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Abstract. We determine inRn the form of curves C for which also any image under an (n− 1)-dimensional
algebraic torus is an almost geodesic with respect to an affine connection ∇ with constant coefficients and
calculate the components of ∇.

1. Introduction

This paper is a result following on from D. Betten researchs [4] and our papers [1, 8–10].
The geodesics and almost geodesics play an important role in differential geometry. For this reason many

geometricians study almost geodesic mappings (see [3], [14], [17]). In [12], [13] almost geodesic curves were
considered in generalized Riemannian and Kählerian spaces. E. Beltrami [6] has shown that a differentiable
curve is a local geodesic with respect to an affine connection ∇ precisely if it is a solution of an Abelian
differential equation with coefficients which are functions of the components of ∇. The investigation with
systems of lines of 2-dimensional topological geometries was started in [15]. The explicit calculation of the
form of curves C in the n-dimensional real space Rn which are geodesics or almost geodesics with respect
to an affine connection ∇ is not achievable even in the case if the components Γh

ij of ∇ are constant. But
we did it. In [2] the geodesics and special case of almost geodesics were considered. We supposed that
with C also all images of C under a real (n − 1)-dimensional algebraic torus are also geodesics, respectively
almost geodesics. This implies that the determination of C becomes an algebraic problem (a problem of
polynomial identities). Our model allows you to look at known things globally. In this paper we continue
to study almost geodesic curves [7], [16] and here we will consider other case.

We consider a curve C homeomorphic to R which is a closed subset of Rn and has the form

C = (t, f2(t), . . . , fn(t)), t ∈ R, (1)

where fi(t): R→ R, i = 2, . . . ,n, are three times differentiable non-constant functions. The system

X(C) = {(t + c1, b2 f2(t) + c2, . . . , bn fn(t) + cn), t ∈ R},where bi , 0, ci ∈ R,

is a set of imagines of C.
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If every curve of X(C) is a geodesic with respect to an affine connection ∇ with constant coefficients Γh
ij,

then the derivatives f ′i (t) of the functions fi(t) are solutions of the first order linear ordinary differential
equations. If every curve of X(C) is an almost geodesic with respect to ∇, then the derivatives f ′i (t) are
solutions of harmonic oscillator equations. If X(C) consists of Euclidean lines which are geodesics with
respect to ∇, then at the most Γ1

11 may be different from 0. In contrast to this if X(C) consists of Euclidean
lines then there is huge quantity of non-trivial connections ∇ such that the lines of X(C) are almost geodesic
with respect to ∇.

Since we apply results of differential geometry only for the n-dimensional space Rn, where global
coordinates exist and the components Γh

ij, h, i, j ∈ {1, 2, . . . ,n}, of any affine connection ∇ can be written in
unique way in these coordinates.

Remark 1.1. If coefficients Γh
ij of an affine connection ∇ are constants then there exist groups of affine movements.

Remark 1.2. It is possible to apply our model for other spaces, because a geodesic and an almost geodesic can be
defined in other spaces in the same manner as in Rn [11].

2. Almost geodesic curves

Let
` = (t + c1, b2 f2(t) + c2, . . . , bn fn(t) + cn), t ∈ R,

be a curve of X(C). Then

˙̀ = (1, b2 f ′2(t), . . . , bn f ′n(t)), ῭ = (0, b2 f ′′2 (t), . . . , bn f ′′n (t)).

By an almost geodesic of an affine connection ∇we mean a piecewise C3-curve γ: I→ Rn satisfying

∇γ̇(∇γ̇γ̇) = % · γ̇ + σ · ∇γ̇γ̇,

where %, σ: I→ R are continuous functions, I ⊂ R is an open interval (cf. [16, p. 158], [7, p. 456]).
Using the components of ∇ the system of differential equations for almost geodesics has the form

...
γh

+

n∑
i, j,k=1

(∂kΓ
h
ij + Γ`i jΓ

h
`k) γ̇iγ̇ jγ̇k + 2

n∑
i, j=1

Γh
ijγ̈

iγ̇ j +

n∑
i, j=1

Γh
ijγ̇

iγ̈ j = %(t) · γ̇h + σ(t) · (γ̈h +

n∑
i, j=1

Γh
ijγ̇

iγ̇ j). (2)

