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Abstract. The preliminary idea of statistical weighted B-summability was introduced by Kadak et al.
[27]. Subsequently, deferred weighted statistical 8-summability has recently been studied by Pradhan et
al. [38]. In this paper, we study statistical versions of deferred weighted B-summability as well as deferred
weighted B-convergence with respect to the difference sequence of order r (> 0) involving (p, g)-integers
and accordingly established an inclusion between them. Moreover, based upon our proposed methods,
we prove an approximation theorem (Korovkin-type) for functions of two variables defined on a Banach
space Cg(D) and demonstrated that, our theorem effectively improves and generalizes most (if not all) of
the existing results depending on the choice of (p,q)-integers. Finally, with the help of the modulus of
continuity we estimate the rate of convergence for our proposed methods. Also, an illustrative example is
provided here by generalized (p, q)-analogue of Bernstein operators of two variables to demonstrate that
our theorem is stronger than its traditional and statistical versions.

1. Introduction, Preliminaries and Motivation

Let w be the set of all real valued sequences and call any subspace of w the sequence space. Let (x;) be a
sequence with real or complex terms. Suppose ¢, is the class of all bounded linear sequence spaces and let
¢, co be the respective classes for convergent and null sequences with real or complex terms. We have,

lIxlleo = supy|xil (k € IN),

and we recall here that under this norm, the above mentioned spaces are all Banach spaces.
The space of difference sequence was initially studied by Kizmaz [30] and then it was extended to the
difference sequence of natural order r (r € Ny := {0} U IN) by defining

AMA)Y ={x=(x): A'(x) €A, A€ (lw,Co,0)};

A% = (x); A'x = (A’_lxk - A’_lxk+1)
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and

A'xy = Z(_l)i(’;)xk-%—i

i=1
(see [20]). Also, these are all Banach spaces under the norm defined by

T
Il = ) bxil + sup,JA™x.
i=0
For more details, see the recent works [6, 9, 11, 12, 26].

The basic idea of statistical convergence was initially studied by Fast [21] and Steinhaus [44]. Statistical
convergence being more general than usual convergence, it has so recently been an attractive research area
of current researchers and scope of such theory has been studied in the different areas of (for instance)
Number Theory, Fourier Analysis, Functional Analysis, Topology, and Approximation Theory. For the
study in this direction, one may refer to the current works [4, 13, 16-19, 24, 25, 38—42].

Let K C N (the set of naturals) and let

Ky={k:k£€n and keK}.
The natural (asymptotic) density of K is given by

K
d(K) = lim M,
n—oo M1
provided the limit exists.
Recall that, a sequence (x,) is statistically convergent (or stat-convergent) to L, if for every e > 0

Ke={k:keN and |x-L|2¢€}
has natural density zero (see [21, 44]). That is, for each € > 0,

d(K.) = lim Kl — o,

n—oo M

Here, we write

stat lim x,, = L.

n—oo

Consider the following example:

Example 1.1. Let x = (x,,) be a sequence given by

1 (n=m? meN)

Xy =

el (otherwise).

Observe that the sequence (x,) is statistically convergent to / but it is not convergent in the usual sense.
Also, every convergent sequence is statistically convergent in the sense that, the subset to be discarded has
natural density zero. Thus, statistical convergence is more general than usual convergence.

The basic concept of weighted statistical convergence was initially studied by Karakaya and Chishti [29].
Gradually, it was improved by Mursaleen et al. (see [36]) and accordingly some important approximation
results were proved. For more results in this direction one may refer to the following works [13, 18, 40].

Suppose that (py) is a sequence of nonnegative numbers and

Pn=Zpk (po > 0; n— o0).
k=0
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Then, upon setting
1 n
b= Y v (1€ No:=NU(0)),
" k=0

(x,) is weighted statistically convergent (or statgy-convergent) to a number L, if for every € > 0
k:k£P, and pix— Ll 2 €}
has weighted density zero (see [36]). That is, for every € > 0,

1
lim —|{k: k<P, and pilxe—L|Z€}|=0.

n—oo n
Here, we write
staty limx, = L.

Let X and Y be two sequence spaces and let A = (a,, 1) be aregular summability matrix (with non-negative
entries). If for each x; € X and for all (n € IN), the series

[ee)
A,x = Z Ay k Xk
k=1

converges and the sequence (A, x) belongs to Y, then the matrix A maps X into Y (denoted as (X, Y)).
Now, under the regularity condition (see Silverman-Toeplitz theorem [15]), A is known to be regular if

lim A,x =L whenever limx; =1L.

n—oo k—o0

In 1981, Freedman and Sember [22] introduced A-statistical convergence by considering a regular
summability matrix (with non-negative entries) A = (a,x). We recall here that for any regular summability
matrix (with non-negative entries) A, a sequence (x,) is A-statistically convergent (or statz-convergent) to
a number L if for every € > 0

da(Ke) =0,

where
Ke={k:keIN and |xx—L|=¢€}.

That means, for every € > 0

lim Apk = 0.
n—oo
k:|xx—L|Ze

Here, we write
statg limx, = L.

