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Abstract. We determine in R" the form of curves C for which also any image under an (n — 1)-dimensional
algebraic torus is an almost geodesic with respect to an affine connection V with constant coefficients and
calculate the components of V.

1. Introduction

This paper is a result following on from D. Betten researchs [4] and our papers [1, 8-10].

The geodesics and almost geodesics play an important role in differential geometry. For this reason many
geometricians study almost geodesic mappings (see [3], [14], [17]). In [12], [13] almost geodesic curves were
considered in generalized Riemannian and K&hlerian spaces. E. Beltrami [6] has shown that a differentiable
curve is a local geodesic with respect to an affine connection V precisely if it is a solution of an Abelian
differential equation with coefficients which are functions of the components of V. The investigation with
systems of lines of 2-dimensional topological geometries was started in [15]. The explicit calculation of the
form of curves C in the n-dimensional real space R"” which are geodesics or almost geodesics with respect
to an affine connection V is not achievable even in the case if the components I’ Z of V are constant. But

we did it. In [2] the geodesics and special case of almost geodesics were considered. We supposed that
with C also all images of C under a real (1 — 1)-dimensional algebraic torus are also geodesics, respectively
almost geodesics. This implies that the determination of C becomes an algebraic problem (a problem of
polynomial identities). Our model allows you to look at known things globally. In this paper we continue
to study almost geodesic curves [7], [16] and here we will consider other case.

We consider a curve C homeomorphic to R which is a closed subset of R" and has the form

C=( fo(t),..., fut),t R, 1)
where f;(t): R = R,i=2,...,n, are three times differentiable non-constant functions. The system
XC)={(t+ Cl,bzfz(t) +cy,.. .,bnfn(t) +cy),t € R}, where b; #0,¢; € R,

is a set of imagines of C.

2010 Mathematics Subject Classification. Primary 53C22; Secondary 53B05, 53B20, 53B30
Keywords. affine connection, almost geodesic

Received: 13 June 2018; Accepted: 21 September 2018

Communicated by Ljubica S. Velimirovié¢

Research is supported by project IGA PrF 2019015 Palacky University Olomouc.

Email addresses: olgaobelova@mail.ru (Olga Belova), josef.mikes@upol.cz (Josef Mikes)



O. Belova et al. / Filomat 33:4 (2019), 1013-1018 1014

If every curve of ¥(C) is a geodesic with respect to an affine connection V with constant coefficients I,

then the derivatives f/(f) of the functions fi(t) are solutions of the first order linear ordinary differential
equations. If every curve of X(C) is an almost geodesic with respect to V, then the derivatives f/(t) are
solutions of harmonic oscillator equations. If ¥(C) consists of Euclidean lines which are geodesics with
respect to V, then at the most F%l may be different from 0. In contrast to this if X(C) consists of Euclidean
lines then there is huge quantity of non-trivial connections V such that the lines of ¥(C) are almost geodesic
with respect to V.

Since we apply results of differential geometry only for the n-dimensional space R", where global
coordinates exist and the components F?j, h,i,j€{1,2,...,n}, of any affine connection V can be written in

unique way in these coordinates.

. . h . . . .
Remark 1.1. If coefficients Fij of an affine connection V are constants then there exist groups of affine movements.

Remark 1.2. It is possible to apply our model for other spaces, because a geodesic and an almost geodesic can be
defined in other spaces in the same manner as in R" [11].

2. Almost geodesic curves

Let
= (t+C1,b2f2(t) +C2,...,bnfn(t) +cy), tE€R,

be a curve of X(C). Then

C=Lbafy0),. bu i), L= 0,baf) (1), bu f (1)

By an almost geodesic of an affine connection V we mean a piecewise C3-curve y: [ — R” satisfying
Vy(Vyp) =07 +0-Vyp,

where g, 0: I = R are continuous functions, I C R is an open interval (cf. [16, p. 158], [7, p. 456]).
Using the components of V the system of differential equations for almost geodesics has the form

n n n n
P4 Z (kT + TETh) Yyt + 2 Z Tl + 2 TLy' = o) - 7" + o)) - (7" + Z Thyiyd). )
i jk=1 ij=1 ij=1 ij=1

A curve ¢ of X(C) is an almost geodesic with respect to a connection V with constant coefficients {I Z.} if
and only if according to (2) we have

