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Surfaces with Parallel Normalized Mean Curvature Vector Field in
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Abstract. We study surfaces with parallel normalized mean curvature vector field in Euclidean or
Minkowski 4-space. On any such surface we introduce special isothermal parameters (canonical pa-
rameters) and describe these surfaces in terms of three invariant functions. We prove that any surface
with parallel normalized mean curvature vector field parametrized by canonical parameters is determined
uniquely up to a motion in Euclidean (or Minkowski) space by the three invariant functions satisfying a
system of three partial differential equations. We find examples of surfaces with parallel normalized mean
curvature vector field and solutions to the corresponding systems of PDEs in Euclidean or Minkowski space
in the class of the meridian surfaces.

1. Introduction

A basic class of surfaces in Riemannian and pseudo-Riemannian geometry are surfaces with parallel
mean curvature vector field, since they are critical points of some natural functionals and play important
role in differential geometry, the theory of harmonic maps, as well as in physics. Surfaces with parallel
mean curvature vector field in Riemannian space forms were classified in the early 1970s by Chen [2]
and Yau [15]. Recently, spacelike surfaces with parallel mean curvature vector field in pseudo-Euclidean
spaces with arbitrary codimension were classified in [4]. Lorentz surfaces with parallel mean curvature
vector field in arbitrary pseudo-Euclidean space ]’ are studied in [5, 8]. A survey on classical and recent
results on submanifolds with parallel mean curvature vector in Riemannian manifolds as well as in pseudo-
Riemannian manifolds is presented in [6].

The class of surfaces with parallel mean curvature vector field is naturally extended to the class of
surfaces with parallel normalized mean curvature vector field. A submanifold in a Riemannian manifold is
said to have parallel normalized mean curvature vector field if the mean curvature vector is non-zero and
the unit vector in the direction of the mean curvature vector is parallel in the normal bundle [3]. It is well
known that submanifolds with non-zero parallel mean curvature vector field also have parallel normalized
mean curvature vector field. But the condition to have parallel normalized mean curvature vector field is
weaker than the condition to have parallel mean curvature vector field. Every surface in the Euclidean 3-
space has parallel normalized mean curvature vector field but in the 4-dimensional Euclidean space, there
exist examples of surfaces with parallel normalized mean curvature vector field, but with non-parallel

2010 Mathematics Subject Classification. Primary 53B20; Secondary 53A07, 53A55.

Keywords. Parallel normalized mean curvature vector field, canonical parameters, meridian surfaces.

Received: 26 September 2018; Accepted: 28 March 2019

Communicated by Ljubica S. Velimirovié¢

Research supported by the National Science Fund, Ministry of Education and Science of Bulgaria under contract DN 12/2.
Email addresses: ganchev@nmath.bas.bg (Georgi Ganchev), vmil@math.bas.bg (Velichka Milousheva)



G. Gancheuv, V. Milousheva / Filomat 33:4 (2019), 1135-1145 1136

mean curvature vector field. In [3] it is proved that every analytic surface with parallel normalized mean
curvature vector in the Euclidean space E™ must either lie in a 4-dimensional space E* or in a hypersphere
of [E™ as a minimal surface.

Spacelike submanifolds with parallel normalized mean curvature vector field in a general de Sitter
space are studied in [14]. It is shown that compact spacelike submanifolds whose mean curvature does
not vanish and whose corresponding normalized vector field is parallel, must be, under some suitable
geometric assumptions, totally umbilical.

In [1] we studied the local theory of Lorentz surfaces with parallel normalized mean curvature vector
field in the pseudo-Euclidean space with neutral metric [E;. Introducing special geometric parameters
(called canonical parameters) on each such surface, we described the Lorentz surfaces with parallel normal-
ized mean curvature vector field in terms of three invariant functions satisfying a system of three partial
differential equations.

In the present paper we study surfaces with parallel normalized mean curvature vector field in the
Euclidean 4-space E* and the Minkowski 4-space E}. We introduce canonical parameters on each such
surface that allow us to describe these surfaces in terms of three invariant functions. We prove that any
surface with parallel normalized mean curvature vector field is determined up to a motion in E* by three
functions A(u, v), u(u, v) and v(u, v) satisfying the following system of partial differential equations

Vy = Ay — /\(lnllul)v/
vo = Ay = Aln|ul)u; (1)
P = (12 + ) = HulAInl,

where A denotes the Laplace operator.