Subsequently, the idea of A-statistical convergence was improved and enhanced to B-statistical conver-
gence by Kolk [31] with respect to Fg-convergence or 8-summability (also, see [43]).

Recall the following. Let 8 = (8;) be a sequence of matrices (infinite) with B; = (b,,x(7)) and for x, € {c,
(x,) is B-summable to the value B- ,}E?o (xp), if

lim (B;x), = lim Z bui(@)(x)x = B- lim(x,) uniformlyini (i=0,1,2,...).
k=0

The method (8;) is regular (see [14, 43]) if and only if it satisfies the conditions:
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@) N8Bl = sup 2 by, x(i)] < oo (uniformly in i);

n,i—o0 =0
(if) lim b, (i) =0 for each k € IN (uniformly in i);
(iif) lim Z bux(i) = 1 (uniformly in i).
k=0
Let K = {kj} CIN (k; < ki11) for all 7, then the B-density of K is given by
dg(K) = lim Z by x(i) uniformly in i.
k=0

Let R* denotes the set of all regular methods B with b, (1) = 0 (V n,k,i € N) and suppose B € R*. Recall
that (x,) is B-statistically convergent (or statg-convergent) to a number L, if for each € > 0

dg(Ke) =0,
where
Ke={k:keIN and |xx—L|=¢€}.
This means that for each € > 0, we have

lim b, k(i) = 0 uniformly in 7.
n—oo
kilxe—L|2e

Here we write
statglimx,, = L.

Subsequently, with the development of g-calculus, various researchers worked on certain new gener-
alizations of positive linear operators based on g-integers (see [3, 7, 8, 23, 33]). Recently, Mursaleen et
al. [35] introduced the (p, q)-analogue of Bernstein operators in connection with (p, g)-integers and later
on, some approximation results for Baskakov operators and Bernstein-Schurer operators were studied for
(p, 9)-integers by [1] and [37].

We now recall some definitions and basic notations on (p, g)-integers for our present study:.

Let IN be the set of naturals and for n € IN, the (p, g)-integer [1], 4 is given by

[n]p,q =
0 (n=0)

where 0<p<g<1
The (p, g)-factorial is given by

[1],4[2]p,4---[1]pq n=1)
[n]!p,q =
(n =0).

The (p, g)-binomial coefficient is given by

n [n]!pq
=— -7 forall n,k€ N and n > k.
[k]p,q (k]! [n = K]!p g
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We also recall that, supposing that 0 < g < p <1 and r is a non-negative integer, the operator

Ao S

P
is given by
,
|7
Ap ) = 2(—1>1H X
i=0 P

(see [10, 25, 28]). That is,

r r r r r
Ag} xn) = [0] Xn — [1] Xp-1 + [2] Xn-2 — [3] Xp-3 + ...t (_1)r[r:| Xn—r
pAa pAa pAa pAq p4q

[rlpqlr = 1p4 B [y qlr = pglr = 2]y
[2p4! e [3]!

B B pr _ qr (pr _ qr)(pr—l _ qr—l))
- ( p—a )x’” +( v-arpra )7
~ ((pr _ qr)(pr—l _ qr—l)(pr—Z _ qr—Z)
v —9>@P* +pq+9))p +9)

Now we present below the following example to see that a sequence is not convergent; however the
associated difference sequence is convergent.

=Xp — [r]p,qxn—l + Xp—z + oo + (1) x—s

)xn_g, + o+ (1) "x,r

Example 1.2. Suppose (x,) = n+1 (n € N) is a sequence. It is clear that the sequence (x,) is not convergent
in the usual sense.
Also, we see that

AB](X,,) =Xy = 3xp—1 + X2 — X3 (X, =n+1)

converges to 0 (n — o).
For r = 3, we get

AE;(X,,) =Xn— [3]p,qxn—l + [3]p,qxn—2 —Xp3 (xp=n+1)

=Xn — (Pi + Pnfn + qﬁ)xn—l + (P%, + Pufn + q%)xn72 — Xp-3
=1+ 1= (0% + pudn + @)1+ (05 + Pu + ) = 1) = (1= 2) (¥, =n+1)
=3- (B +ap+ad).

Clearly, based on the different choice of the values of p and g, the difference sequence AE;(xn) of third
order has different limits. This fact is due to the usual definition of (p, g)-integers. However, in order to
obtain a criterion of convergence for all the values of p and g belonging to the operator A%, we must have
to overcome this difficulty. This type of difficulties can be avoided in the following two ways. The first
one is taking p = g = 1 and thus the operator reduces to the usual difference sequence. Next, the second
way is to replace p = p, and g4 = g, under the limits, lim, g, = @« and lim, p, = (0 < a,f < 1) where
0 < gn <pn <1, forall (n € N). Afterwards, the difference sequence AE;(xn) of order 3 converges to the

value 3 — (82 + aB + a?). Thus, if we take g, = ( il ) < ( 1+l ) =ppsuchthat0 <g, <p, <1(s>t>0),

n+l+s n+1+t

then lim,, g, = 1 = lim,, p,. Hence, Aﬂ(xn) -0 (n-—> o).

