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Abstract. In this paper we define the g-Laguerre type polynomials U,(x, y, z; q), which include g-Laguerre
polynomials, generalized Stieltjes-Wigert polynomials, little g-Laguerre polynomials and g-Hermite poly-
nomials as special cases. We also establish a generalized g-differential operator, with which we build
the relations between analytic functions and U, (x, y, z;q) by using certain g-partial differential equations.
Therefore, the corresponding conclusions about g-Laguerre polynomials, little g-Laguerre polynomials and
g-Hermite polynomials are gained as corollaries. As applications, some generating functions and general-
ized Andrews-Askey integral formulas are given in the final section.

1. Introduction

The explicit form of g-Laguerre polynomials are
K2 +ka

a+1. n
@ ) = @ [] PN k 1
n (59) (@ D ,;‘ v @t @

g-Laguerre polynomials are a family of basic hypergeometric orthogonal polynomials in the basic Askey
scheme [24, 33]. More detailed researches can be found in the papers [6, 14, 15, 17, 18, 22-25, 32, 33].
The little g-Laguerre (or Wall) polynomials are

; g @y [ ] O QD
n\X, d; = 71,0;[1 ;9,9X) = —F/———~— 1 () x" k/ai 1/ 2/”'/ 2
pale30) = 26147 0089, %) = - ;1 VO g9 2)
where ,¢; are the basic hypergeometric series [19, Eq. (1.2.22)] defined by

a1,112,..., - a1,a2,...,a,;q)n " (,l) 1+s—r
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which if 0 < |g| < 1, converges absolutely for all zif ¥ < s and for |z| < 1if r =5 + 1.
The g-Hahn (or Al-Salam-Carlitz [4]) polynomials [2, 12] are defined by

V) = Z[’,Z] By and Y} (z4) = Z[Z] g g gt (4)
k=0 L' g k=0 L g
In [9], Cao introduced a generalized version of (4):
ab,c = [ (@ Pr(b; 9k k. n—k
oy ) = [ ] — ey (5)
; k q (C/ Q)k
and
(@be) N < PRI L (ﬂ}ﬂ)k(b}Q)k ke (%51) e, ek
¢ (x,y,m—kzzo,( ) [kL S A ®)

For nonzero series c; that are independent of 1, we define a class of generalized g-Laguerre type
polynomials

U,(x,v,z9) = -1k n] ’”k_’(kgl)(aq;—q)"x”_k nkk o yeRa#qg g2, 7
ey %30) kZ:O‘( : k[qu @ s 7 7 7
particularly, we choose
,d)(n, d
Ck = Cl)kA(IZ{)(ﬁ(y)k#/ w, /\/ﬁ/ ny, d/h € C/ V4 * 1/ h_lrh_Zr ttty (8)

in the rest of the paper. Many konwn polynomials, such as the little g-Laguerre polynomials, g-Hahn
polynomials, g-Laguerre polynomials and generalized Stieltjes-Wigert polynomials are special cases of (7).

In fact, taking 7 = 0 and ¢ = q(g) in (7) yields generalized little g-Laguerre polynomials

Pox,y,z9) = Y (~1)q0) [”] Mxn—k nkk .
o ;‘)( VUK gt Y ©)
It is clear that
(—1)”q_(2)
n\X, 4, = —pn X, ]., 1, .
o ma) = e T 9

Choosing r = 0 and ¢ = (=1)k(b; q)x in (7), we get generalized g-Hahn polynomials

D (, vz =Y Bk [n] (ag; q)n PRy, (10)
kz_:g k|, @q; @)u-r

which become (p,(f)(z; q) in (4) by letting 2 = 0 and x = y = 1 in (10).
Set r = —1 and ¢ = (-1)%¢() (ag'¥; )y in (7) to get

a = [n - - (aq; @)n ek n—
W, y,z;4) = Z[k] 7 g g ! ;7 Xy, (11)
k=0 q q;9)n—k

Obviously, polynomials (11) reduce to gbff) (z;9) in (4) by lettinga = 0 and x = y = 1 in (11).
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Taking r = =2 and ¢ = (bg) " in (7), we get generalized g-Laguerre polynomials

a - 2 _2nky,— (@g; g)n n—k n—
L9, y,z:9) = Y (=1 k[Z] ’ 1 ;’ X kyrk, (12)
k=0 g\ Pnk