P Y T O 2 Y T 4 ) T = o) - '+ o(t) - (1" + ) TEED). 3)

ijk=1 ij=1 ij=1 ij=1

We rewrite the formula (3) for 1 = 1 and obtain the function g(t). For h = 2,...,n after substitution ¢(f)
in (3) we get

n n
b fi7(@) + Y ThaT+ ) (T + T+ ThaTT) b £/ ()

m=1 i=2,m=1

n
YT T T T T by £ £+

i,j=2,m=1
n
Y ThIE bbb £ £ FL(D+

i,jk=2,m=1
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n n
Z(zr?1 +T0) bif/ () + Z(zrf.'j + 1) bibj f () f (1)~
i=2 i,j=2
n n
Bfy(8) | Y Dol + ), (T + ThaTh + Th T by /()
m=1 i=2,m=1
n
Y (LI TL T+ TL T by £ () f1(6)+
i,j=2,m=1
n
Y, ThIwbbb () £ f()+

i,jk=2,m=1

Y@L+ T bif () + Y @Ik +T%) bibi £/ () f].’(t)] =
i=2

i,j=2

n n
o(t) - | Ty = Thy +2 ) (% + Ty = T = Th)b; £/(6) + Y (T = Th) bib; £/(8) f].’(t)] . 4)
i=2 i,j=2
One can determine ¢ only if not all coefficients in (4) are zero. In [2] we treated the case that for 1 > 2
one has
Th +T) =Th +T}, i21, and I}, =T} forall i,j>2.
Now let an a and iy, jo such that for these indices we have
I # T or I +T¢ #T1 +T, , or Tf . # T, o, jo > 2. (5)

ipl lip iojo iojo”

In this case the coefficient of ¢ is not identically zero, and we can compute o. Putting the expression of
o into relation (4) we obtain

((r‘;1 —Ty) + 205, + T =T, =T1 ) ff biy + (T o i o) fj’ob,-objo)-

n
(Thlll + (fh'" - T1111fh')bh + Z (Shnifi' + (21" + F’f,-)fi”)bi—

i=2
n (Sunnf! + @}y + T ") frbubi + Z (S fl £ + Q@TE + T £ £ oiby—
=2 ij=2
Zn" (swj fifi + (zr}j + r}i) 1 fj’) frbubibj + Z Thijef; f] f{bibjb - Z Tupfifi f} fk'bhbibjbk) =
i,j=2 ijk=2 i,jk=2
((r;ll ~I7)+2 i(r}ﬂ +T =T, =T} fbi + i(r?j - r}j)ﬂf]‘/bibj)'
i=2 i,j=2

(Tam + (£ = T £ )ba + (Sarvio £, + @8y + TS 7 Ybiy = (Suiotn ] + @1, + 1) f7) fubwbiy+

L

(saiojolfi; + (ZF%]-O + r%io ﬁ;/)](;obiobfo - (Slliojoﬁ; + (Zr}ojo + r}oio)fig)f;-ﬁob“biobjo-k

Z Taigjok f3, £, fi biobjo b = Z Thigjok fofiy £, 18 babiobjobk)' (6)
k=2 k=2
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where

n
def
Sapcp = (riDFglC +T(The + T8y ),
m=1
def -
Tapcp = ZFQBIWED‘
m=1

If n =2, thenh = @ = 2 and from (6) we obtain that any plane curve of the system ¥(C), where C has the
form (1), is an almost geodesic if the affine connection I’Z satisfies the conditions (5). Hence we assume n > 3.

Now we consider the first case, when
I =T} forall2<h<nandT}, +T% =T} +T] forall2 <i<n, )
but there exists an a and i, jo such that

rLY

i jo

#T! (8)

iojo*

Writing a system of equations and conditions which follow from (6) and using linear independence
functions we get differential equations. Integrating them (see. [5]) we obtain the following

Theorem 2.1. Let C be a curve of the form (1) and V be a connection with constant coefficients {Fi?j} satisfying
relations (7), (8).