The class of spacelike surfaces with parallel normalized mean curvature vector field in the Minkowski
space [ is described by three functions A(u, v), u(u, v) and v(u, v) satisfying the following system of partial
differential equations

vy = Ay — /\(1H|H|)v,
Vo = Ay — /\(lnl}ll)ur (2)
e(? = A2 + p2) = ulAIn |yl

where € = 1 corresponds to the case the mean curvature vector field is spacelike, ¢ = —1 corresponds to the
case the mean curvature vector field is timelike.

Examples of surfaces with parallel normalized mean curvature vector field in IE* and [E} can be found in
the class of the so-called meridian surfaces — two-dimensional surfaces which are one-parameter systems
of meridians of a rotational hypersurface [11-13]. In the Euclidean space E* there is one type of meridian
surfaces, while in the Minkowski space [E] we distinguish three types of meridian surfaces depending on
the casual character of the rotational axis (spacelike, timelike, or lightlike). The functions A(u,v), u(u,v),
v(u,v) of each meridian surface with parallel normalized mean curvature vector field parametrized by
canonical parameters (u,v) in E* or [E} give a solution to the system of partial differential equations (1) or
(2), respectively. In Section 5 we give explicit examples of solutions to systems (1) and (2).

2. Preliminaries

Let M? be a 2-dimensional surface in the Euclidean space E* or a spacelike surface in the Minkowski
space [E}. We denote by V and V’ the Levi Civita connections of M? and [E* (or [E}), respectively. For any
tangent vector fields x, y and any normal vector field & of M2, the formulas of Gauss and Weingarten are
given respectively by [2]:

Viy = Vay oy y);

VIE = —Agx + Dyl
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These formulas define the second fundamental form ¢, the normal connection D, and the shape operator

Ag with respect to &. The shape operator A; is a symmetric endomorphism of the tangent space T,M? at
2

p € M-

The mean curvature vector field H of M? in E* (or IE‘ll) is defined as

1
H = Etro.

A normal vector field & on M? is called parallel in the normal bundle (or simply parallel) if D& = 0 holds
identically [7]. The surface is said to have parallel mean curvature vector field if its mean curvature vector H
satisfies DH = 0 identically.

Surfaces for which the mean curvature vector H is non-zero and there exists a unit vector field b in the
direction of H, such that b is parallel in the normal bundle, are called surfaces with parallel normalized mean
curvature vector field [3]. It is easy to see that if M? is a surface with non-zero parallel mean curvature vector
field H (i.e. DH = 0), then M? is a surface with parallel normalized mean curvature vector field, but the
converse is not true in general. It is true only in the case ||H|| = const.

3. Canonical parameters on surfaces with parallel normalized mean curvature vector field in E*

Let M? : z = z(u,0), (u,0) € D (D C R?) be a local parametrization of a surface free of minimal points
in the Euclidean 4-space E*. In [9] we defined principal lines and introduced a geometrically determined
orthonormal frame field {x, y, b, I} at each point of the surface which is defined by the principal lines and the
mean curvature vector field H. With respect to this frame field we have the following Frenet-type formulas:

Vix = Yiy+ vib; Vib=-vix—Ay +B1l;

Viy=-y1x + Ab +ul; V’ybz—/\x—vzy + B2

Vix = Y2y +Ab +ul; Vil = —uy—pib; ©)
V’yy = yox +1b; V’yl =-ux - B2b,

where y1, y2, v1, v2, A, y, p1, P2 are functions on M? determined by the geometric frame field as follows:

vi =(Vix,b),  va=(Vjy,b), A=V b),  p=(Vwl),
! ’ ! ! 4
M=y, =y, Bi=(bD,  Bo=(VibD. @)

We call these functions geometric functions of the surface since they determine the surface up to a rigid
motion in E*.