Seta=b=¢g"and y =z = 1in (12) to get

@D )
LW (x;q) = —— LT (x,1,1;9).
(x;9) @D ( 1)

Setb = y/gand y = z = 1in (12) to get the generalized Stieltjes-Wigert polynomials ([19], p. 214)

- 2 ok |1 (aq}Q)n —k
Su(x;ag;q) = ) (—1)fg- 2" 2[ ] "
kZ=0 k|, @q; -

Letting r = a = 0, ¢ = (-1 9c(;9)x/(;9)x and y = 1 in (7) gives (5). Choosing r = -1, a = 0,
ck = (@ 9k/(v; Pk and y = 11in (7) yields (6).

In recent years, by using the theory of analytic functions of several complex variables, Liu published a
series of papers to prove that if an analytic function in several variables satisfies a system of g-partial (or
partial) differential equations, then it can be expanded in terms of certain important polynomials. Many
orthogonal polynomials are studied and their applications are obtained, please see [5, pp. 445-461], [26-30]
for details. In [7-11], Cao applied Liu’s methods of g-partial difference equations to various g-orthogonal
polynomials and proved many g-identities and g-integrals.

Liu’s method shows its universality when applied to many g-orthogonal polynomials or classical or-
thogonal polynomials. However we find it hardly be used directly to g-Laguerre and more complicated
polynomials. In [34], we introduced a modified g-differential operator and obtained relations between a spe-
cial form of g-Laguerre polynomials and g-differential equations. In this paper, we define g-Laguerre type
polynomials U,(x, v, z;q) and then the g-Laguerre, little g-Laguerre, g-Hahn (or Al-Salam-Carlitz) polyno-
mials become special cases of U,(x, v, z; q). By introducing a generalized g-differential operator, using Liu’s
method, we find that when a analytic function satisfies certain g-partial differential equation with general-
ized g-differential operator, then it can be expressed in terms of g-Laguerre type polynomials U, (x, y,z; g).
Finally, we obtain generating functions for U, (x, y, z; ) and generalized Andrews-Askey integral formulas
as applications.

The g-differential operators D, and 0, ([9]) are defined by

_ N
Dufeoy = LSO g g gy = LA LS

1 (13)
X xq-

When f(x) is differentiable at x, we have

i 2@}
im

lim = = £ (0

We give a more general g-differential operator including both D, and 0, as special cases as follows.

Definition 1.1. Let 4 > 0 and r be real number, for any function f(x) of one variable, the Generalized
g-derivative of f(x) with respect to x is defined as

floq)—af(xg)
(r,a)Z)x {f(X)} = '

0, f(x) is a constant function.

,  f(x)is not a constant function, (14)

We define (,» D% f(x)} = f(x) and (10) DU f} = (00 Dl ) DL H -
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Remark 1.2. It’s obvious that 1)Dx{f(x)} = De{f(x)} and 1,1yDx{f (%)} = O{f(x)}.

For the sake of simplicity, we use 6,{f(x)} = (0,1)Dx{f(x)}, Al f ()} = .1y Dl f ()}, Trl f(O)} = (1) Dl f (0)}
for a > 0 in the following of this paper.

The g-shift operator 7, for a function f(x1,x0, -+, xi) is defined by
T}:{i{f(xlleI e /xk)} = f(xlerI T /xi—qurxi/ler o rxk) i= 1/2/ e /k/r eRR.

We now give the g-Leibniz formula for (., D..

Theorem 1.3. For positive integer n and g(x) not a constant, we have

n

D@9} = ) [’,Z] a“ gL (g™ N+ DY g (™)) (15)
q

k=0

Remark 1.4. Taking r = 0 in (15) yields the g-Leibniz formula obtained in [34]. Setting a = 1, r = 0 in (15),
we get the ordinary g-Leibniz formula ([19], p. 27). Choosing a = 1,7 = —1 in (15) leads to the g-Leibniz
formula for 6, in [13].

The following lemma 1.5 is useful in the proof of Theorem 1.3.

