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Abstract. Let (A, (pr)) be a Fréchet Q-algebra with unit e4. The e— spectrum of an element x in A is defined
by
0.(x) = {A € C: pyy(Aea — X)piy(Aea —x)7t > 1}

for 0 < ¢ < 1. We show that there is a close relation between the e—spectrum and almost multiplicative
maps. It is also shown that

{p(x) : p € ME, (A), plea) = 1} C 0e(x)

for every x € A, where M, (A) is the set of all ¢— multiplicative maps from A to C.

1. Introduction

Let A be an algebra over the complex field. A subset V of A is called idempotent if VV C V, and it is
called balanced if AV C V for all scalars A such that [A|] < 1. An algebra A is called a Fréchet algebra if it is
a complete metrizable topological linear space and has a neighborhood basis (V) of zero such that V,, is
absolutely convex (convex and balanced) and V,,V,, C V,, for all n € IN. The topology of a Fréchet algebra A
can be generated by a sequence (pi) of separating submultiplicative seminorms (py is called m — seminorm),
ie., pr(xy) < pe()pr(y) for all n € IN and x, y € A, such that pr(x) < prs1(x), whenever n € N and x € A.
If A is unital then px can be chosen such that pi(1) = 1 for all n € IN. The Fréchet algebra A with the
above generating sequence of seminorms (py) is denoted by (A, (px)). A Fréchet algebra (A, (px)) is a uniform
Fréchet algebra if py(a®) = (pr(a))?, for all k € N and a € A. Note that a sequence (xx) in the Fréchet algebra
(A, (px)) converges to x € A if and only if p,(xy —x) — 0 for each n € N, as k — co. Banach algebras are
important examples of Fréchet algebras.

Let A be an algebra. For x, y € A, we define x o y = x + y — xy. An element x € A is called quasi-invertible
if there exists y € A such that

xoy=yox=0.

The set of all quasi-invertible elements of A is denoted by g — InvA. For a unital algebra A, the set of
all invertible elements and don’t invertible elements of A is denoted by InvA and SignA respectively . A
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topological algebra A is called a Q-algebra if g — InvA is open, or equivalently, if 4 — InvA has an interior
point in A [16, Lemma E2]. For a unital algebra A, the spectrum o4(x) of an element x € A is the set of
all A € C such that A1 — x is not invertible in A. For a non-unital algebra A, the spectrum of x € A is
defined by o04(x) = {0} U{A € C: A # 0 and § ¢ q — [nvA}. The spectral radius r4(x) of an element x € A
is defined by ra(x) = sup{|A| : A € oa(x)}. In particular, when A is a Banach algebra, it is known that
ra(x) = lim,— [lx"||'/". The (Jacobson) radical of A, denoted by radA, is the intersection of all maximal left
(right) ideals in A. It is known that for any algebra A

radA = {x € A : ra(xy) =0, for every y € A}-

The algebra A is called semisimple if radA = {0}. If A is a commutative Fréchet algebra, then radA =
(Mpema) kere, where M(A) is the continuous character space of 4, i.e, the space of all continuous non-zero
multiplicative linear functionals on A. See, for example, [4, Proposition 8.1.2].

A well-known class of Fréchet algebras is the class of Fréchet Q-algebras.

In 1985, K. Jarosz introduced the concept of almost multiplicative maps between Banach algebras [9]. For
the Banach algebras A and B, a linear map T : A — B is called almost multiplicative if there exists £ > 0 such
that

ITab — TaTb| < ellalllibll,

for every a,b € A. K. Jarosz investigated the problem of automatic continuity for almost multiplicative
linear maps between Banach algebras. Since then, many authors investigated almost multiplicative maps
between different classes of Banach algebras. See, for example, [10]. In 2014, Honary, Omidi and Sanatpour
investigated the problem of automatic continuity for (weakly) almost multiplicative linear maps between
Fréchet algebras [7] and [6].