We considered the general class of surfaces for which p, u, # 0 and for this class of surfaces we proved
the fundamental existence and uniqueness theorem in terms of their geometric functions. The theorem
states:

Theorem 3.1. [9] Let y1, Y2, v1, V2, A, i, B1, B2 be smooth functions, defined in a domain D, D C R?, and
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satisfying the conditions

Uy >0 Ho
2‘Ll)/2+1/1ﬁ2—/\‘61 ! Zyy1+V2‘31—A‘BZ

—1 VEVG = (VE),; —12, VEVG = (VG),;

viva = (A% + ) = % 2+ —= 0o = (012 + (2));

20y +upr—(vi—v2)y1 =

> 0;

1

NG
1 1
(1)v;
VT
1 1

2Av1 + + (W —v Vo) + —— Ay
yitupat(vi—v2)y2 = E(2) N

\/_
V1B 2ot (n —va) i = —% Ba)u + % B1)o,

Hu o
where VE = NG = Let {xo, yo, bo, lo} be an orthonormal frame at a
2uyr+vifa—Ap 2uy1+vap1—ABy’ 0, Yo, bo, lo} fr

point py € R*. Then there exist a subdomain Dy € D and a unique surface M? : z = z(u,v), (u,v) € Dy, passing
through po, such that {xo, yo, bo, lo} is the geometric frame osz at the point pg and y1, y2, v1, V2, A, U, P1, B2 are
the geometric functions of M>.

Hence, any surface of the general class is determined up to a rigid motion in [E* by the eight geometric
functions y1, y2, v1, V2, A, 1, B1, B2 satisfying some natural conditions.

Now we focus our attention on the class of surfaces with parallel normalized mean curvature vector
field. The mean curvature vector field H is expressed as

H= mzﬂb. 5)

Using (5) and (3) we obtain that
oo
)b Bl

v1+Vv

DH =x (

v+ Vs

D,H = y(

Hence, the mean curvature vector field H is parallel if and only if f; = f = 0 and v; + v, = const. The
normalized mean curvature vector field of M? is b. It follows from (3) that b is parallel in the normal bundle
if and only if f1 = > = 0.

We shall study surfaces with parallel normalized mean curvature vector field, but with non-parallel
mean curvature vector field. They are characterized by the conditions 1 = f» = 0, v1 + vo # const. For
these surfaces we shall introduce special isothermal parameters that allow us to formulate the fundamental
existence and uniqueness theorem in terms of three geometric functions.

Definition 3.2. Let M? be a surface with parallel normalized mean curvature vector field. The parameters (u,v) of
M? are said to be canonical, if

E(u,v) = F(u,v) =0; G(u,v) =

1 1
|u(u, v)|’ lu(u, o)

Theorem 3.3. Each surface with parallel normalized mean curvature vector field in E* locally admits canonical
parameters.
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Proof. Using the Gauss and Codazzi equations, from (3) we obtain that the geometric functions y1, y2, v1, v2,
A, U, B1, B2 of a surface free of minimal points satisfy the following integrability conditions:

2uy2+vifa— AP =x(u);

2uy1 —ABa +vo p1 = y(u);

202+ u 1 = (v1 —v2) y1 = x(A) — y(n);

2N y1 + o+ (v = v2) y2 = —x(v2) + y(A); ©)
y1iPr—y2P2+ (v1 —v2)pu = —x(B2) + y(B1);

viva = (A2 + 1) = x(r2) + y(1) = (1) + (02)%).

Putting 81 = f2 = 0 in formulas (6), we get

2uyr = x(w);

2uyr = y(w);

20y = (vi =v2) y1 = x(A) — y(n1);

241 + (11 = v2) y2 = —x(v2) + y(A); @
(vi=v)u=0;

viva = (A2 4 p2) = x(2) + y(r1) = ((71)2 + (02)?).

1 1
The first and second equalities of (7) imply y; = 3 y(nlul); y2 = Ex(ln |). On the other hand, from

(4) it follows that y; = —y(In VE), Y2 = —x(In VG). Hence, y(In|ulE) = 0 and x(In |p|G) = 0, which imply
that E|u| does not depend on v, and G|u| does not depend on u. Hence, there exist functions ¢(u) > 0 and
P(v) > 0, such that

Elul = ¢(u); Glul = ¥ (v).

Under the following change of the parameters:

U

u= f Vo) du +ug, up = const
im
0

U= f \VY(@)dv+7vy, vy = const
Uo

we obtain .
E= — F= 0; G=—
|l

which imply that the parameters (u, v) are canonical. []

Since p # 0, it follows from the fifth equality of (7) that vi = v, =: v. Thus we have

Corollary 3.4. If M? is a surface with parallel normalized mean curvature vector field, then vi = v,.