Lemma 1.5. ([16, 21]) Let A and B be two linear operators such that BA = qAB, then we have

(A+B)" = Z [’Z] Akt
q

k=0

Proof. [Proof of Theorem 1.3] For convenience, the g-shift operator 7, acting on function f(x) is denoted by
1s. The operator (., D, acting on f(x) is denoted by (,» Dy, the operator d; acting on f(x) is denoted by J.

r+1 r+1

LetA = (r,a)DyTT; and B = anj

dy, itis easy to verify ¢"n,dy = dy1 and ¢ 57" Dy = 40 Dyny - Then

we have

BA{f(x)g(x)} =ﬂn;+19fn}{f ()} rayDglg(0)} = afl;“qrﬂ}af{f (O} - . Dglg(x)}
=aq" I fONT ™+ 0 Dgnty Hg(x)} = 4 AB{f (0)g(x)}.

If f(x)g(x) is not a constant, by Definition 14, we have

r r — r+1 r+1
(r,a)Z)x{f(x)g(x)}:f(xq )g9(xq") ;Zr(xq )g(xg 1)

ry _ 1+r ry _ r+1
g(xq") jg(q x) +ag(q,+1x)f(xq)xqj:(q X)

=f(xq") (16)
r+1

=(0a Dty +ang" It f(¥)g(x)}
=(A + B){f(x)g(x)}.

If f(x)g(x) is a constant, equation (. D.{f(x)g(x)} = 0 = (A + B){f(x)g(x)} is valid too.
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r(n—k)

Using Lemma 1.5 and the fact of 1 f

8’} = qkr(”‘k)&”}r]}("_k), we have

n

(DU )9} =(A + BY'{f(0)g(} = ) [’,j] A"FBH{f()g())
k=0 L dg~t

n r(n— 7— r
k ’If( g “ra) Dy kﬂkﬂ]; H)o”l}{f(x)g(x)}

k=0 L g7

=Y i oD (gt et gtk feg )
k=0 L dg7t
n »n-

akq(1+r)k(k—n)81;{f(xqrn—rk)} A (r,a)DZ_k{g(xqu+k)}-

=~
(=)

=0 L g

The proof of Theorem 1.3 is completed. [
The next equality (17) ([1]) and two Propositions 1.6 and 1.7 will be used in this paper:

[2‘] (1-q= [kfl] (1-g"*"), aeR, (17)
q q

Proposition 1.6. [Hartogs’ theorem [20, p. 15]] If a complex-valued function is holomorphic (analytic) in each
variable separately in an open domain D C C", then it is holomorphic (analytic) in D.

Proposition 1.7. ([31, p. 5]) If function f(x1,x,---,xx) is analytic at origin (0,0,---,0) € C*, then f can be
expanded in an absolutely convergent power series

(o8]

— Z ny 1y
f(xlerr T rxk) = /\nl,nz,"',”kx11x22 X

ny, g, =0
We have the main theorem based on Proposition 1.7:

Theorem 1.8. Let f(x,z) be a 2-variable analytic function at (0,0) € C? , then function f(xy,z) can be expanded in
terms of U, (x, y, z; q) with ci defined by (8) if and only if f(xy, z) satisfies the g-partial differential equation

S:Af(xy, z) — yh™' f(xy, zh)} = —wdsT, | f(xy, Az) — (B + n)f(xy, Adz) + Bnf(xy, Ad®z)}, h+#0, (18)

or
O:Af(xy, 2)} = —wdy .y f(xy, Az) — (B + ) f(xy, Adz) + P f(xy, Ad’z)}, h=0. (19)

By taking r = 0, ¢, = q(g) and ¢ = (=1)*(b; q)x in Theorem 1.8 respectively, we obtain the next two
corollaries.