Remark 1.3. If r = 1, lim, g, = 1 and lim, p, = 1, then the difference operator A},’}i reduces to the Alll (see

[5]). Also, if r = 0, lim, g, = 1 and lim, p, = 1, then the difference operator Ag}? reduces to the general
sequence (x;).
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In the year of 2016, Kadak [25] introduced weighted statistical convergence involving (p, g)-integers
and proved some approximation theorems for functions of two variables. Subsequently, it was extended
to the generalized difference sequences involving (p,)-gamma function and accordingly associated ap-
proximation theorems were proved (see [24]). Mohiuddine [34] also introduced weighted A-summability
as well as weighted A-statistical convergence and accordingly proved certain approximation theorems
(Korovkin-type). Furthermore, Kadak et al. [27] presented the idea of statistical weighted B-summability
and established some approximation theorems on that basis. Very recently, Srivastava et al. [41] intro-
duced the deferred weighted (N6rlund) summability of a sequence and accordingly proved Korvokin-type
approximation theorems based on equi-statistical convergence.

Essentially motivated by the above cited works, here we introduce the (presumably new) notion of
deferred weighted B-statistical convergence and statistical deferred weighted B-summability with respect
to the generalized difference sequences of order r involving (p, g)-integers, and establish some new approx-
imation results on that basis.

2. Definitions, Notations and Regular Methods

In this section, we introduce some definitions (presumably new) those are required for our proposed
study. Also, we present here certain inclusion relations with regard to regular methods.

Let (a,) and (b,) be sequences of integers (non-negative) such that, the conditions of regularity for the
deferred weighted mean (see Agnew [2]) can be viewed as:

(i) a,<b, meN)
and

(ii) ,}Eﬂ, b, = oo.

Now, we suppose that (s,,) is the sequence of real numbers (non-negative) such that

by

S, = Z Sim-

m=a,+1

To define the deferred weighted mean D% (N,s) by the difference operator (A ), we first set

by
D(Ax) = sl Z s A xm)  (0<g<p<1) (reNp:={0}UN).

m=a,+1

The given sequence (x,) is deferred weighted summable (or c?™-summable) to L under the mean of the
difference operator (Am), if

lim d(Ax) = L.

Here we write _
CZ(N) limx, = L.

We denote the deferred weighted summable sequences under the difference operator (A;[f}i) by ™).

Definition 2.1. Let 8 € R*, 0 < g, < p, < 1 be such that lim, g, = a and lim,p, = (0 < a,f < 1) and
suppose that r is a non-negative integer. Also let (a,) and (b,) be sequences of non-negative integers. A
sequence (x,) is deferred weighted B-summable (or [D(N)4; s,]-summable) to a number L with respect

to the difference operator A%, if the B-transform of (x,) is deferred weighted summable to L (the same

number) under the difference operator A;[,r}i, that is,

by, )

1
: PA — 1 YUl _
’}1_{210 W (Ax) = lim S E E Smbum (D) (Ap gxk) = L.

n—oo
m=a,+1 k=1
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Here, we write
[D(N)ﬁ;sn] lim x, = L.
n—oo

We denote the set of all sequences which are deferred weighted summable by the difference operator (A%)
by [D(N)4;sn].

Definition 2.3 below is a generalization of many known definitions as discussed in Remark 2.2 below.

Remark 2.2. Ifa, + 1 = a,, lim, q, = 1, lim,, p, = 1 and r = 0, then ‘I’Z’q(Ax) mean reduces to ﬁ’b(xn) mean
(see [25]), and if B = I, then \I’ﬁ’q(Ax) mean reduces to A;lq(xn)—mean (see [23]). Finally, if lim, g, = 1,

lim,p, =1,r=0,a, =0,b, = nand B = A, then W (Ax) mean reduces to ﬂﬁ_’ mean (see [31]).

Definition 2.3. Let 8 = (b,x(i)) be a matrix, 0 < g, < p, < 1 such that lim, g, = a and lim,p, = f
(0 < a,p < 1) and let 7 be a non-negative integer. Suppose that (a,) and (b,) are the sequences of integers

(non-negative). The matrix 8 = (b, (7)) is a regular deferred weighted matrix (or deferred weighted regular
method), if

Bx € cg(N) (Vx, €0
with

™ lim B, = Blim(x,)
and we denote it by B € (c : cf(N)).

This means that W(Ax) exists for each n € N, x,, € c and

lim W"7(Ax) — L whenever lim x, — L.
n—oo

n—oo

We denote the set of all deferred weighted regular matrices (methods) by Ry, .

We now present the following theorem as a characterization of deferred weighted regular methods.