Now we suppose that M? : z = z(u,v), (u,v) € D is a surface with parallel normalized mean curvature
vector field parametrized by canonical parameters (u,v). It follows from the first two equalities in (7) that
the functions y; and y, are expressed by:

yi=(Vl),; 2= (), -
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The third and fourth equalities of (7) imply the following partial differential equations:
vy = Ay — A(lnlyl)v;
Vo = Ay — A(In )y

The last equality of (7) implies

1
vi— (A + ) = SlulAIn |y,
2 2
ERT

Now we shall formulate the fundamental existence and uniqueness theorem for the class of surfaces
with parallel normalized mean curvature vector field in terms of canonical parameters.

where A = is the Laplace operator.

Theorem 3.5. Let A(u,v), u(u,v) and v(u,v) be smooth functions, defined in a domain D, D C R?, and satisfying
the conditions

u#0, v#const

Vu = Ay = AIn|pl)o;

vy = Ay — A |ul)y; (8)
V2= (A% + p?) = HulAIn |yl

If {x0, yo, bo, lo} is an orthonormal frame at a point py € E*, then there exists a subdomain Dy C D and a unique
surface M? : z = z(u,v), (u,0) € Dy with parallel normalized mean curvature vector field, such that M? passes
through po, {xo0, Yo, bo, lo} is the geometric frame of M? at the point po, and the functions A(u,v), u(u,v), v(u,v) are
the geometric functions of M?. Furthermore, (u,v) are canonical parameters of M>.

So, by introducing canonical parameters on a surface with parallel normalized mean curvature vector
field we manage to reduce up to three the number of functions and the number of partial differential
equations which determine the surface up to a motion.

Our approach to the study of surfaces with parallel normalized mean curvature vector field can be
applied also to spacelike surfaces in the Minkowski space ;.

4. Canonical parameters on spacelike surfaces with parallel normalized mean curvature vector field in
]E4
1

Analogously to the theory of surfaces in the Euclidean space E* we developed an invariant local theory
of spacelike surfaces in the Minkowski space [Ej [10]. We introduced principal lines and a geometrically
determined moving frame field at each point of a spacelike surface. Writing derivative formulas of Frenet-
type for this frame field, we obtained eight geometric functions and proved a fundamental existence and
uniqueness theorem, stating that any spacelike surface whose mean curvature vector at any point is a
non-zero spacelike vector or a timelike vector is determined up to a motion in [E} by its eight geometric
functions satisfying some natural conditions [10].

Similarly to the Euclidean case, we can introduce canonical parameters for the class of spacelike surfaces
with parallel normalized mean curvature vector field in [E]. The canonical parameters are special isothermal
parameters satisfying the conditions

1 .
|, v)|

Analogously to the proof of Theorem 3.3, we get the following result.

E(u,v) = G(u,v) = F(u,v) =0.
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Theorem 4.1. Each spacelike surface with parallel normalized mean curvature vector field in B} locally admits
canonical parameters.

The fundamental existence and uniqueness theorem in terms of canonical parameters for the class of
spacelike surfaces with parallel normalized mean curvature vector field states as follows.

Theorem 4.2. Let A(u,v), u(u,v) and v(u,v) be smooth functions, defined in a domain D, D C R?, and satisfying
the conditions

u#0, v#const

Vi = Ay — Aln|ul)o;

Vo = Ay — A(In|ul)y; )
e(? = A2+ p2) = HulAlnfyl, &= =+1.

If {x0, yo, bo, lo} is an orthonormal frame at a point py € ]E‘l1 (with {by,byy = ¢€; (ly,lg) = —&), then there exist a
subdomain Dy C D and a unique spacelike surface M? : z = z(u,v), (u,v) € Dy with parallel normalized mean
curvature vector field, whose mean curvature vector at any point is spacelike (resp. timelike) in the case € = 1 (resp.
& = —1). Moreover, M? passes through po, {xo, Yo, bo, lo} is the geometric frame of M? at the point po, and the
functions A(u,v), u(u,v), v(u,v) are the geometric functions of M?. Furthermore, (u,v) are canonical parameters of
M2,