Corollary 1.9. Let f(x,z) be a 2-variable analytic function at (0,0) € C2, then f(xy,z) can be expended in terms of
Pu(x,y,z;q) if and only if f(xy,z) satisfies the g-partial differential equation

0:f(xy,2) = =0xToy f(xY, 42). (20)

Corollary 1.10. Let f(x,z) be a 2-variable analytic function at (0,0) € C?, then f(xy, z) can be expended in terms of
O (x, Y,z q) if and only if f(xy, z) satisfies the q-partial differential equation

O:f(xy, 2) = 020yl f(xy, 2) = bf (xy, 2)}. (21)



Da-Wei Niu / Filomat 33:5 (2019), 1403-1415 1408
Setting r = =1 and ¢, = (—1)kq(§)(aq1‘k; q)x = ak@'; q)x in (18) implies

Corollary 1.11. Let f(x,z) be a 2-variable analytic function at (0,0) € C?, then f(xy, z) can be expended in terms of
piby, Y,z q) if and only if f(xy, z) satisfies the q-partial differential equation

6-f(xy,z) = 0xT-1,y{f(xy, q2) — af(xy, 2)}. (22)
Similarly, taking r = -2 and ¢, = (bg)™ in (18), we have

Corollary 1.12. Let f(x,z) be a 2-variable analytic function at (0,0) € C?, then f(xy, z) can be expended in terms of
L8, ¥,2;q) if and only if f(xy, z) satisfies the g-partial differential equation

bgod. f(xy,z) = =0xT-2,{f(xy, 2)}. (23)

Takinga=r=0,y=1,c = (DB e/ sk and a = 0,7 = =1, y = 1, o = (B (1 e/ (5 9k in
Theorem 1.8, respectively, we have

Corollary 1.13. Let f(x,z) be a 2-variable analytic function at (0,0) € C?, then f(xy, z) can be expended in terms of
gb,(f ’W)(z, xy; q) and l,b,(f;’”’}/)(z, xy;q) (g # 0), (g # 0) defined by (5) and (6) if and only if f(xy, z) satisfies the q-partial
differential equations

O:{f(xy,2) = ya~ fxy, 2} = 0:0,{f(xy,2) = (B + M) f(xy,42) + Pf(xy, °2))
and
O=Afxy,2) = ya~ f(xy, 20)) = =0T 1A f(xy,2) = (B + 1) (xy,42) + Pnf(xy, 4°2)),
respectively.
Remark 1.14. Corollary 1.13 is equivalent to the main theorem in [7] (Theorem 2) by using Definition 14. T
hus Theorem 1.8 generalizes Theorem 2 of the paper[7].
2. The Proof of Theorem 1.8

Proof. Since f(x, z) is analytic function at (0, 0) € €2, according to Proposition 1.7, f(x, z) can be expanded in
an absolutely convergent series in a neighbourhood of (0, 0), that is, there be series i, x such that

foz) =Y a2,

1n,k=0
then function f(xy, z) will be expanded as
flxy,2) Z X" y"2" = Z X" y". (24)
n,k=0 k=0  n=0
If I # 0 in ¢k, substituting (24) into equation (18) results in
Z (1 =y Dy k} = —a)éx’f,,y{ Z AK [1 (B + n)d* + ﬁnde] Un X" y" k}
n,k=0 n,k=0

That is

Z(l YA = gf)z 1Zynkx Y= =5 T,yka 11 = g y(1 = nd*1)z 1Zy X"y (25)

k=1 k=1
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If = 0 in ¢k, substituting (24) into equation (19) yields

o) o)

o { Z U, kx"y"zk} —a)éxtw{ Z [1 B+ n)d* + ﬁnde] U X" y" k}
n,k=0 n,k=0
That is
i(l — ghZ! i P gX"Y" = =0xTy i WA (1 = a1 (1 - ndt )2k i Unj-1X"y". (26)
k=1 n=0 k=1 1n=0

Comparing the coefficients of z*"! in (25) or (26), we always have

Zunkxy =TT qk)c 5TuZunk1xy

Iterating this relation k — 1 times, we obtain

Xyt = (—1)F Ck o noX Y.
nZaM Wy = 0 ;u o'y
By formula (24) we get
xy,z) = Zk " Myt = _ Ck Zk , rnk—r(kzl) (q’ q)n({)ll],‘ q)” xn—k n—k
fey.) Z:; Z;‘“ Y Z( " @ Z” o @i Y
— . . EETYN L e r(k“) (aq’ q)” n—k n -k k