Theorem 2.4. Let B = (b, (i) be a sequence of infinite matrices, 0 < g, < p, < 1 be such that lim,q, = «
and lim, p, = (0 < a,B < 1) and let v is a integer (non-negative). Let (a,) and (b,) be sequences of integers

(non-negative). Then B € (c : CZ(N )) if and only if

o0 b
1 n
supz 5 Z Smbm(i)| < co uniformly in i; (2.1)
nog=1 " m=a,+1
bYI
1 . . .
lim 3 Z Smbm (i) = 0 uniformly ini (for each k € IN) (2.2)
e m=a,+1
and
1 &y &
’}1_{{)10 5 Z Z‘smbm,k(z) =1 uniformly in i. (2.3)

m=a,+1 k=1
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Proof. Assuming (2.1)-(2.3) are true and suppose that (Af[f/ ]qu) — L (n — o), then for every € > 0 there

exists my € IN such that I(A%xk)

—L| £ € (m > mgy). Thus, we have

b, o
@) (A T7] 1 AL
B k) - 1 = |- Z kZ b x(0)(Af ) — L
1 b” (&Y bn s
=l 2 L smbmedAfhn~ L [ Y Y subuii) - ]
m=a,+1 k=1 m=a,+1 k=1
1 b, oo 1 b, o
<l 2 D subu®@fm =D+ ILlg Y Y subual) ~1
n m=a,+1 k=1 n m=a,+1 k=1
1 bn hn—Z
<l D D subm®Ax — 1)
n m=a,+1 k=1
1 b, 0o 1 b, )
. [ .
Hg 2 ) sbm @A =D Iz 3} subus)—1
m=a,+1 k=b,_, m=a,+1 k=1
n 2 bn 1 bn S
ésuplquxk L|Z Z Smam,k+68_ Z Zsmbmk(l)

m=a,+1

m=a,+1 k=1

by, 0

sl Y ) subui) - 1]

n m=a,+1 k=1

+[L|

For n — oo and using (2.2) and (2.3), we obtain

b, )

1 PN
S_ Z Z Smbm,k(l)(AL,]]xk) -L

n m=a,+1 k=1

<e.

Since € > 0 is arbitrary small, so it clearly implies that

b, )

.1 A Y —
lim = ) ) subns(D(A 00 =

m=a,+1 k=1

Conversely, suppose that 8 € (c :

L = lim(x,,).

(c : CQ(N)) C (c: Ly).

Thus, there exists a constant M satisfying

by oo

= Y Y b

n m=a,+1 k=1
and the associated series,

b, )

Pin Z Zsmbm,k(i)

m=a,+1 k=1

<M (¥Ym,n)

CS(N)) and x, € c. As Bx exists, so we fairly have the inclusion
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converges for each n (uniformly in i). Therefore, (2.1) is valid.

Next, consider x = (x,({”)) € ¢ given by

1 (n=k)
) _

0 (n#ky;

PM) 5o (2.2) and

for every n € N and y = (v») = (1,1,1,...) € c. Moreover, as Bx™ and By are in Co

(2.3) are trivially true. O
Furthermore, we consider the following definitions for our study.

Definition 2.5. Let 8 € R, 0 < g, < p, < 1 be such that lim,, g, = a and lim,p, = B (0 < a,B < 1)
D(w) q p q p

and suppose that r is a integer. Let (1,) and (b,) be sequences of integers (non-negative) and also let
K = (ki) € IN (ki < kis1) for each i, then the deferred weighted B-density of K is given by

b
o1 - . . .
dg oK) = lim — E E Smbm (i) (uniformly in i),

n—oo S
m=a,+1 keK

subject to the existence of limit. A sequence (x,) is said to be deferred weighted B-statistical convergent to

[ if for each e > 0

anumber L with respect to the difference operator A, 5,

dp sy (Ke) =0,
where

Ke={k:keN and |A}}(x) - L| 2 e}.
Here, we write

stat(y! lim (x) = L.

Definition 2.6. Let B € Rg(w), 0 < gn < pn £ 1 such that lim, g, = @ and lim, p, = (0 < a,f < 1) and let r

be a integer (non-negative). Let (2,) and (b,) be sequences of integers (non-negative). Then, the sequence
is statistical deferred weighted B-summable to a number L under the operator Ag,]q, if for every € > 0

d(Ee) =0,
where

Ec=1lk:ke N and W7 (Ax)—L| = €}.
Here, we write

statD(N)y! Lim (x,) = L.

The following theorem provides a relation between statistical deferred weighted B-summability and
deferred weighted 8 statistical convergence.



A. Zraigat et al. / Filomat 33:5 (2019), 1425-1444 1434
Theorem 2.7. Suppose that
subux(@) [A v, —L| <M (n e N)
and 0 < g, < pp, <1 (¥n € N) such that lim,, g, = @ and lim, p, = p (0 < o, p < 1). If a sequence (x,) is deferred

weighted B-statistical convergent to a number L, then it is statistical deferred weighted B-summable to L (the same
number), but the converse is not necessarily true.

Proof. Let
Suby (i) ‘A;[f}%x,, - L| <M (neN) and limg, =¢a, limp, =8 0<a,p<1).

Also let (x,,) be deferred weighted B-statistical convergent to L with respect to the operator AI[;}]. We have,
D(N) (Ke )
where
Ke={k:keN and |A} () - L| 2 e}.