A curve ` of X(C) is an almost geodesic with respect to a connection ∇ with constant coefficients {Γh
ij} if

and only if according to (2) we have

...
`

h
+

n∑
i, j,k=1

Γ`i jΓ
h
`k

˙̀i ˙̀ j ˙̀k + 2
n∑

i, j=1

Γh
ij

῭i ˙̀ j +

n∑
i, j=1

Γh
ij

˙̀i ῭j = %(t) · ˙̀h + σ(t) · ( ῭h +

n∑
i, j=1

Γh
ij

˙̀i ˙̀ j). (3)

We rewrite the formula (3) for h = 1 and obtain the function %(t). For h = 2, . . . ,n after substitution %(t)
in (3) we get

bh f ′′′h (t) +

n∑
m=1

Γh
m1Γ

m
11 +

n∑
i=2,m=1

(Γh
miΓ

m
11 + Γh

m1Γ
m
i1 + Γh

m1Γ
m
1i) bi f ′i (t)+

n∑
i, j=2,m=1

(Γh
miΓ

m
j1 + Γh

miΓ
m
1 j + Γh

m1Γ
m
ij ) bib j f ′i (t) f ′j (t)+

n∑
i, j,k=2,m=1

Γh
miΓ

m
jk bib jbk f ′i (t) f ′j (t) f ′k (t)+
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n∑
i=2

(2Γh
i1 + Γh

1i) bi f ′′i (t) +

n∑
i, j=2

(2Γh
ij + Γh

ji) bib j f ′′i (t) f ′j (t)−

bh f ′h(t)

 n∑
m=1

Γ1
m1Γ

m
11 +

n∑
i=2,m=1

(Γ1
miΓ

m
11 + Γ1

m1Γ
m
i1 + Γ1

m1Γ
m
1i) bi f ′i (t)+

n∑
i, j=2,m=1

(Γ1
miΓ

m
j1 + Γ1

miΓ
m
1 j + Γ1

m1Γ
m
ij ) bib j f ′i (t) f ′j (t)+

n∑
i, j,k=2,m=1

Γ1
miΓ

m
jk bib jbk f ′i (t) f ′j (t) f ′k (t)+

n∑
i=2

(2Γ1
i1 + Γ1

1i) bi f ′′i (t) +

n∑
i, j=2

(2Γ1
i j + Γ1

ji) bib j f ′′i (t) f ′j (t)

 =

σ(t) ·

Γh
11 − Γ1

11 + 2
n∑

i=2

(Γh
1i + Γh

i1 − Γ1
1i − Γ1

i1)bi f ′i (t) +

n∑
i, j=2

(Γh
ij − Γ1

i j) bib j f ′i (t) f ′j (t)

 . (4)

One can determine σ only if not all coefficients in (4) are zero. In [2] we treated the case that for h ≥ 2
one has

Γh
i1 + Γh

1i = Γ1
i1 + Γ1

1i, i ≥ 1, and Γh
ij = Γ1

i j for all i, j ≥ 2.

Now let an α and i0, j0 such that for these indices we have

Γα11 , Γ1
11 or Γαi01 + Γα1i0 , Γ1

i01 + Γ1
1i0 , or Γαi0 j0 , Γ1

i0 j0 , i0, j0 ≥ 2. (5)

In this case the coefficient of σ is not identically zero, and we can compute σ. Putting the expression of
σ into relation (4) we obtain(