On the other hand, we prove that if f(xy,z) can be expanded in terms of U,(x, y,z;q), then f(xy,z)
satisfies Equation (18), the proof of case k = 0 is omitted since it is similar to that of k # 0.
Assume that

flxy,2) Z U, ,734)

— k. |1 rnk— r(k”) (aq’q)” P k, n—k k
nzsun;)‘( v [k] @ 7
The right hand side of (18)

—w0: Ty (f(xy, Az) — (1 + P) f (xy, Adz) + nBf(xy, Ad*z)}

ot e 0 0 g e 1] )
n=0 k=0 q

(@q; )n-k
00 n—1 )
= Z Un (- 1)k 1Ck+1(1 —vd )[ ] (1- qnfk)qm(kﬂ)fr(k;l)frk(aq’—q)”xnfkflynfkflzk
n=0 k=0 aq; Pn-k—
00 n-1 )
— ; Z1Y(1 = A1 = vdb)e [ n ] rm(k+1)-r(*3?) (ag; P k-1 k1 k
;y Y V=g =y g | T i
=) Yy (DA -9 - ydN)e [”] pkr() 08 D ok ekt
Lt D= =@ e K], @i ¥

= 0:{flxy, 2) — yd f(xy, d2)}
where Equation (17) is used in the third equality. We deduced that f(xy, z) satisfies Equation (18), therefore
we complete the proof of Theorem 1.8. O
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3. Generating Functions for Some Polynomials

1410

As application of Theorem 1.8, we give the generating function for U,(x, y,z;q), which includes the

generating functions for several polynomials mentioned above as special cases.

} <1, limy o0 |Crsrt/cul < 1, we have

Theorem 3.1. For max{

U OUx, 1,z = cut2) o (~1)57 O ()
Z @ Dnag; q)u - Zg @ Qn Z‘ (qu)k(‘Wr‘?)k

where U,(x, y,z; q) is defined by (7).
Proof. We use Theorem 1.8 to prove Equation (27). Let

_ v a2y 3 (DO
)= ; (@ D 4 Z (@ lag; o

we first verify f(x,z) is analytic at (0, 0).

Use |z| < 1 to get
cn(tz)"
@~

c,t"

@Dl

, |t < 1whenr =0,

(27)

(28)

By ratio test, Y., cat"/(q; q)n is converging since lim, e |cy+1t| /cn < 1, thus Y0, |cn(tz)”/ (7; q)n| converges

uniformly respect to z and then is analytic.
On the other hand, we have

q_’(g) tk

‘ (=170 (xyt)*

@ Dag; e |~ | (@ lag; g |
when r < 0, by ratio test
i —r( )tk
= (q; Piag; Ox
is always converging.
Whenr =0,
,;; (@; Dxaq; )k
is converging since |¢| < 1.
We conclude that
i Y(z) xyt)k
S| (@ elagi q)k(aq, Dk

converges uniformly respect to x when r = 0 and |{| < 1 or ¥ = 0 and thus is analytic. By Hartogs” theorem

1.6, function f(x, z) is analytic at (0, 0).
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Next we check that f(xy, z) satisfies Equation (18), we just proof the case of & # 0 and omit the proof of
case h = 0 since it’s easy to verify (19).

—wdy Ty { f(xy, Az) — (B + n) f(xy, Adz) + pnf(xy, Ad?z))

S cn(t2) A1 = (B + n)d” + Brd®] g (=) O gy
- = 6r 7,
oty {ZO ;9 kZO‘ @g; D 7))

i n+1/\(2)+n ﬁ d)n+1(7]/ d)n+1(t2)n Z ( 1)k 2)+rk V(xy)k 1i’k
o (@ Pn @q; Pi-1(q; P

_ch+1<1—yh">z 1 i( g f<z><xyt>k
= @ = (aq; 9 9x

6-Af(xy,z) — yh™ f(xy, hz)).