Thus, we have

b 00
1 Y .
W) - L] == Y Y subua@hx ~ L)
n m=a,+1 k=1
1 b, ) 1 b, )
Slg 2 Db (Am = L)+l |g Y Y subui(d) -1
m=a,+1 k=1 m=a,+1 k=1
1 b?l
<l 2 Y s (A~ L)
" m=a,+1 keK,
1 hn 0 1 hn 00
g 2 Y swbme® (A= L)+ D Y subush—1
m=a,+1 k¢K, m=a,+1 k=1
b
1 1
<sup|Aflv—Ll o} Y subus l)+€ Z Y Subuali
k—co " keK. m=a,+1 Sn m=a,+1 k¢Ke
bﬂ
HL & Y Y subua@) =1 =€ (11— o).
n m=a,+1 keK,

which implies that W(Ax) — L. That is, the sequence (x,) is deferred weighted B-summable to L under
the difference operator A%. Hence, the sequence (x;) is statistical deferred weighted 8-summable to L (the

same number) with respect to the same difference operator A;[,r,]q. O
To prove falsity of converse part, we are presenting the following example.

Example 2.8. For lim, g, =1, lim,p, =1,s, =1,a, = 0and b, = n (VYn € IN), consider the sequence x = (x,)
given by
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L nm=m?>-—mm?>—m+1,.,m>—1)
m

X =1L (n=m? m>1)
0 (otherwise).

Consider infinite matrices 8 = (8B;) with B; = (b,,«(i)) given by (see [25])

L (isk<i+n)
Xp =
0 (otherwise).

Since, we have

i+n i+n r
Y A=) Z(—l)”m X
pAa

k=i k=i i=0
3 r r r r
= 2 {x,1 — [1] X1 + [2] Xpy_p — [3] Xp_3 + ...+ (—1)’[ ] x”_r}
k=i pAa pAa pAa r p4
i+n
[r]p,q[r - 1]p,q [V]p,q[r - 1]p,q [7 - Z]p,q }
= Xn = [FlpgXn-1 + — 57— Xn-2 — Xp3 + o+ (1) %,
kZ:‘{ N Y 2 B3Il 3 1)

[r]p,q [r— 1]p,q

[2] " (i +n - 2)xi+n_2)
pa:

={(+ n)xipn + (1 - [r]p,q)(i + 1= DXipp1 + (1 - [r]p,q +

[(Flpalr = 1pq  [rlpglr — pqlm = 2], .
+..+ (1 —[rlpg + MZ ' P _ A 3pq' P I+ n—Kk)Xinr} (2.4)
[2]4! [3]p.0!
S0,
1 b, oo 1 n 1 i+n
pA _ ~NAlr] _ [r]
WO =5 ¥ Y s =3 Y e Y Al
m=a,+1 k=1 m=1 k=i

Morwover, each part on the right hand side of (2.4) being convergent to zero (1 — o), thus we obtain

W (Ax) — 0.

It implies that
statW!(Ax) — 0.

Hence, (x,) is not deferred weighted $-statistical convergenct, even if it is statistical deferred weighted
B-summable.

3. A Korovkin-Type Theorem via Statistical Deferred Weighted 8-Summability

In this section, by using the idea of deferred weighted statistical B-summability with respect to the
difference sequence of order r based on (p, g)-integers, we prove a Korovkin type approximation theorem
(see for details [32]) for a function of two variables. Furthermore, we use (p, q)-analogue of Bernstein
operators for two variables and show that our proposed method is stronger than that of traditional and
statistical versions of Korovkin-type theorems.
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Let Cp(D) be the space of all real valued functions (continuous) on D equipped with the norm

I fllcso) = supllf(x, y)l : (x,y) € D}, f € Cp(D),

where D is any compact subset.
Let T : Cp(D) — Cp(D) be a linear operator and let

f 20 implies T(f) 20,

thatis, T is a positive linear operator. Also, we use the notation T(f; x, y) for the values of T(f) at the a point
(x,v) € D.

Theorem 3.1. Let B € R*, (a,,) and (by) be the sequences of non-negative integers, r be a non-negative integer, and
0 < gy < pu < 1such that lim, g, = o and lim, p, = (0 < a, B < 1). Let T, : Cg(D) — Cp(D) be a sequence of
linear operators (positive) and let f € Cp(D). Then

stat DONYG! —LmIT(f(s, ;%) = (&, Wlicumy = 0, f € Co(D) (3.1)
if and only if

stat DIN)y! = Lim|[|T,(1;x,y) = Ullcy0) = 0; (32)

stat D(NY! — Hm [T (s; %, y) = *licy(o) = 0; (3.3)

stat DINYy! —im | Tu(t;x, y) = Yllcwo) = 0; (34)

stat DIN)! — lim IT.(* + %, 1) — (8% + Pllcyo) = 0. (3.5)

Proof. Since each of the functions given by

fols,t) =1,  fi(s,t)=s, fals,t)=t and fz(s,t) = s% +
is in Cp(P), the following implication:

3.1) = (3.2) - (3.5)

is trivial. To complete the proof, we have to first assume that (3.2)-(3.5) hold true. Let f € Cp(D), for all
(x,y) € D. Since f(x,y) is bounded on D, then there exists a constant M > 0 such that |f(x, y)| £ K for all
x,y € O, which implies that

(s, £) = f(x, )l = 2K. (3.6)
Clearly, for a given € > 0, there exists 6 = 6(¢) > 0 such that

If(s,t) = f(x,y)l <e whenever |s—x<06 and [t—y|<9, (3.7)
foralls,t,x,y € D.