In this paper, we prove some results about Fréchet Q-algebras, ¢— spectrum of an element in Fréchet
Q-algebra and relationship between e— spectrum and almost multiplicative maps. Next we show that,
e—spectrum is a particular case of the generalized spectrum defined by Ransford [14]. Several results
on spectrum are generalized to e—spectrum. For example, it is proven that if (4, (px)) is a unital Fréchet
Q-algebraand T : A — Cis an e— multiplicative map such that T(e4) = 1, then for every x € A, T(x) € 0.(x).
Also in some situations, if (4, (pr)) is a commutative Fréchet Q-algebra with unit e4 and ¢ > 0, then for
every x € A and A € 0.(x), there exists weakly almost multiplicative map T : A — C such that T(x) = A
and T(eq) = 1. In [13], the authors have given an analogue of the Spectral Mapping Theorem for condition
spectrum. The e—spectrum is a useful tool in the numerical solution of operator equations. For example,
Suppose that X is a Banach space, T : X — X is a bounded linear map and y € X. Consider the operator
equation

Tx—Ax=y,

then
(i) A ¢ o(T) implies that this operator equation is solvable,
(ii) A ¢ o.(T)implies that this operator equation has a stable solution.

It is clear that, if 0.(a) = {A} for some A € C, thena = A. A very well known classical problem in operator
theory known as T = I problem, asks the following question:
Let T be an operator on a Banach space. Suppose that o(T) = {1}. Under what additional conditions can we
conclude T = I? From the above condition, it follows that if o.(T) = {1}, then T = I. In other words if we
replace spectrum by e-spectrum in the T = I problem, then no additional conditions are required.

We first bring some notions on topological algebras.

Definition 1.1. A subset V of a complex algebra A is m-convex (multiplicatively convex) if V is convex and
idempotent, i.e., VV C V. A topological algebra is locally convex if there is a base of neighborhoods of zero
consisting of convex sets. Since each locally convex algebra has a base of neighborhoods of zero consisting
of absolutely convex sets, we may always assume that a locally convex algebra has a base of neighborhoods
of zero consisting of absolutely convex sets. A topological algebra (A, (p.)«), whose topology is defined by a



A.P. Farajzadeh, M.R. Omidi / Filomat 33:5 (2019), 1445-1452 1447

family (pn)a of m-seminorms is called m-convex or Imc algebra . In the other word a topological algebra A is
a locally multiplicatively convex algebra (Imc algebra) if there is a base of neighborhoods of the origin consisting
of sets which are absolutely convex and multiplicative (idempotent).

Definition 1.2. A copmlete m-convex algebra is said Arens-Michael algebra, while the term Fréchet algebra
stands for a metrizable Arens-Michael algebra.

It is interesting to note that the Fréchet algebras defined in Section 1, are /mc algebras. Moreover, an
Imc algebra A is a Q-algebra if and only if the spectral radius r4 is continuous at zero and it is uniformly
continuous on A if A is also commutative. See, for example, [3, Theorem 6.18] or [15, III. Proposition 6.2].
2. Preliminaries

We first bring the following some results for easy reference.

Theorem 2.1. ([3, Theorem 4.6]) Let (A, (pa)a) be an m-convex algebra, then the following statements hold:

(i) oa(x) # 0, for every x € A.
If morever A is complete (ie., an Arens-Michael algebra) one has,

(ii) ra(x) = sup, lityeopa(X™)7, for every x € A.

Corollary 2.2. Let (A, (px)) be a Fréchet algebra, then
ra(x) = sup,n lim”%pk(x”)%
for every x € A.
Theorem 2.3. ([3, Theorem 6.18]) Let (A, (px)) be Fréchet algebra, then the following statements are equivalent:
(i) (A, (pr)) is a Q-algebra.
(ii) There is ko € IN such that ra(x) < pg,(x), for every x € A.
(iii) ra(x) = limn_mpko(x”)%,for every x € A and py, as in (ii).

If ko is the smallest natural number such that py, satisfies in the Theorem (2.3), we say that py, is original
seminorm for Fréchet Q—algebra (A, (pr)). In the sequel, we use this fixed py, as original seminorm for every
Fréchet Q-algebra.

Theorem 2.4. ([15, III. Corollary 6.4]) Let (A, (px)) be a unital commutative Fréchet Q—algebra, then
0 # oa(x) = {px): @ € M(A)}
for every x € A.