By Theorem 1.8, there exists a u, such that

flxy,z) Z pnln(x, Y, 2;9). (29)

Taking z = 0 on both sides of (29) and noticing U(x, y,0; q) = x"y" yield

S DOt
Equating the coefficients of x"y", we obtain
_ 0O
(@d; (@ P
Substitute u, into Equation (29) to end the proof of Theorem 3.1. [

By letting ¢, = q(;), cn = (=1)"0;9)n, cn = a*(@ Y 9)n, cn = (bg)™" in Equation (3.1) respectively, we get

} €1, we have

i Pu(x, y,z; "

; ’X t)/ t < 1 30
e (q; 9)n(aq; Pn q,xyt), It 0)

0,0
= Gt

= Uy y Z'q)t” (bzt; q)
n 1 Yr=r [o9) .q, t t < 1 31
S (@ aagi e (@0 Z(Pl( 4 xy) d G1)
= NV, y, gt (2tq) 0
—qyngl) 2 AT = e sq,xyt),  lat] < 1. 32
;‘)( KR T n e e RSO A (2
) (_1)nq2(;)£7(1‘1/b)(x, ]/,Z;Q)tn 1 _ 0
= ;q,—xyt], |tb <1. 33
; (@ 9)u(ag; 9)s (zt/(bq);q)m0¢1( ag T ) 77 33)

Use (30) and (31) in Corollary 3.1 to get
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1 i Pu(x, y,z; q)t" i D (x, Y,z q)t"

2
(b2t 9) L= (;9)nag; ). @ D (ad; Do [2(7)1( A t)] o st s

m=0
Another generating function for £ Dx, ¥,2;q)is

Theorem 3.4. Let max{ } < 1, we have

Z( D"q" b (s; n L5 (x, v,z )" _ s (
(9; Pnlag; g)n (2t q)oo aq, szt

54, xytbq) (35)

Proof. Let

(s2t; @)oo
(zt; Qoo

f(x,z) = 1(132( aq,ssz T —xtbq). (36)

It is easy to verify that f(x,z) is analytic at (0,0). We check that f(xy, z) satisfies Equation (23):

(szt; q)m}z (=1 2(’1)(5'q)k(xytbq)k
(zt; 9)oo (aq; Di(q; 9i(sztq; 9)k

pg 2D Z (-1 ) (s st (1 — g)(xrytbg)*
Tt Do £ @q; P Di(szt; Pren

_(2h4) Z (- 1)k 26 (s; ey (bg) 111 = sq")
(2t @) £ (@q; Di(q; Di(s2E; it

bqo. f(xy, z) =aqo, {

_ (520 2 (= 1k PG (s; )1 (xy) (tbg )<+
(24 Do £ (WII Di(q; i (52t; @)1
=—0xT2y f (xy,2)

where the formula
O:{u(x)v(x)} = o{u(x)}v(gx) + u(x)o.{v(x)}
for functions u(x) and v(x) is used in the first equation. By Theorem 1.12, there must be a u,, such that

o)

fley,2) = Y Ly, 2 ). (37)

n=0

Setting z = 0 in Equation (37), notice that

D' PO (s rlxytby)t
Je4,0) Z (ag; (@5 P
by (36) and L8, ¥,0;9) = x"y", we have

= (<153 9)n (tbg)”
= (aq; Q)u(q; )n(52E; @n

Hn =

by equating the coefficients of x"y" on both sides of (37). Substituting u, into (37) yields (35). O
Remark 3.5. Taking s =0, t — t/(gb) in (35) yields (33).
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4. A Generalized Andrews-Askey Integral Formula
Recall the definition of Jackson g-integral ([19], p. 23)

b )
[ = - Y tororn) - ot (38)
a n=0

The Andrews-Askey integral formula states ([3], Theorem 1)

(1 —q)v(q, u/v,qv/u, cduv; q)e
(cu, cv,du, dv; 9)e

“ (gx/u, qx/v; 9)oo
" (cx, dx; 9)oo

dgx =

/ (39)

based on which, the following integral formula was obtained in [35] by using the g-Leibniz rule.
Proposition 4.1. If there are no zero factors in the denominator of the g-integral, then we have

fv x"M(gx/u, qx/v; 4)o (1 = q)o(g, u/v, qu/u, cduv; g)es

(@3]
(cx, dx; 9)co dgx = (cu, cv, du, dv; q)c Pn” 1, 0;)

where

CER (S 37)F i
oo =Y [ G

is defined by (5) and C = cv, & = dv, p = cduv.

