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Second Type Almost Geodesic Mappings of Special Class and Their
Invariants

Nenad O. Vesié?, Mic¢a S. Stankovié®

?Department of Mathematics, Faculty of Sciences and Mathematics, Nis

Abstract. Invariants of almost geodesic mappings of a generalized Riemannian space are discussed in this
paper. As a special case, invariants of equitorsion almost geodesic mappings of this type are discussed in
here.

1. Introduction and preliminaries

Geodesic lines and their generalizations are important for applications of differential geometry in

physics. A diffeomorphism f : Ry — Ry of Riemannian spaces Ry and Ry endowed with symmetric
metric tensor g;; is called the almost geodesic mapping if it maps any geodesic line of the space Ry into an

almost geodesic line of the space Ry. Sinyukov involved this concept of research for the mappings between
affine connected spaces without torsion (see [16]). J. Mikes [1, 7-9] significantly contributed to the study of
geodesic and almost geodesic mappings of affine connected, Riemannian and Einstein spaces. Invariants
of almost geodesic mappings of a generalized Riemannian space will be searched in this paper. The almost
geodesic mappings of generalized Riemannian spaces and of spaces with non-symmetric affine connection
as well are discussed in [17-20, 25, 26].

An N-dimensional manifold endowed with metric tensor g;; non-symmetric in indices i and j is the
generalized Riemannian space GRy in the sense of Eisenhart definition [3-5].

Because of the non-symmetry g;; # g;;, the symmetric and anti-symmetric part of metric tensor g are
defined as

1 1
9ii = 5(gij + 95)) - and - gij = 5(g5 = 9. 1)

We assume that is det[g;;] # 0. Tensor gﬁ is determined by the condition g, g“l = 6{ where (5{ is a Cronecker’s
symbol. Affine connection coefficients of the space GRy are generalized Christoffel symbols Fj.k of this space
defined as

1.
1—‘ljk = Egﬂ(g]'a,k - gjk,a + gak,j)/ (2)

2010 Mathematics Subject Classification. Primary 53B05; Secondary 53A55, 35R01

Keywords. generalized Riemannian space, almost geodesic mapping, property of reciprocity, invariant, Thomas projective param-
eter, Weyl projective tensor

Received: 01 October 2018; Accepted: 16 October 2018

Communicated by Ljubica S. Velimirovié¢

Research supported by Serbian Ministry of Education, Science and Technological Development, Grant No. 174012

Email addresses: vesko1985@mf.ni.ac.rs (Nenad O. Vesi¢), stmica@nts.rs (Mica S. Stankovic)



N. O. Vesi¢, M. S. Stankovié / Filomat 33:4 (2019), 1201-1208 1202

for partial derivation d/dx* denoted by comma. These coefficients are non-symmetric by indices j and k.
For this reason, their symmetric and anti-symmetric parts are:

1. ,
(rl +T}) and Tj = o(Tj ~T}). 3)

The symmetric parts F;k are the affine connection coefficients of the associated Riemannian space Ry [10, 11].

The anti-symmetric pa;t Fj,k of the Christoffel symbol F;.k is the torsion tensor of the space GRy. It also holds

= %(m |g|)/i and T, =0. 4)

One kind of covariant derivation with regard to the affine connection of associated space Ry is defined as
(see [7-9, 16]). For example, for the tensor a}, we have

a}lk a +F’ka —F]ka )

Unlike the affine connection of a non-symmetric affine connection spaces, one may discover four kinds of
affine connection of a generalized Riemannian space GRy. With regard to these kinds of affine connection,
S. M. Minc¢i¢ obtained twelve curvature tensors [10, 11]

K. =R ul

[es l [es l (03 l
jmn mm ]m‘n +ol¢ T8 +o'T¢T  +wl® T

+u r]n|m ]m an ]n am i a]’ (6)

for real constants u, u’,v,v’, w and

R =T —Ti  +I%TI, ~T¢r 7)

jmn jmn jnm jm=an jn= jm

Many books and research papers are dedicated to the study of spaces with torsion, generalized Rie-
mannian spaces and mappings between them [2-6, 10-15, 17-25, 27-30]. The aim of this paper is to obtain
invariants of special almost geodesic mappings of the second type.

2. Invariants of second type almost geodesic mappings

A mapping f : GRy — GRy determined with the equations

T = T + 16} + ) + 2Fioy + 2Fj0; + &, ®)

l l
F;|k+Fk|]

+ 2F,Floy + 2F, Flo; + 2& .0y + 2&},0; = wiF} + wiF; + v;6) + o), ©)
p = 1,2, for 1-forms ¢;, 0}, uj, vj, affinor structure Fi and the tensor Ei.k anti-symmetric in indices j and k is
called the almost geodesic mapping of the second type and the p-th kind.