From equation (3.6) and (3.7), we get
If(s,t) — fx, y)l < e+ Zélf (s, )1 + [p(t, Y)IP) (3.8)

where

p(s,x)=s—x and @, y)=t—y.

Further, as f € Cp(D), the inequality (3.8) holds for s, ¢, x,y € D.
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Now, since the operator T,(f;x, y) is monotone and linear, so under this operator the inequality in (3.8)
follows:

ITu(f(s, )%, y) = fOo, I = Tu(f(s,8) = f(x, ) x, ) + £, PITe(fo; x, y) = foll
STu(f(s, 1) = f(x, )%, y) + K[T(Lx, y) — 1]|

< +K|T.(1;x,y) — 1]

2K
< T, (e + = [(P(S, x)Z + @(t, y)Z] 5 X, y)

s e+ (e + FNTu(fo; x, y) — folx, Yl + %(ITn(fs;x, ¥) = f5(x, )l

T 9) ~ e, )

+2612((x2 + YNTu(fo; %, y) = folx, )l

_%(xm(ﬁ;x, y) - hlyl-

<e+le+ K+ 2612((|x|2 + |y|2) IT,(1;x,y) =1

T i)~ i )l + T ) = fole )

+%(|Tn(f3; %, Y) = S )l (3.9)

Next, taking sup, .., in both side of (3.9), we obtain

3

ITu(f (s, )%, y) = f(xX, Wlicyo) S €+ NZ 1T (fi(s, £); %, y) = fi(x, Yllcso), (3.10)

j=0

where

N = {e + K+ 261;}
We now replace T, (f(s, t); x, y) by

b,
e Ly AP (T ( £- :
(fs 00 y) = o m;l kz;‘ submr DAY (Ti(f; %, ) (7 i,m € N)

in the equation (3.10).
Now, for a given 7 > 0, we choose €’ > 0, such that 0 < ¢’ < r. Then, upon setting

Ay=lln:n<IN and [2,(f(s,1);xy) = fx, )| 27}l

and

Ajp =

{” cn=IN-and  [L(fi(s, £, X, y) = fitn y)l 2 r4_N€ }

7

equation (3.10) implies

A

IIA

3
2 A
j=0
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Thus we have

3
lAn ”CB Zl ]n”CB(Z))

IIA

(3.11)
=0

Finally, under the above assumption for the implication in (3.2)-(3.5) and Definition 2.6, the right-hand
side of (3.11) seems to tend to zero (n — o). Thus, we get

stat D(N)y! — lim (T, (fi(s, £); %, y) = fi(x, )lleyo) = 0.
Hence, the implication (3.1) holds true. The proof of Theorem 3.1 is thus completed. [

Remark 3.2. If we consider 8 = [ (identity matrix), s, = 1, lim,q, = 1, lim,p, = 1, r =0, 4, = 0
and b, = n (¥ n) in our Theorem 3.1, then we obtain classical version of Korovkin type approximation
theorem [32]. Also, if we put 8 = (C,1) (Cesaro matrix), s, = 1, lim, g, = 1, lim,p, =1, r=0,a, = 0
and b, = n (¥ n) in our Theorem 3.1, then we obtain statistical version of Korovkin-type approximation
theorem [17]. Moreover, if we put 8 = (4), s, = 1, lim, ¢, = 1, lim,p, =1, r=0,a, =0and b, =n (¥ n)
in our Theorem 3.1, then we obtain statistical weighted A-summability version of approximation theorem
(Korovkin-type) [34]. Finally, if we puta, + 1 = a,, lim, g, =1, lim,p, =1, =0 (¥ n) in our Theorem 3.1,
then we obtain statistical weighted B-summability version of Korovkin type approximation theorem (see
[27]).

We now present below an illustrative example for Theorem 3.1 by using (p, g)-analogue of Bernstein
operators of two variables (see [35]).

Example 3.3. Let I = [0,1] and for a function f € Cg(D) on D = I X I, we have the operators

%ﬂ,p,q(f; X, ]/) = Z Z f( [M]M ’ [U]plq ) 23u,n(x)ﬂsv,m(]/) (312)

Pu-n [n]p,q Po-m [m]p,q

u=0 v=0
where
1 ( " n—u—1
23u,n(x) = m[ ] H (P -9 X)
p 2
and
1 |m oo-1) vm_v_l s s
Bouy) = —mm| | P2 Y ¥ -7y
p > P s=0

Also, observe that

%n,p,q(l; X, }/) =1, %n,p,q(s; X, }/) =X, EB?i,p,q(t; X, ]/) =Yy and

n—1 m—1 -1 _1
%n,p,q(sz + tz; X, y) — P X+ p y Q[ﬂ ]p,q > q[m ]P,li 2'
[nlpq - [mlpg [lpq (],

Let us consider a positive linear operator T, as
T : Cp(D) — Cp(D)
such that

Tu(f;x,y) = 1+ xX)Bup,q.(fixy) (0<gn<pu<1, ¥neNN), (3.13)
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where (x,) is a sequence as considered in Example 2.8. Clearly, (T),) satisfies the conditions (3.2)-(3.5) of our
Theorem 3.1, thus we fairly get:

stat DIN)! —lim [IT,,(1;.x, y) = Lllcyeo) = 0;
stat DIN)! = im [T, (53 x, y) = Xllcy(o) = 0;
stat DIN)! = im [T, (£ x, y) = Yllcyo) = 0;
stat DN)! — im|[|T(s* + £, ) = (5* + )llcyo) = 0.