Then any curve € of X(C) is almost geodesic with respect to V if and only if € is represented by the functions fy, fa, fi,
having the following forms

* f(t) = CpeMt + Dye’st, where C;, Dy, € R are not both zero and a2 — 4c, > 0,
* fu(t) = (Cpt + Dy)e?t, where Cy, Dy, € R are not both zero and ay —4c, =0,

= vV 2—4cy = oV 2_4cy
* () = e‘”’*t/z(ChCOS%t + Dysin B

s t), where Cy, Dy, € R are not both zero and a; — 4cj, <0

with
no, Th
ap =20, + 17, cn = Sy — Tiana,

—a, — \Jar —4cy —ay + \Jar —4cy
2 - 2

* fo(t) = Cot? + Dot + E, where Cy, Dy, E € R, C,, D, are not both zero and y, = 0,

* fo(t) = Coe Vet — Dye Vet where C,, D, € R are not both zero and v, < 0,

* fut) = C, sin( VVat) = D, cos( \VYa ), where C., D, € R are not both zero and Va >0

h_ h _
Ay = » Ay =

with
@ =T N Thaij + Thaji + Thiaj + Thija + Thjei + Thjia)

iojo iojo
L+l —rh T
if ji ij ji

=T

Va

* £ (H) = CieM't + Dy et where C;, D, € R are not both zero and a; —4ciy > 0,
* o) = (Cit + Dio)e%f, where C;,, D;, € R are not both zero and afo —4¢;, =0,

o~ mfo —4c¢; m?o ~4cj,
* fio(t) = el (Ciocos—

5 "t + Dj,sin—5 t), where C;,, D;, € R are not both zero and aizo —4c;, <0
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with ‘ ‘
R 1o 1o
aj, = 21’1,01 + Fuor

(T2 =T3 N Thigij + Thigji + Thiioj + Thijiy + Thjioi + Thjiiy)

_ Viojo iojo .
= Il 4+TL - —Th + Sorti = T,
1] Jt 1] Jt
o - V7 —4c, o Tt V7 —4ci,
Alo = ’ AZO = .
2 2

h o . . . .
The components {Fi].} of affine connection V satisfy the following relations

=0, 2" +Th=0, 2" +T% =0,
] Jt 1ol

iiy

1 1 _ %
zrl.].+rﬁ_0, 2. +T¢

iojo joio
T +T) =T =T = 0for k=ip,a, 2[4 +T} —2T} —T}, =0for k=ig,h,

T +Tt -1t —T"

ijo joi ijo Joi

)Sign =0, (Tj + T}, =T =T} )@, +T73,) =0,

]()i ljo ]01
ho_ Th
(I + ) = T = T2l +T5) = 0,
T = F30,-0)(Sm]-1 + Spjin) + (r,-lj + F}i - F?j - rl;i)Tam =0,

_T"

Joio

-1

(T8 i, = T o) Tuann + Snigjor + Snjpiot) + (T ) + T iojo )Tarn1 =0,

io jo i jo io jo 0io

-1

io jo

(T3

iojo )(Skiit + Skixt — S1in1) + (Tf + Ty, = T = T5)Taan = 0 for k =i, h,
1,11 _h_th 1,0l _ph_h
(T3 + T = T = i) Tigjok + (T + Ty = T = D) T o+

1 1 h h —
(ij + ij - ij - Fk].)Tl,-O]-Oi =0,
. . e - 1 i PN er 1 o
S =20y, + T}, = 0if fi # Dye™',  Sip = 5m(@0y, +T},) if f; = Dye ",

(T} + T = T = T2 (Taigjoa = Staijo) + Ty + Ty = Ty = Th) Taigjoj+
(Tl + T = Ty = Th ) Taigjoi = 0,

T -re

io jo iojo

)(Tiojoi + Tigijo + Tjsioi + Tajoiiy + Tiigjo + Tijoi)+

(T + T = T = Ti)Saigjor = 0 for k = jo, I,

Te. —Tt.

iojo iojo

)(Thivij + Thioji + Thiioj + Thijig + Tjigi + Thjiig)+

1,11 _1h _ph _
(Fl] + F]l - Fl] - l"ji)SaniO =0,
Tiy111 — S1ju11 + Sigigjo1 + Sigjoiot = 0,
Taigij + Taioji + Taiioj + Taijiy + Tajigi + Tajiiy = 0,

Tikij + Trrji + Thikj + Tkije + Tjri + Tkjix — S11ij — S11j = 0 for k =ip, h, a.
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