Filomat 33:4 (2019), 1047-1052
https://doi.org/10.2298/FIL1904047P

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Equitorsion Holomorphically Projective Mappings of Generalized
m-parabolic Kiahler Manifolds

Milo§ Z. Petrovié?, Patrik PeskaP

?Department of Mathematics, Faculty of Sciences and Mathematics, ViSegradska 33, 18000 Nis, Serbia
YDepartment of Algebra and Geometry, Faculty of Science, 17. listopadu 12, 779 00 Olomouc, Czech Republic

Abstract. We investigate equitorsion holomorphically projective mappings of generalized m-parabolic
Kéhler manifolds and provide some necessary and sufficient conditions for the existence of these mappings
in form of linear PDE-systems. Also, we find an invariant geometric object with respect to a holomorphi-
cally projective mapping of generalized m-parabolic Kdhler manifolds which is analogous to the Thomas
projective parameter.

1. Introduction and preliminaries

Many results on holomorphically projective (HP) mappings of parabolically-Kahlerian spaces were
obtained by J. Mike$, M. Shiha, P. Peska, H. Chuda [1, 5-9, 16, 22-25]. These results and many other related
results are included in two excellent monographs [6, 8]. In this paper we consider manifolds endowed
with a non-symmetric metric and a non-symmetric linear connection. Importance of investigation of these
manifolds comes from non-symmetric gravitational theory [2—4, 15]. Geometric aspects of manifolds with
non-symmetric linear connection were thoroughly studied by M. Prvanovi¢ and S.M. Min¢¢ [10-14, 21, 26].
Further, generalized elliptic, hyperbolic and parabolic Kdhlerian spaces were developed in [14, 17-20, 26].
Recently, generalized m-parabolic Kdhler manifolds were defined in [18]. We will transform necessary
and sufficient conditions for the existence of equitorsion HP mappings of generalized m-parabolic Kidhler
manifolds from the paper [18] into linear PDE-systems.

Definition 1.1. [18] A generalized Riemannian manifold (M, g) of even dimension n (n > 2) is said to be a gener-
alized m-parabolic Kahler manifold if there exists a tensor field F on M of type (1,1) such that rank(F) = m < &
and the following conditions hold

F? =0,
9(X, FX) =0,
VF =0,
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where V denotes the Levi-Civita connection corresponding to the symmetric part g of the metric g and X is an arbitrary

tangent vector field on M. In the case when rank(F) = m = 5 the manifold (M, g) is called a generalized parabolic
Kéhler manifold.

2. Equitorsion HP mappings of generalized m-parabolic Kihler manifolds

A diffeomorphism f : M — M of generalized m-parabolic Kihler manifolds (M, g, F) and (]\_/I, g, 1_3) is
said to be an equitorsion HP mapping if it preserves holomorphically planar curves and the torsion tensor
[18, 20, 26]. In this section we give necessary and sufficient conditions for the existence of an equitorsion
HP mapping in terms of the symmetric part g of the metric g and the covariant derivatives of the first and

second kind with respect to (w.r.t.) the metric g.

Proposition 2.1. A necessary and sufficient condition for the existence of an equitorsion HP mapping f : M — M
of generalized m-parabolic Kihler manifolds M and M is given by

P(X,Y) = p(OY + P(X + 9(OFY + p(Y)FX,

where @ is a linear form, V is a gradient-like form such that Y(X) = @(FX).

Corollary 2.1. A generalized m-parabolic Kiihler manifold M with a metric g admits an equitorsion HP mapping

onto a generalized m-parabolic Kihler manifold M with a metric g if and only if
(Vz9)(X,Y) =29(2)g(X, ¥) + p(X)g(Y, Z) + p(X)g(Y, FZ)
) s o ) (1)
+Yp(Ng(X, 2) + o(V)g(X, FZ),

where 1 € {1,2}, g denotes the symmetric part of the metric g, ¢ is a linear form, 1\ is a gradient-like form such that
Y(X) = p(FX).
Remark 2.1. The condition (1) is equivalent with the condition [8]
(VZD(X, V) =20@)F(X, Y) + YOO, Z) + 9(X)F(Y, F2)
+ YT, Z) + p(NFX, F2),

where V is the symmetric part of the non-symmetric linear connections V, u € {1,2}.
u

2.1. Linear PDE-systems for the existence of an equitorsion HP mapping of generalized m-parabolic Kihler spaces

Following the idea of M. Shiha and ]J. Mike$ [23] we transform the non-linear systems (1) into linear
PDE-systems in covariant derivatives of the first and second kind.

Theorem 2.1. A necessary and sufficient condition for the existence of an equitorsion HP mapping f : M — M of
generalized m-parabolic Kihler manifolds M and M is given by

(Vza)(X, Y) =A(X)g(Y, 2) + A(V)g(X, Z)
2
+ 0(X)g(FY, 2) + 0N)g(FX, Z), € {1,2), @

or in local form

Ykﬂ,']' :Ajgﬁ + /\]’g& + GigﬁF? + ngﬁlsf, u € {1,2},

where

aij = G pgy,  Ni = OpF;, 0i = G ipp.
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Remark 2.2. The condition (2) is equivalent with the condition [8]

(V20)(X,Y) =29(Z)G(X, Y) + Y(X)F(Y, 2) + p(X)7(Y, FZ)

+YNFX, Z) + p(NFX, F2),

which in local coordinates reads

Viaij =Aigji + Ajgix + OigpiF + 0jg,cF;,
where

aij = G gy, Ai = OpF;, 0i = G ipp.
Here V denotes the symmetric part of the non-symmetric linear connections Y, u € {1,2}.
2.2. Relations between curvature tensors with respect to an equitorsion HP mapping