5. Examples

In [9] we constructed a special class of surfaces which are one-parameter systems of meridians of a
rotational hypersurface in [E* and called them meridian surfaces. Each meridian surface M is determined
by a meridian curve m of a rotational hypersurface in E* and a smooth curve ¢ lying on the unit 2-
dimensional sphere $*(1) in a 3-dimensional Euclidean subspace E*> c E*. All invariants of the meridian
surface M are expressed by the curvature x,,(1) of the meridian curve m and the spherical curvature x(v)
of the curve c on $%(1). We classified the meridian surfaces with constant Gauss curvature and the meridian
surfaces with constant mean curvature. In [11] we gave the complete classification of Chen meridian
surfaces and meridian surfaces with parallel normalized mean curvature vector field. Meridian surfaces
in the Minkowski space lE‘ll are studied in [12] and [13]. Since in IE‘lL there are three types of rotational
hypersurfaces, namely rotational hypersurface with timelike, spacelike, or lightlike axis, we distinguish
three types of meridian surfaces — elliptic, hyperbolic, and parabolic. We found all meridian surfaces of
elliptic, hyperbolic, or parabolic type with parallel normalized mean curvature vector field. The geometric
functions A(u,v), u(u,v), v(u,v) of a meridian surface with parallel normalized mean curvature vector
field parametrized by canonical parameters (u,v) in E* (resp. [E) give a solution to the system of partial
differential equations (8) (resp. (9)).

5.1. A solution to the system of PDEs describing the surfaces with parallel normalized mean curvature vector field in
]E4

Let Oe;ezeses be the standard orthonormal frame in E*. Let

fu)= Vu2+2u+5; gu)=2In(u+1+ Vu?+2u+5)

and consider the rotational hypersurface M> obtained by the rotation of the meridian curve m : u —
(f(u), g(u)) about the Oey-axis, which is parametrized as follows:

M : Z(u,w', w?) = f(u) cosw' cosw?e; + f(u) cosw' sinw?e, + f(u)sinw'e; + g(u)ey.
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If we denote by l(w',w?) = cosw! cosw?e; + cosw! sinw?e; + sinw! e3 the unit position vector of the 2-

dimensional sphere S%(1) lying in B’ = spanfes, e, €3} and centered at the origin O, then the parametrization
of M? is written shortly as
M Z(u,wt, w?) = f(u) I(w', w?) + g(u)es.

If w' = w'(v), w? = w?(), ve ] ] CR, thenc:I=I10v) = (w(v),w*(v)), v € ] is a smooth curve on the
sphere S?(1). We consider the two-dimensional surface M defined by:

M:z(u,v) = fu)l(v) + g(u)es, uelvel

It is a one-parameter system of meridians of the rotational hypersurface M>. We call M a meridian surface
on M.

According to a result in [11], for an arbitrary spherical curve ¢ : [ = I(v) on S*(1) with spherical curvature
u(v) # 0, the corresponding meridian surface M is a surface with parallel normalized mean curvature
vector field but non-parallel mean curvature vector field. The geometric functions A, y, v of the meridian
surface M with respect to the parameters (1, v) are:

«(v)
AMu,v) = —F/———;
o 2Vu? +2u+5
2
M) = s o
v, 0) =~

2VIZ 1 2u+5

The mean curvature vector field is:
x(v)

H=——2
2Vu? +2u+5

where Hyj is a unit vector field in the direction of H. Since (H,H) # const, M is a surface with parallel
normalized mean curvature vector but non-parallel H.

It is important to note that the parameters (1, v) coming from the parametrization of the meridian curve
m are not canonical parameters of the meridian surface M. But if we change the parameters as follows

d=In(u+1+ Vu2+2u+5)+v;
o=-In(u+1+ Vu?2+2u+5)+0,

Hy,

then we get canonical parameters (i, 7) of M. Hence, changing the parameters (1, v) with (i, ), we obtain
that the functions A(u(i1, 9), v(i1, 9)), u(u(i, v),v(i, 9)), and v(u(i, 0), v(i, 0)), given by (10) give a solution to
the following system of PDEs:

vz = A — AIn|ul)s;
ve = Ag — A(n|ul)a; (11)
V2 — (A% + p?) = HulAIn|yl.

One can see also by a direct computation that the functions given by (10) satisfy the equalities in system
(11).