Definition 2.5. Let (4, (p,)) and (B, (3,)) be Fréchet algebras and ¢ be non-negative. AlinearmapT: A — B
is multiplicative, if Tab = TaTb for every a,b € A, it is e-multiplicative, with respect to (p,) and (g,), if

qgn(Tab — TaTb) < epu(@)pn(b),

foralln € N, a,b € A, and it is weakly e-multiplicative, with respect to (p,) and (g,), if for every k € IN there
exists n(k) € IN such that
gx(Tab — TaTb) < epuy(@)pPuw (),

forevery a,b € A. Alinear map T : A — B is almost multiplicative or weakly almost multiplicative, if it is
e-multiplicative, or weakly e-multiplicative, respectively, for some ¢ > 0.
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Remark 2.6. Note that the topology of a Fréchet algebra A, generated by the sequence (py), coincides with
the topology of A, generated by the subsequence (p,,,). Hence, in the definition of weakly e-multiplicative,
if we only consider the topology of a Fréchet algebra A, regardless of a particular sequence of seminorms
(pn) for A, then we may assume, without loose of generality, that the inequality gx(Tab — TaTb) < epr(a)pi(b),
holds for all k. Therefore, the notion of weakly e-multiplicative is, in fact, the same as e-multiplicative in
the above sense.

Example 2.7. We consider the Fréchetalgebra (C(IR), (p,)), with the sequence of seminorms p,,(f) = sup{|f(x)| :

x € [-n,n]}. Taker = %@ for € > 0. For a fixed x, € R we definea map T : C(R) — C by T(f) = rf(x,),
which is obviously a continuous linear functional. Since T(fg) = rf(x,)g(x,) and T(f)T(g) = r*f(x,)g(x,),
it follows that T is not multiplicative. However, there exists m € IN such that x, € [-m, m] and hence
x, € [-n,n] for all n > m. Therefore,

IT(fg) - T()T(9)] = I(r = ) f(x,)9(x, )|
= (= 1)lf (x,)g(x,)l
< ell fll=mmllgli=m,m
= epm(Hpm(9) < epn(fpa(g)- 1)

It follows from (1) that T is weakly e-multiplicative and hence, it is almost multiplicative by Remark 2.6.
The following theorem has proved in [8, Proposition 2.7].

Theorem 2.8. Let (A, (pi)) and (B, (qx)) be Fréchet algebras and T : A — B be a linear map. Then T is continuous if
and only if for each k € IN there exists n(k) € IN and ¢, > O such that

qk(T(a)) < ckpugp (@), )
foreach a € A. Moreover, if (B, (qx)) is a uniform Fréchet algebra and T is a continuous homomorphism, then we may
choose ¢, =1 for all k € IN.
3. Main Results

In this section we prove some results about Fréchet Q-algebras and ¢— spectrum of an element in Fréchet
Q-algebra.

Lemma 3.1. Let (A, (px)) be a Fréchet algebra and x € A such that ra(x) < 1. Then
limnempk(xn) = 0/
for every k € IN.

Proof. Since r4(x) = sup; lim, pe(x")# <1, we have
limn_,oopk(x”)% =l <1,
for every k € IN. For k fixed and ¢ = 1%“, there exists N € IN such that

1 1]
pr(xX") = Ik <e =5+,

for every n > Ni. Therefore
0<pi(e) < (5",

for every n > Ny, and hence lim,,opr(x") =0 (0 < [y <1). O
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We note that if (4, (px)) is a Fréchet Q-algebra and x € A, then r4(x) < pg,(x). Now by applying Theorem
2.3, we obtain the following result.

Corollary 3.2. Let (A, (px)) be a Fréchet Q-algebra and x € A such that py,(x) < 1. Then lim,.pr(x") = 0, for
every k € IN.

Lemma 3.3. Let (A, (px)) be a Fréchet Q-algebra and x € A such that py,(x) < 1orra(x) < 1, then e —x is invertible.

Proof. We set S, = ea +x+ -+ +x", then (4 — x)S, = ea — x"1. Since ra(x) < 1, by Lemma 3.1, we
have lim,epr(x") = 0, for every k € IN. This means that x" — 0, therefore (e4 — x) Y., X" = es and
(ea—x)t=Yr x". O

Corollary 3.4. Let (A, (pk)) be a Fréchet Q-algebra and x € A such that py,(x) < |Al. Then Aes — x is invertible and

Aeg—x) M < ———-

Proof. The proof is similar to Lemma 3.3 and (Adeq — x)7! = % Z,‘f’zl(%)". Hence

1
Aeg—x)< ———,

because py, is continuous. [

1

Lemma 3.5. Let (A, (px)) be Fréchet Q-algebra with unit es, x € InvA and y € A such that py,(x — y) < ; (x‘l)'
ko

Then y € InvA.