(Γα11 − Γ1
11) + 2(Γα1i0 + Γαi01 − Γ1

1i0 − Γ1
i01) f ′i0 bi0 + (Γαi0 j0 − Γ1

i0 j0 ) f ′i0 f ′j0 bi0 b j0

)
·

(
Th111 +

(
f ′′′h − T1111 f ′h

)
bh +

n∑
i=2

(
Sh11i f ′i + (2Γh

i1 + Γh
1i) f ′′i

)
bi−

n∑
i=2

(
S1i11 f ′i + (2Γ1

i1 + Γ1
1i) f ′′i

)
f ′hbhbi +

n∑
i, j=2

(
Shij1 f ′i f ′j + (2Γh

ij + Γh
ji) f ′′i f ′j

)
bib j−

n∑
i, j=2

(
S11i j f ′i f ′j + (2Γ1

i j + Γ1
ji) f ′′i f ′j

)
f ′hbhbib j +

n∑
i, j,k=2

Thijk f ′i f ′j f ′k bib jbk −

n∑
i, j,k=2

T1i jk f ′h f ′i f ′j f ′k bhbib jbk

)
=

(
(Γh

11 − Γ1
11) + 2

n∑
i=2

(Γh
1i + Γh

i1 − Γ1
1i − Γ1

i1) f ′i bi +

n∑
i, j=2

(Γh
ij − Γ1

i j) f ′i f ′j bib j

)
·

(
Tα111 +

(
f ′′′α − T1111 f ′α

)
bα +

(
Sα11i0 f ′i0 + (2Γαi01 + Γα1i0 ) f ′′i0

)
bi0 −

(
S1i011 f ′i0 + (2Γ1

i01 + Γ1
1i0 ) f ′′i0

)
f ′αbhbi0+(

Sαi0 j01 f ′i0 + (2Γαi0 j0 + Γαj0i0 ) f ′′i0
)

f ′j0 bi0 b j0 −
(
S11i0 j0 f ′i0 + (2Γ1

i0 j0 + Γ1
j0i0 ) f ′′i0

)
f ′α f ′j0 bαbi0 b j0+

n∑
k=2

Tαi0 j0k f ′i0 f ′j0 f ′k bi0 b j0 bk −

n∑
k=2

T1i0 j0k f ′α f ′i0 f ′j0 f ′k bαbi0 b j0 bk

)
, (6)
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where

SABCD
de f
=

n∑
m=1

(
ΓA

mDΓm
BC + ΓA

mB(Γm
DC + Γm

CD)
)
,

TABCD
de f
=

n∑
m=1

ΓA
mBΓm

CD.

If n = 2, then h = α = 2 and from (6) we obtain that any plane curve of the system X(C), where C has the
form (1), is an almost geodesic if the affine connection Γh

ij satisfies the conditions (5). Hence we assume n ≥ 3.

Now we consider the first case, when

Γh
11 = Γ1

11 for all 2 ≤ h ≤ n and Γh
i1 + Γh

1i = Γ1
i1 + Γ1

1i for all 2 ≤ i ≤ n, (7)

but there exists an α and i0, j0 such that

Γαi0 j0 , Γ1
i0 j0 . (8)

Writing a system of equations and conditions which follow from (6) and using linear independence
functions we get differential equations. Integrating them (see. [5]) we obtain the following

Theorem 2.1. Let C be a curve of the form (1) and ∇ be a connection with constant coefficients {Γh
ij} satisfying

relations (7), (8).
Then any curve ` of X(C) is almost geodesic with respect to ∇ if and only if ` is represented by the functions fh, fα, fi0
having the following forms

* fh(t) = Ĉheλ
h
1t + D̂heλ

h
2t, where Ĉh, D̂h ∈ R are not both zero and a2

h − 4ch > 0,

* fh(t) = (C̃ht + D̃h)e
−ah

2 t, where C̃h, D̃h ∈ R are not both zero and a2
h − 4ch = 0,

* fh(t) = e−aht/2
(
C̄hcos

√
a2

h−4ch

2 t + D̄hsin
√

a2
h−4ch

2 t
)
, where C̄h, D̄h ∈ R are not both zero and a2

h − 4ch < 0

with
ah = 2Γh

h1 + Γh
1h, ch = Sh11h − T1111,

λh
1 =
−ah −

√
a2

h − 4ch

2
, λh

2 =
−ah +

√
a2

h − 4ch

2
;

* fα(t) = Cαt2 + Dαt + E, where Cα,Dα,E ∈ R, Cα,Dα are not both zero and γα = 0,

* fα(t) = Ĉαe
√
−γα t
− D̂αe−

√
−γα t, where Ĉα, D̂α ∈ R are not both zero and γα < 0,

* fα(t) = Ĉα sin(
√
γα t) − D̂α cos(

√
γα t), where Ĉα, D̂α ∈ R are not both zero and γα > 0

with

γα =
(Γαi0 j0

− Γ1
i0 j0

)(Thαi j + Thα ji + Thiα j + Thijα + Thjαi + Thjiα)

Γ1
i j + Γ1

ji − Γh
ij − Γh

ji

− T1111;