5.2. A solution to the system of PDEs describing the spacelike surfaces with parallel normalized mean curvature
vector field in ]

Solutions to system (9) can be found in the class of the meridian surfaces in the Minkowski 4-space. In
IE] there exist three types of spacelike meridian surfaces and all of them give solutions to the corresponding
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system of PDEs. Bellow we present a solution obtained from the class of the meridian surfaces lying on a
rotational hypersurface with lightlike axis, since it is the most interesting rotation in IE].
Let Oeqepe3e4 be the standard orthonormal frame in lE‘ll, ie. {e1,e1) = {ep,e2) = {e3,e3) = 1;{e4,e4) = —1.
Let
2 :
fw)y=vYu+1, gu)= —g(u +1)7, ue(-1;+c)

and consider the rotational hypersurface with lightlike axis parametrized as follows:

("
2

2
+ 9(“)) &1+ f(u) &,

Z(u, wt, w?) = f(u) w' cosw? ey + fu) w! sinw? e, + (f(u)

e3 + ey &= —e3 + ey
V2’ V2

I(w'(v), w?(v)), v € ], ] € R with curvature x(v) # 0 lying on the paraboloid

where &1 = According to a result in [13], for an arbitrary curve ¢ : [ = [(v) =

w12

2

&1+ &,

P2 I(w', w?) = w' cosw? ey + w' sinw? e, +
the corresponding meridian surface parametrized by
M z(u,v) = f(u)l(v) + g(w)éq

is a surface with parallel normalized mean curvature vector field (and non-parallel H). Indeed, the geometric
functions A(u, v), p(u, v), v(u, v) of the meridian surface M’ with respect to the parameters (1, v) look like:

#(v)
A, v) = ———;
(w0) 2Vu+1
p— 1 .
[.1(1/1, ZJ) = —m, (12)
v(u,v) = x(©)

2Vu+1

The mean curvature vector field is
G

C2Vu+1

where Hy is a unit vector field in the direction of H. In this example, Hy is a spacelike vector at each point,

and hence the solution corresponds to the case ¢ = 1 in system (9).
Again, the parameters (1, v) coming from the parametrization of the meridian curve m are not canonical
parameters of the meridian surface M'”’. But if we change the parameters as follows:

Hy,

then we obtain canonical parameters (i, 7) of the meridian surface. Hence, the functions A(u(i, 9), v(i, 7)),
u(u(i, 9),v(i, 0)), and v(u(i, 0), v(i1, 0)), defined by (12) give a solution to the following system of PDEs:

Vi =As— /\(lnlyl)@;
vy = Ag — An|p))z; (13)
12 —-A% + yz = %LuIAlnlyl.
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It can be seen also by a direct computation that the functions defined by (12), satisfy the equalities in
system (13).

This is the system of PDEs describing the spacelike surfaces with parallel normalized mean curvature
vector field in the Minkowski space [E{ in the case ¢ = 1. Bellow we present shortly a solution to the same
system in the case ¢ = —1.

Let f(u) = Vu?2+2u+5; g(u) =2In(u +1+ Vu? +2u +5) and consider the rotational hypersurface in
[E] parametrized by

Z(u,w', w?) = gu)er + f(u) (cosh w' cos w?e, + cosh w' sinw?e; + sinh wle4).

According to a result in [12], for an arbitrary curve ¢ : | = I(v) = [(w!(v), w*(v)), v € | with non-vanishing
curvature #(v) lying on the de Sitter space

S%(l) l(w!, w?) = coshw! cosw? e, + coshw! sinw? e3 + sinhw' ey,
the corresponding meridian surface
M7 z(u,v) = g(u)er + f(u)l(v)

is a surface with parallel normalized mean curvature vector field but non-parallel H. The geometric
functions A, u, v of M” with respect to the parameters (1, v) are:

#(v)
AMu,v) = ——————;
4r) 2Vu?2 +2u+5
2
) = s (14
v(u,v) = *(©)

2ViZ +2u+5
Changing the parameters by

d=In(u+1+ Vu?+2u+5)+v;
o=—In(u+1+ Vu2+2u+5)+v,

we get that the functions A(u(i1, 9), v(#, 0)), u(u(i, ), v(i, 9)), v(u(i, 7), v(i, 0)), defined by (14), give a solution
to the system

Vg = Ay — /\(lnlyl)z—,;
ve = A — A |ul)z;
—(? =A%+ p?) = HulAIn |ul.
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