Second type almost geodesic mapping satisfies the property of reciprocity if it preserves the affinor
structure Fi and the corresponding inverse mapping f~! is the second type almost geodesic mapping of
the p-th kmd This mapping satisfies the property of reciprocity if and only if F, F = 66’ e = +1,0. These
mappings are elements of the class 7];(2(8).
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2.1. Generalized Thomas projective parameter

Let us consider an almost geodesic mapping f : GRy — GRy of a type 71;(¢) determined by the affinor
2
Fj = 36"
We have that is

r’ =F

i
jik -F

Kj 2!71'&!7]}\a~ (10)

From this equation, one obtains that is

o o_o=i o i
rfl‘ FJZ‘ T ok (11)
p=1,...,4, for
(1))k = F;kl:] rl iFe = ‘9 gfklar (12)
— (5% F% + (N + 1)eo)) - 61(1"’5 F{ + (N + 1)eoy))
@ T N+ 1 VK ap J k 13
. . 1 . 1 )
+ (F{FS - F',Fg)aa = 59"k~ Y11 ———(Fi(Ts, + 0uF) - Fi(T, + 0aF)),
i i B e
(g);.k = e 0j - No 16’ (F Fi+ eak>
. (14)
+ 0 FS + F?F;("oa - Egﬂgjk,a L (r“ +0aF?),
i i(TB )
(4)},( —ed 0k + 6 (l"aﬁlfﬁY + ea])
(15)
~ Ty - F;F‘;aa -5 ggg]ya T 11?1 (re, + ouFy).
Moreover, it holds
Ti i _ =i _ i
r]k 1"K = (%jk (%jk, (16)
g=1,2, for
= rl 17
(1)Jk (17)
= —Floy - Fjo; + 51(ra + Fiog) + ! 6f(ra + Flog) (18)
(z)fk e k’le N+1 Kt iter

Lemma 2.1. [27] Let f : GRy — GRy be an almost geodesic mapping of a type ?(e),t = 1,2 determined with

=1 1gia g]a The geometrical objects

frl =T —@l, 7. =T —@i — ¢l FL =TL — ¢l 19
@R @k T kT Gk g kT T gk 19)

are invariants of the mapping f. O
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2.2. Generalized Weyl projective tensor
We have that is

(p/mi

) —i )
=T, — Tk .
(P)]mln ]Crzlln (P)]m”n ]vm‘n (P)]mln

_ =i a _ —a g —a a i G-a a i aTa

= T Tt —wl T — - T
e @ " @ e @ e @ )" " G

1 1
=C -
(q)lmn (q)] m
) (2]

forg = (qquzr%)r%,ﬂ]z,% €{1,2} and

wt, TS — 0wl T @ 5T
@M @ " @™ e

]mn -

@
()

From this equation, we get it holds the following equation

—i

T =I +7Ti +Zi' - _Ci' )
= i gy gy gy g

® @)

From the equality T“ T’ =7 “m‘T ! 1» we obtain that is
eV e )" e

T°T =117 + @ — @

]m an ]m an

T g
@" @"
for
i _ T i i a a i
(qz)jmn - ro(qE)tm + Favn(l;li)jm (ql)]‘m(;—z)an

@
It is obtained [27] that the geometrical objects
Wi = n+w and W. =R}

i
jmn @)imn ]mn @) jmn’

@) ]mn ]m
for
i — (~.i i\ _ (.~ .ri i
’(iél)/jmn = (a]Fm + aij)ln (0]1-"” + anF].)lm
1 p B ra b p
+ NI o ((N+1)(T ]a‘m+an;f‘|m—F%(a]-F‘,fl+0mF§‘))+T;’ixl"ml3+1”F op+ TP op)
I p p § f
_ (N+1)26’m((N+1)( SO, T %(ojpgmnp?))wfarnﬁ+r7aF op+Th,Flo
1 .
- N + 16;(rma|n IVn)(ozlm + O“(Pmln Flnllm))
i i i\ _ (-1l i
}/Z\{]mn = (o]Fm + Gme)ln (a]Fn + G"Fj)‘m
! 5 (R e F F§ - o,F 51 ¢ —F®
N1 ”( jm +(07 m T Om j)la ~ Jamtj = a Jlm) Nz n(Ej = Fy)0a
1 .
-1 15;1(12,.,1 +(0jF% + a,,F;')la — GaFY aaF;jn) NZ 5’ w(E5, = F3)0a