Proof. By hypothesis pi, ((x — y)x™1) < pi,(x — y)p, (x71) < 1, then yx~! is invertible, by Lemma 3.3. Therefore
y € InvA. O

Corollary 3.6. Let (A, (px)) be Fréchet Q-algebrawithunites, x € InvAand y € Sing(A). Then py,(x—y) > m
ko

Lemma 3.7. Let (A, (pr)) be Fréchet Q-algebra with unit e, x € InvA and y € A such that p, (y)pk,(x™') < 1. Then
x + y € InvA.

Proof. By hypothesis p, (—yx™1) < pr, ()P, (x!) < 1, then e4 + yx~! is invertible, by Lemma 3.3. Therefore
x+y=(ea+yxHxe oA O

Now, we introduce the concept of e—spectrum, as follows.

Definition 3.8. Let (A, (px)) be a Fréchet Q-algebra with unit e4. For € > 0, the e— spectrum of an element
xin A is defined by,

0:(x) = {A € C: p,(Aea — X)pi,(Aea — )71 > 1}

with the convention py,(Aes — x)px,(Aea — x)™! = oo when Aey — x is not invertible. The ¢— spectral radius
7¢(x) is define as

re(x) = supf{|A| : A € 0¢(x)}-

Note that 04(x) C 0.(x) and therefore r4(x) < 7.(x).
The following example is useful.

A 0

Example 3.9. Let A1,A; € Cwith A1 # Ay and A = [ 0 Ay

]. Then for A € C, we have
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IA = Alll = max{|]A — Aql, |4 = Az}
and
—1 — 1 1 .
“(A - /\I) || - max{ A=A’ |/\7A2|}

Hence for € > 0,

0:(A) ={A € C: |A = MIIIIA = AD7H| = %}

N=Ay 1 M=o 1
>—yVu : > -
T Wiy Wi

={AeC: }-

In the next theorem, we give some properties of the spectral radius r.(x).
Lemma 3.10. Let (A, (px)) be a Fréchet Q-algebra, x € Aand 0 < € < 1, then

re(x) < (1££5)pi ().

1

Proof. Let A € g.(x). We know that n (Aeg —x) 1< ————

, hence

Al + P, (x
¢ S pro(lea = Dpi(tea —2)7" < ﬁ

Now, it is easy to check that |A| < (%)pko x)- O

€
Next two theorems establish a relationship between e—spectrum and spectrum of an element in a Fréchet
Q-algebra.

Theorem 3.11. Lef (A, (px)) be a Fréchet Q-algebra, € > 0 and x € A, such that x is not a scalar multiple of the e,.
Suppose that y € A, A € oa(x + y) and py,(y) < epx,(Aea — x), then A € g.(x).
Proof. If A € 0a(x), then A € 0.(x). If A ¢ 0a(x), then Aes — x € [nvA. Since A € o4(x + y), Aea —x — y is not
invertible. Now, from Corollary(3.6), we have
1
= Aeg—x)—(Aea—x—-y) > —————
pko(y) pko(( €A x) ( €pA — X y)) = Pko(AeA _x)—l

On the other hand, py,(v) < epy,(Aea — x). Hence, we conclude
Pro(Aea = x)pi,(Aea — )7t = 1
Therefore, A € 0.(x). O

Definition 3.12. A Fréchet Q-algebra (A, (px)) is said compatible if for every x € InvA, there exists y € SignA
such that py, (x — y)pi, (x 1) = 1.