Hence, from Theorem 3.1, we obtain
stat D(N){! — Hm [T (f(s,8); %, y) = f(% Ylllewn) = 0, f € Co(D).

Moreover, since (x,) is not statistical weighted B-summable, so the outcomes of Pradhan et al. [38], does
not hold true for our operators defined by (3.13). Moreover, since (x,) is statistical deferred weighted
B-summable with respect to the difference operator of order r based on (p, g)-integers, thus we conclude
that our Theorem 3.1 fairly works for the same operators.

4. Rate of the Deferred Weighted B-Statistical Convergence

In this section, we investigate the rate of the deferred weighted B-statistical convergence of a sequence
of linear operators (positive) of function of two variables defined on Cp(D) into itself with the help of the
modulus of continuity.

Definition 4.1. Let B € R}, , r be a non-negative integer, (a,) and (b,) be sequences of non-negative inte-
gers. Suppose that 0 < g, < p, < 1 such that lim, g, = @ and lim,p, = f (0 < @ < p < 1). Also, let (u,)
be a positive non-decreasing sequence. A sequence (x,) is deferred weighted B-statistical convergent to a

number L with rate o(u,,), if for each € > 0

bn
lim Z Z Smbm (i) = 0 (uniformly in i),
e Unon m=a,+1 keK,

where
Ke={k:k<N and [(Allx)—L| =€}
Here, we may write
x,—L= sta’rfl’,qA —o(uy).
Let us now consider the following lemma:

Lemma 4.2. Let (u,) and (v,,) be two positive non-decreasing sequences. Assume that B € Rg(w), (ay) and (b,) are

sequences of integers (non-negative), and let x = (x,) and y = (y,,) be two sequences such that
Xy — Ly = stutﬁ’fl —o(uy)

and
Yn— Ly = statfl’,i = 0(vy).

Then, each of the following assertions hold true:
(i) (xp —L1) % (yn — L2) = Stﬂfﬁ}i = o(wy);
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(ii) (ot = L)(yn = Lo) = statiy] — o(uyvn);
(iii) y(x, —L1) = statf’l;‘i —o(uy,) (for any scalar y);
(iv) Vl|x, —Li| = statg\ —o(uy),

where w,, = max{u,, v,}.

1440

Proof. To prove the assertion (i) of Lemma 4.2, we define the following sets for € > 0 and x € D:

No= ks k <8, and [(Afhvi+ Allye) = (11 + L)l 2 €]

/!

7

€
Noyn = {k :k<S, and IA,E:},xk -Li 2 E}

and

€
N1, = {k :k£S, and |A%yk — L, 2 E} .

Clearly, we have
Nn c NO,n U Nl,n

and this implies that, for n € IN,

b, b
.1 - . o1 - .
r}gl;lo S_ Z Smbm,k(l) < ‘}gl‘}o S_ Z Z Smbm,k(l)
™ m=a,+1 keN, " m=a,+1 keNy,
1 &
< r]iE;I&L S_n Z Z Smbm,k(l)~

m=a,+1 keco, N,

Moreover, since

wy = max{un, vl’l}r

so by (4.1), we get
1 y 1 hz y
lim Subu(i) < lim Snib(7)
n—ee wnSn m=a,+1 keN, e unsn m=a,+1 keNo,
1 b”
lim = ), ) submili)

m=a,+1 keN7 ,

Further, by applying Theorem 3.1, we get

by

lim wnls Z Z Smbm (i) = 0.

m=a,+1 keN,

This proves the assertion (i) of Lemma 4.2.

Next, assertions (ii) to (iv) being similar to (i), so in the similar lines it can be proved

the proof of Lemma 4.2. O

(4.1)

4.2)

(4.3)

(4.4)

. This completes
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We now recall the modulus of continuity, f(x, y) € Cg(D) given by

w(fio)= sup {If6.0-feonl: Js-x2+t-yrso}  (©>0) (45)

(s,),(x,y)eD

and this implies that

£, = fx, ) S @ fi (s =02 + (6= 2. (46)
Now we prove the following theorem.

