c+
+ ( 4a ){g(eir(Pej)g((Pej/ei) — g(ei, pei)g(ej, pej) + 2!]2(<P€j,€i)}-

(C+C¥2

+ oY gles e nte) - glei epmtennce)

+ glej epmiedn(e)gles eenle)
+ g(h(ei, ei), hiej, e))) — g(h(ei ej), hiej, ei)), (3.23)

Taking summation over the basis vector fields of TM such that 1 <i # j < n, then it is easy to obtain that

_ c —3a? c+a? c+a®
27(TM) = 1 nn-1)+3 1 Z gz(qoei, ej) — ( 1 +a )Z(n -1).

1<i#j<n
As, for an n-dimensional CR-warped product submanifold tangent &, we derive ||T||> = n — 1, then

¢ —3a?

_ c+a? c+a?
2T(TM) = ( Ja(n = 1) + ( 7 )3n —( Tt )2(n - 1) (3.24)
On the other hand, by helping the frame field of TN, and Proposition 3.2, we have

¢ —3a?

27(TNL) = ( Jra(mz = 1). (3.25)
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Similarly, we consider that £ is tangent to invariant submanifold Nt. Then using the frame vector fields of
TN, we get from (3.23)
¢ —3a? c+a2)3nl_(c+a2

2%(TNy) = ( 1

)1’11(1’11 - 1) + (

+a’)2(m - 1). (3.26)

Therefore, using (3.24), (3.25) and (3.26) in Proposition 3.3, we get the required result. The equality case
follows from the Proposition 3.3. Thus, the proof is completed. [J

4. Applications

Remark 4.1. If we substitute « = 1 in Theorem 3.1, then Theorem 3.1 is generalized the result for a contact
CR-warped product submanifold in Kenmotsu space forms.

Remark 4.2. If we put a = 0 in Theorem 3.1, It becomes same as the Theorem 1.2 in [15].

Corollary 4.1. Let In f to be a harmonic function on Nt. Then there does not exist any CR-warped product
submanifold Nt X ¢ N, into a locally conformal almost cosymplectic manifold M(c) with ¢ < 3a®.

Corollary 4.2. Assume that In f to be a non-negative eigenfunction on Nt with corresponding non-constant eigen-
value A > 0. Then there does not exist any CR-warped product submanifold Nt X N, into a locally conformal almost

cosymplectic manifold M(c) with ¢ < 3a?.
Theorem 4.3. Let M = Nt Xy N be a compact orientate CR-warped product submanifold into a locally conformal
almost manifold M(c). Then M is a trivial warped product submanifold if and only if

¢ —3a? 2

P > (25 Y + (25— 20 ) (4.27)

where ny = dim Nt and n, = dim N, .

Proof. From Theorem 3.1, we get

c—3a? c+a? ,
I 2 (= iz + ( =20/ )y — mA(In f) + o[V In fI?,
and
, c—3a% c+a? , )
o[V In FI? + ( Jnana + =20/ )y — |1l < mA(In ). (4.28)

From the integration theory on compact orientate Riemannian manifold M without boundary, we obtain

— 3n72 2
f (525 prura + (25 - 202+ mllV In fIP = AIP)AV < f A(in f)dV = 0. (4.29)
M M
Now, if
¢ —3a? c+a?
1P = (S Y + (S5 =20

Then, from (4.29), we find
f (IVIn f|2)dV <0,
M

which is impossible for a positive integrable function, and hence VIn f = 0, i.e., f is a constant function on
M. Thus by definition of warped product manifold, M is trivial. The converse part is straightforward. [
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Corollary 4.4. Assume that M = Nt Xy N to be a CR-warped product submanifold in a locally conformal almost

cosymplectic manifold M(c). Let Ny isa compact invariant submanifold and A be non-zero eigenvalue of the Laplacian
on Nt. Then

fN IHRdVy > fN ((%)nm + (CZ“Z — )ny)dVr + 22 f

N

(In f)?dVr. (4.30)
Proof. Thus using the minimum principle property, we obtain

f IVIn fIPdVr > A | (In f)*dVr. (4.31)
NT NT

From (3.22) and (4.31) we get required the result (4.30). It completes the proof of corollary. [
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