Lemma 3.13. Let (A, (px)) be a compatible Fréchet Q-algebra and x € A, such that x is not a scalar multiple of es.
Then for every A € o.(x), there exists y € singA such that py,(y) < epr,(Aea —x) and A € oa(x + y).
Proof. If A € 0a(x), weset y =0. If A ¢ 0a(x), then Aey — x € InvA. Since A is compatible, by Definition 3.12,
there exists c € singA such that
1
Aea—x—c)=———=< Aea —x),
Pro(Aea —x —c) a1 = &pry(Aea — x)

because A € o.(x). By taking y = Aeq — x — ¢, we conclude that

Pko(y) < Epko(AeA - x)'
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Also Aeq —x —y = c € SingA, therefore A € o4(x +y)- O

Lemma 3.14. Let (A, (px)) be a semisimple commutative Fréchet algebra and x, be a non zero element in A. Then for
every A € C, there exists a weakly almost multiplicative linear functional T : (A, (px)) — C such that T(xo) = A.

Proof. Since (pepma) kere = radA = {0} and xo # 0, there exists ¢ € M(A) such that ¢(xp) # 0. If p(xo) =1,
we define T : (4, (pr)) — C by T(x) = Ap(x) and if p(xo) # 1 we set T(x) = A p(x), for every x € A. Itis

¢(xo0)
clear that T is a weakly almost multiplicative linear functional and T(xp) = A in both cases. [J

We know that if A is a commutative Banach algebra and M(A) is the set of all complex homomorphisms
from A to C, then A € o(x) if and only if T(x) = A, for some T € M(A) [17, Theorem 11.5].
Now, the following Lemma establish a relationship between o,(x) and M, (A).

Lemma 3.15. Let (A, (px)) be a unital Fréchet Q-algebra and T : A — C be an e— multiplicative map such that
T(ea) = 1. Then for every x € A, T(x) € 0¢(x).

Proof. Set A = T(x). If Aeg — x ¢ [nvA, then A € 04(x) C 0.(x). Let Aea — x € [nvA, then
1=T(Aea — x)(Aea —x)7"|
= [T(Aea = x)(Aea —x) ™ = T(Aea — )T((Aea = 2)7)|
< epr,(Aea = 0pi,((lea = 0)7):
Therefore, A € 6.(x). O
Next we show that there is close relation between the e—spectrum and almost multiplicative maps.

Theorem 3.16. Let (A, (pr)) be a commutative compatible Fréchet Q-algebra with unit eq and € > 0. Then for every
x € Aand A € o.(x), there exists weakly almost multiplicative map T : A — C such that T(x) = A and T(ea) = 1.

Proof. If x is a scalar multiple of e4, then o.(x) = 0a(x) = {A}. Now by applying Theorem 2.4, there exists
@ € M(A) such that ¢(x) = A and p(es) = 1. Next, suppose that x is not a scalar multiple of e4. By Lemma
3.13, there exists y € SingA such that p, (y) < epy,(Aea — x) and A € oa(x + y)(because A is compatible).
Therefore there exists ¢ € M(A) such that A = ¢(x + y) = p(x) + ¢(y). We know that A is locally convex
topological vector space, then for M = {aes : @ € C} and applying [17, Theorem 3.5], there exists 1p € A*
such that (x) = 1 and (e4) = 0 (¢ = 0 on M). Now we define T : A — C with T(a) = ¢(a) + @(y)¢(a) for
every a € A. Itis clear that, T(e4) = 1. We claim that T is a weakly almost multiplicative map. Since ¢, ¢
are continuous linear maps and C is uniform, using Theorem 2.8, there exists m,n € IN such that

|(P(a)| < Pm(a) ’ M’(a)l < Pn(a) 3)
for every a € A. Set N = max{m, n}, then by using (3),
|T(ab) — TaTb|

< () (@ab) + p@)y(b) + (b)Y (a) + p(y)p(a)P (b))

< pn()(pn@)pn(D) + pn(@)pn(b) + pr(@)pn(D) + pn(y)pn(@)pn (b))
= pn(¥)3 + pn(y))pn(@)pn(b)

= Epn(@)pn (D),

for every a,b € A, where & = pn(y)(3 + pn(y)). Hence T is a weakly &é- multiplicative map. O

4. Conclusion

At first glance, the e—spectrum appears to differ from usual spectrum, but some properties of them
are similar. Also the eé—spectrum has many properties that are different from the properties of the usual
spectrum. In our opinion, comparing M,,(A) and M(A) is interesting, especially finding the connection
between them and o.(x), o(x).
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