Theorem 4.3. Let B € RB(W) and (a) and (by) be sequences of integers (non-negative). Let T,, : Cp(D) — Cp(D)
be sequences of linear operators (positive). Also let (u,) and (v,) be the positive non-decreasing sequences. Suppose
that the following conditions are satisfied:

(D) IT.(1; %, y) — Ulcy) = Sfﬂfg}i = o(uy);

(ii) w(f, An) = statly —o(vs) on D,
where

An = @26, Pllcyny  and (s, = (=1 + (- )

Then, for all f € Cp(D), the assertion as below holds true:
ITa(f3 %, y) = £ Y)licyo) = statly! — o(w,), (4.7)

where (wy,) is given by (4.2).
Proof. Let f € Cp(D) and (x, y) € D. Using (4.6), we get

ITu(fF52,9) = F, 9] < Tallf s, 8) = FO6 L%, 1) + 1FC PITa(Lix, y) 1
. Tn( VG =P+ (t— )7

5 +1;x,y]w(f,6)+M|Tn(1;x,y)—1|
< (T3 + Tl 0% ) lf,0) + MIT, (15, ) = 1),

where
M = |Ifllcy)-

Now, by taking supremum over (x, y) € D on both sides, we get

T (f;x, v) = (x5, Yllcyo) £ w(f,0) {é”Tn(ll)(sr 1); %, Wlicyo) + ITu(L;x, y) = Llcyo) + 1}

+M||T,(1; x, y) = Llcy)-

Now, substituting 6 = A, = /T.(¢%; x, y), we obtain
1T (f;x, 1) = f(x, Wlcyo) £ w(f, Ay) {||Tn(1;X, Y) = ey + 2} + M|IT,(1;x, y) = Ulcyo)

S w(f, A)ITu(L;x,y) = Ulcyoy + 20(f, An) + MIIT,(1;x, y) — Llcyo)-

So, we fairly get

ITu(f5 %, ) = £ Wllcyoy < @, AITa(:%,y) = Ly + @(f, Aw) + 1T, ) = Ucyo)) -
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4.8)
Next, for a given € > 0, we consider the sets as follows:
H, = {n:n<S, and ITu(f;x,y) = F& Py 2 €} (4.9)
Hon = {” :n £S5, and w(f, AT (f;%,y) — f(, Wlicy o) 2 i}, (4.10)
Hyp = {n <8, and w(f,Ay) 2 %} 4.11)
and
Hy, = {n :n =S, and [|Ty(L;x, y) — llcyo) 2 i} (4.12)

Finally, by conditions (i) and (ii) of Theorem 4.3, together with Lemma 4.2, the last inequalities (4.9)-(4.12)
lead us to the assertion (4.7) of Theorem 4.3 and it completes the proof of Theorem 4.3. O

5. Concluding Remarks and Observations

In this concluding section of our study, we present some further observations and remarks in relevance
to different results that we have proved here.

Remark 5.1. Let (x,)nen be the sequence given in Example 2.8. Then, since

stat D(N)ﬁ’,i —limx, -0 on Cg(D),
we have

stat DN = im [T (fj; x, y) = fi(x, )llcg(o) = 0 (7=0,1,23). (6.1)
Hence, by applying Theorem 3.1, we have

stat D(N){ — Lim IT(f; %, y) = f(% Yllcso) = 0, f € Cs(D), (5.2)
where
fos,t) =1, fi(s,t) =5 fas,t) =t and fa(s,t) = s2 + 2,

However, since (x,) is not ordinary convergent and so also it does not converge uniformly in the usual sense.
Thus, the usual Korovkin-type theorem does not work here for the operators defined by (3.13). Hence,
this application clearly indicates that our Theorem 3.1 is a non-trivial generalization of the traditional
Korovkin-type theorem (see [32]).

Remark 5.2. Let (x,)en be the sequence as given in Example 2.8. Then, since

stat D(N)G;Z - ;}grc’lo x, — 0 on Cg(D),

so (5.1) holds. Now by applying (5.1) and our Theorem 3.1, condition (5.2) holds. However, since (x,;) does
not deferred weighted B-statistically converge, we can say that the result of Pradhan et al. ([38], p. 11,
Theorem 3) does not hold true for our operator defined in (3.13). Thus, our Theorem 3.1 is also a non-trivial
extension of Pradhan et al. ([38], p. 11, Theorem 3) and [36]. Based upon the above results, it is concluded
here that our proposed method has successfully worked for the operators defined in (3.13) and therefore, it
is stronger than the classical and statistical versions of the Korovkin type approximation theorems (see [38]
and [32]) established earlier.
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Remark 5.3. If we replace the conditions (i) and (ii) in our Theorem 4.3 by the following condition:

ITu(fjs %, ¥) = fi% Ylca) = staty! — o(u) (7=0,1,2,3), (5.3)

then we can write

3
Tu(@% %) = N ) ITa(fi(s, 0%, 1) = i Wllcao), (5.4)
j=0

where
oMy
N = {e+M+ ﬁ}' (j=0,1,2,3).

It thus follows from (5.3), (5.4) and Lemma 4.2 that

Aw = m = statf’l;qA —-o(d,) on Cg(D), (5.5)
where

o(d,) = max{uy,, Un,, Un,, Un, ).
Hence, we fairly get

w(f,0) = statfl’,i —o(d,) on Cg(D).
By using (5.5) in Theorem 4.3, we immediately see for all f € Cg(D) that

Tu(f; %, y) = f(x, y) = staty —o(d,) on Cg(D). (5.6)

Hence, if we use condition (5.3) in Theorem 4.3 in place of conditions (i) and (ii), then certainly we get the
rates of the deferred weighted B-statistical convergence of the sequence (T,) of linear operators (positive)
in Theorem 3.1.
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