In this section we introduce a generalized Andrews-Askey integral formula with U, (x, y, z; q) involved.
The proof of this formula can be given by using Theorem 18.

Theorem 4.2. Ifthereare no zero factors in the denominator of the g-integral, let max, <<, {|x|} = M, max{|wl|, |st|, 1+
r} <1, limy, Lo lcps1M/cq| < 1 and M| < 1 when r = 0, then we have

’ (qx/u,qx/v;q)ooG(s,w) = Fo,d,u,0 )Z 1)1 gD (u, v; q) U (5, t, w3 q)

, 40
u (cx, dx; q)eo (4, aq; 9)n (40)
where U, (s, t, w; q) is defined by (7) and
- Cn(xw)” (- 1)k ’(2)(stx (1—g)v(g,u/v,qu/u, cduv; g)e
Gls,w) = F(c,d,u,0) = ,
&) nzzo‘ O Z‘ @ lag; g’ ( ) (cu, cv, du, dv; q)c

polynomial cj)ilc’g"p \(u, v; q) is defined by (5) and C = cv, & = dv, p = cduwv.
Proof. Let

f(s,w) = f Y (gx/u, qx/v; q)G(s, w) .

(cx, dx; q)co
we can verify that f(s, w) is analytic at (0, 0), and f(st, w) satisfies equation
— w0y Trel f(5t, Aw) — (B + 1) f(st, Addw) + pnf(st, Ad*w)

(X1, 4x/0; )0 o CuX "IN (=1)kg7 @) (stx)*
= 1- n n
f (ex, d26; )oo Z_a (@ @) (1= p1 =nd )Z (@ D(ag; g @

9

x(qx/u, Gx/0; @)oo N Cns1X"W(1 = YH") o (=1)fq7Y 2) (stx)k
= E E d
fu (cx, dx; q)eo (@ @)n (@; Dx(ag; )k

=0u{f(st,w) — yh™' f(st, hw) .
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By Theorem 3.2, there exists a sequence u, such that

fst,w) = Z pnUn(s, t, w; q). (41)
n=0

Set w = 0 and use the fact of U, (s, t,0;q) = s"t" to get

S (g /o CD O
i B st 42
;f o N N ,;3 st (42)

Equating the coefficients of s"t" on both sides of Equation (42) and using the Proposition 4.1, we get

'O w,0;9)
@, a9;9)n '
Substitute p, into (41) to obtain (40). We complete the proof of Theorem 4.2. [

un = F(c,d, u,0)

Setting ¢, = q(Z), cn = (=1)"(b; @), Cn = at(a’l; 9, cn = (bg)™" in Theorem 4.2 respectively yields

Corollary 4.3. If there are no zero factors in the denominator of the g-integral, let max,<x<o{|xl} = M, F(c,d, u,v)
and ¢>“3 < p (u,v; q) are defined as in Theorem 4.2, If max{|w|, |st|} < 1,then we have

? (qx/u, gx /v, wx; §)eG1(s, 1, X) 2 0 (w, 0; YP(s, £ w; q)

d,x = F(c,d,u,v , M<1, 43
" (cx, dx; q) o i ( ),;1 (q,aq; n )
Y (gx/u, gx/v, bwx; ) G1(s, t, x) Eed Z S (1, v, )P (s, t, w; q) M<1 "
(cx, dx, wx; §) oo = Fe.d,u,0) pry (q,09; 9)n ’ )

f (gx/u, qx/v, wx; 9)eGa(s, t, x) _Fed,u,0 )Z (- 1)”q( )(P(C‘Ep)(u, v; q)‘lf,ga’b)(S, t,w; q) Ml <1, 45

(cx, dx, awx; q)eo (q,aq; 9)n

° (qx/u, qx/v; )G (s, 1, X) Z (1) PO S w0, q) LD s, £, w; )

dyx M| < 1, (46)

. (cx,dx, wx/(b9); ) (q,99; Q)n
where
0,0 0
Gi(s, t,x) = Z(Pl( ag ;q,stx), Ga(s, t,x) = 1(151( aq ;q,stx) Gs(s, t,x) = O(Pl( ag —stx)
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