On generalized parabolic Kdhler manifolds one can define five linearly independent curvature tensors
[13]:

IS(X/ Y)Z :YXYYZ - YYYXZ - Y[X,Y]Zr p=12,

1§(X/ Y)Z =¥XYYZ - YYYXZ + YYyXZ - YYXYZr

BX 02 33107 Yo+ ? - Vg Z

R(X,V)Z =3 (VxVoZ = V3VxZ + 5T Z - Yy VxZ
+VixZ + Y[Y,X]Z)-

Corollary 2.2. Let f : M — M be an equitorsion HP mapping and let R and R are v-kind (v = 1,...,5) curvature
v v

tensors of the generalized m-parabolic Kihler manifolds M and M, respectively. Then the following relations are valid
g(x, V)Z =R(X,)Z = P(Z, V)X + P(Z, X)Y - (Z, VIFX
+P(Z, X)FY + (p(Y, X) — 9(X, V))FZ,
R(X,Y)Z =R(X,Y)Z = p(Z, V)X + $(Z, X)Y ~ p(Z, Y)FX
+@(Z, X)FY + (p(Y, X) - 9(X, Y))FZ,
R(X,NZ =R(X, )Z = Y(Z, )X+ Y(Z,X)Y = p(Z,\)FX
+P(Z, X)FY + (p(Y, X) - 9(X, V))FZ,
14?(X, Y)Z =143(X, YZ - Y(Z, V)X +P(Z, X)Y — p(Z, Y)FX
+9(Z, X)FY + (p(Y, X) - 9(X, V))FZ,
I;(X, Y)Z :1§(X, YZ - Y(Z, V)X +P(Z, X)Y — p(Z, Y)FX
+9(Z, X)FY + (p(Y, X) - p(X, V))FZ,
where (X, Y) is defined by
PX,Y) =Vyp(X) = P(X)p(Y) = p(X)9(Y),
and Y(X,Y) is defined by
PXY) = p(FX,Y) = Vy(X) = p(X)i(Y).
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3. An invariant geometric object of HP mappings of generalized m-parabolic Kdhler manifolds

A necessary and sufficient condition for the existence of a HP mapping f : M — M between generalized
m-parabolic Kdhler manifolds M and M is given by [18]

Th h I h h
1",,], = 1"1.]. + I,D(,‘(Sjl) + (P(iFj) + éij/ (3)

where ¢; is a covector, ; = (ppr, and v; is a gradient, i.e., there exists a function ¢ such that 1; = %, and
é?l. is an anti-symmetric tensor field of type (1,2) determined by

=50 11)

It is not difficult to prove (see for instance equation (3.16) in [17])

1
éfp - E(?fp - ?Zﬂ) =0.

Now, by contracting relation (3) on the indices & and j one obtains

i = L(1:27 B FZ?)’ @

n+2

and by applying the Voss-Weyl formula in the last relation we get

o
lPi - ﬁ/

where the function v is defined by

1 detg
V= 2(n+2) ln(detg)'

Substituting (4) into (3) we get

—h
Gij = Gjj + @uFy + &, (5)
where
1 1
h _1h _ P sh _ P sh
G =T = 2% ~ a2l

— =
and G,; is defined in the same manner in the space (M, g, F).
Let us suppose that there exists the bivector eim, which satisfies

Fssqnp =1, (6)
and

&€y = 0. (7)

This bivector is independent of HP mappings of generalized m-parabolic Kahler spaces (M, g, F) and (M, 7, F),
see [9].



M. Z. Petrovi¢, P. Peska / Filomat 33:4 (2019), 1047-1052 1051
By contracting (5) with €'e/n;, we get
ppe’ = %(agreqe’np - GZ,eqernp)
and contracting (5) with e/n), we obtain
Qi = Efqeq np — %Ezreqe’np}"fns - (queqnp - %Gﬁreqernplfins). (8)
Plugging (8) into (5) we get
Ty=7},

where the geometric object ‘7“1’]1 is defined by

1 1
ho_ rh Posh _ P och
T =T n+ 2rfl’6i n+ Zripéf
1
- (G?qeqn,, - EGgreqerWF;TTS)FI; ©)

1 r ] h
- (G’? ey, — EGZ,(—:”(—: T]ijTTS)F]'

—h .
and the geometric object 7;; is defined in the same manner in the space (M, g, F). Thus we can state the
result which is similar to the main result from [9].

Theorem 3.1. Let (M, g, F) and (M, §, F) be generalized m-parabolic Kihler spaces of dimension n > 2 and f : M —
M be a HP mapping. If there exists a bivector e'ny, which satisfies (6) and (7), then the geometric object 7'1’]7 determined
by (9) is invariant w.r.t. the mapping f.

As a direct consequence of Theorem 3.1 we have obtained the same result for an equitorsion HP mapping
between two generalized m-parabolic Kédhler spaces.

Corollary 3.1. Let (M, g, F) and (M, g, F) be generalized m-parabolic Kihler spaces of dimension n > 2 and f : M —
M be an equitorsion HP mapping. If there exists a bivector &'ny, which satisfies condition (6), then the geometric object
7”5’ determined by (9) is invariant w.r.t. the mapping f.

Proof. In the case of an equitorsion HP mapping f : M — M of generalized m-parabolic Kihler spaces
(M, g,F) and (M, g, F) the anti-symmetric tensor EZ. from the basic equations (3) identically vanishes, so the
condition (7) is fulfilled and consequently the proof directly follows from Theorem 3.1. [

Remark 3.1. We should note that in (9) generalized Christoffel symbols appeared, so the geometric object 7'1}]1 given
by (9) is more general than the corresponding geometric object that was found in [9].
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