* fi0 (t) = Ĉi0 eλ
i0
1 t + D̂i0 eλ

i0
2 t, where Ĉi0 , D̂i0 ∈ R are not both zero and a2

i0
− 4ci0 > 0,

* fi0 (t) = (C̃i0 t + D̃i0 )e
−ai0

2 t, where C̃i0 , D̃i0 ∈ R are not both zero and a2
i0
− 4ci0 = 0,

* fi0 (t) = e−ai0 t/2
(
C̄i0 cos

√
a2

i0
−4ci0

2 t + D̄i0 sin

√
a2

i0
−4ci0

2 t
)
, where C̄i0 , D̄i0 ∈ R are not both zero and a2

i0
− 4ci0 < 0
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with
ai0 = 2Γi0

i01 + Γi0
1i0
,

ci0 =
(Γi0

i0 j0
− Γ1

i0 j0
)(Thi0i j + Thi0 ji + Thii0 j + Thiji0 + Thji0i + Thjii0 )

Γ1
i j + Γ1

ji − Γh
ij − Γh

ji

+ Si011i0 − T1111,

λi0
1 =
−ai0 −

√
a2

i0
− 4ci0

2
, λi0

2 =
−ai0 +

√
a2

i0
− 4ci0

2
.

The components {Γh
ij} of affine connection ∇ satisfy the following relations

2Γ1
i j + Γ1

ji = 0, 2Γαi0 j0 + Γαj0i0 = 0, 2Γh
ij + Γh

ji = 0, 2Γi0
i0i + Γi0

ii0
= 0,

Γ1
i j + Γ1

ji − Γk
i j − Γk

ji = 0 for k = i0, α, 2Γk
ik + Γk

ki − 2Γ1
i1 − Γ1

1i = 0 for k = i0, h,

(Γ1
i j0 + Γ1

j0i − Γh
ij0 − Γh

j0i)S1i011 = 0, (Γ1
i j0 + Γ1

j0i − Γh
ij0 − Γh

j0i)(2Γ1
i01 + Γ1

1i0 ) = 0,

(Γ1
i j + Γ1

ji − Γh
ij − Γh

ji)(2Γαi01 + Γα1i0 ) = 0,

(Γαi0 j0 − Γ1
i0 j0 )(Shij1 + Shji1) + (Γ1

i j + Γ1
ji − Γh

ij − Γh
ji)Tα111 = 0,

(Γαi0 j0 − Γ1
i0 j0 )(Th111 + Shi0 j01 + Shj0i01) + (Γ1

i0 j0 + Γ1
j0i0 − Γh

i0 j0 − Γh
j0i0 )Tα111 = 0,

(Γαi0 j0 − Γ1
i0 j0 )(Skki1 + Skik1 − S1i11) + (Γ1

ik + Γ1
ki − Γk

ik − Γk
ki)Tα111 = 0 for k = i0, h,

(Γ1
i j + Γ1

ji − Γh
ij − Γh

ji)T1i0 j0k + (Γ1
ik + Γ1

ki − Γh
ik − Γh

ki)T1i0 j0 j+

(Γ1
jk + Γ1

kj − Γh
jk − Γh

kj)T1i0 j0i = 0,

Si11h = 2Γi
h1 + Γi

1h = 0 if f ′h , Dhe
−ah

2 t, Si11h =
1
2

ah(2Γi
h1 + Γi

1h) if f ′h = Dhe
−ah

2 t,

(Γ1
i j + Γ1

ji − Γh
ij − Γh

ji)(Tαi0 j0α − S11i0 j0 ) + (Γ1
iα + Γ1

αi − Γh
iα − Γh

αi)Tαi0 j0 j+

(Γ1
jα + Γ1

α j − Γh
jα − Γh

α j)Tαi0 j0i = 0,

(Γ1
i0 j0 − Γαi0 j0 )(T1i0 j0i + T1i0i j0 + T1 j0i0i + T1 j0ii0 + T1ii0 j0 + T1i j0i0 )+

(Γ1
ki + Γ1

ik − Γh
ki − Γh

ik)Sαi0 j01 = 0 for k = j0, h,

(Γαi0 j0 − Γ1
i0 j0 )(Thi0i j + Thi0 ji + Thii0 j + Thiji0 + Thji0i + Thjii0 )+

(Γ1
i j + Γ1

ji − Γh
ij − Γh

ji)Sα11i0 = 0,

Ti0111 − S1 j011 + Si0i0 j01 + Si0 j0i01 = 0,

Tαi0i j + Tαi0 ji + Tαii0 j + Tαi ji0 + Tα ji0i + Tα jii0 = 0,

Tkki j + Tkkji + Tkik j + Tki jk + Tkjki + Tkjik − S11i j − S11 jl = 0 for k = i0, h, α.



O. Belova et al. / Filomat 33:4 (2019), 1013–1018 1018

References
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