N 1(5](004”F + 0, F* il — OomFy — F;‘m)

/)
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(26)

(27)
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are invariants of an almost geodesic mapping f : GRy — GRy of a type 7}2(6),1‘ = 1,2 determined by afinor

2F; = .’7@!71'3-

Theorem 2.2. Let f : GRy — GRy be an almost geodesic mapping of a type ?z(e),t = 1,2 determined by affinor

2F§. = g"ﬂgjg. The families of geometrical objects

i i

wi o =K -yl Tl o+
@) (p).(q).jmn jmn Q) jmn ((pl)jmln (qCT)}mn
()
_ i ey _
iy =Y
@) @) @)
wioo =KL+ W +Ch )=
@) (p).(q).jmn mn = o) jmn ((pl)]mln (qcl)]mn) (
()
_ i v i i
v (54)) jmn (E;)) jnm (qs)mn i’
@) @) @)

are families of invariants of the mapping f.

Proof. We have that is

—i
Kin = K + (R= R, +
+ v(f?mfi;vn - r;*mrgvn) +0 (f;.*nf; - r;;rjm

From the equalities "W]mn =W,  and W'

(2) jmn
that is
Ari _ i
Woraim = Worgm a0 W g

which proves this theorem. O

)= (s

(2)jmn -

(0

1
(qC ]mn)
) (28)
C 1
Z)Jn\m @ )Jmn)
2
() (29)

(régn\\n B 1q;mln) + ”,(fj‘yum - r;'ylm)

)+ (T3, T = Tl ).

Wi
(2) ]mn

such as the equations (22, 23) as well, we obtain

— Wi
= Dora.jm
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Corollary 2.3. The invariants (26, 27, 28, 29) satisfy the following equations
7:)1]'mln - C ;'mn) - u/(Tl

i — awi i i
?;{<p>.<q>.fmn-?§{jmn+”( o)l C )

(4 @" (& @)
1 2
| ¥ ) ' ' (30)
(r7m Ty = @;mn) +0 (ra Ty = @;nm) + w(rf;vnr; . (%;m )
(q3) (qs) @)
i _ Wi i T i i _og-i i
((‘;)/(p).(q).jmn = }’,ijn + ((‘24)/]#171 () imn + ”((Z:)jmm (qcl)jmn) u ((Z;)jmm (qcz)jmn)
1 2
| " ('rl ) @31)
+ (T = @)+ (Tl = @) + (T Tl ~ O
(q3) (q ) @)
i _ i i _ A i i i i
g\{(p).(q).jmn - ((‘24)/jmn + E/z\)’jmn ((‘g)/jmn + u((z:)jmm ([%)jmn) (077;)] |m (Cz)]mn)
1 2
| ") ®) (32)
+ (T Lap = Q) + @' (T = ©n) + (Tl = Oy)
(q3) (q 5) (q 7)
W o = W (70 = = (70, = T
@) (p).(q).jmn (@)Jmn (pl)]m\ @ )jmn (pz)]nlm @ 2)]m”
®" (9]
e l—-i @1 '(Te l—-i @1 ™ 1—'1 @1 (33)
+ 95 L = ) + /(g = ©) + (T = ©1)
(q*) (qs) (q7)
for the above deﬁned W ]mn, ‘(l;i)/]mn

Corollary 2.4. Let f : GRy — GRy be an equitorsion almost geodesic mapping of a type 7}2(6), t =1,2, determined
with the affinor ZF; = g9, The families of geometrical objects

i _ o i
0 ©
i _ T
Sar.jm = K “’\)’Jmn & W C,nmf o)
® ©

forqg = (@', = (@}, 90, (@, 42, 42)) and

Cz — a)i e — arz —w® rz ,
@’ @™ (qz) (q e
(0)

are families of invariants of the mapping f. O
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Corollary 2.5. The invariants (26, 27, 34, 35) satisfy the following equations

i _ i i i i
Sy jmn = Wimn u(rjmln (qC)]m,,) (T jrim (Cz)mm)
0) (0) (36)
+ole T 4+ o'TeT 4wl T

]m aﬂ ]n am mn a]

i _ A\ i AT i i i i
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]m an ]n am mn a]’

E i = Wi+ WL Y T — Ch) +2/(T0, = O
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i _ AL i _ i i i
(%(q).(Z).]'mn - E/Z\)/jmn + u<r]m\n (qcl)jmn) +u (r]n\m (C)]nm)

©) ©) (39)
+ vl"‘]"ml";n + U'F‘]"nl";m + wl"ﬁml"; g
for the above deﬁned Wi d
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