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The Existence of a Solution of the Two-Dimensional Direct Problem
of Propagation of the Action Potential Along Nerve Fibers

A.J. Satybaeva, G.S. Kurmanalievaa

aOsh Technological University named after M.M. Adyshev, Osh, N. Isanova 81 str., Kyrgyzstan

Abstract. In this article, we consider a generalized parabolic two-dimensional direct problem of the process
of propagation of the action potential along nerve fibers. The problem is reduced to a generalized hyperbolic
problem using the Laplace transform. A generalized two-dimensional direct hyperbolic problem is reduced
to a regular hyperbolic problem using methods for rectifying characteristics and isolating singularities.
Using the piecewise-continuous function, the existence of the solution of the last problem is proved. From
the equivalence of problems it follows that there exists a generalized solution of the parabolic problem.

1. Introduction

When the membrane of a nerve fiber is excited, electrical impulses appear in it. A single nerve impulse
is called the action potential. The propagation of the nerve impulse along the nerve fiber (axon) occurs
without damping at a constant rate. The propagation velocity of a stable pulse is inversely proportional to
the square root of the fiber diameter.

The potential for actions is also called the electric impulse, caused by the change in the ionic permeability
of the membrane and associated with the propagation along the nerve and muscle excitation waves.

The formation of the action potential is due to two ionic flows through the biomembrane, which are
approximately equal in magnitude but shifted in time.

The membrane excitation is described by the Hodgkin-Huxley equation [1].

Im = Cm
(
dVm//∂t

)
+

∑
Ii,

where Im is the current through the membranes, Cm is the membrane capacity,
∑

Ii is the sum of ion currents
across the membrane, Vm is the action potential. The propagation of the potential along a nerve fiber, in
one-dimensional space, is described by the telegraph equation [1].

ra(x)
2ρa(x)

∂2Vm(x, t)
∂x2 − Cm(x)

∂Vm(x, t)
∂t

−
Vm(x, t)
ρm(x) · l

= 0,

where ra(x) is the radius of nerve fiber (axons), ρa(x) is a specific resistance of nerve fiber plasma, Cm(x) is
the capacitance per unit area of membrane, ρm(x) is the specific resistance of the membrane material, l is the
membrane thickness, Vm(x, t) is the action potential.
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2. Statement of the problem

Statement of the parabolic problem. The mathematical model of the process of propagation of the
action potential along nerve fibers, in two-dimensional space, is described by the following telegraph
equation of parabolic type [1]:

Cm(x, y)ϑ′t(x, y, t) =
ra(x, y)

2ρa(x, y)
∆ϑ −

ϑ(x, y, t)
ρm(x, y) · l

, (x, t) ∈ R2
+, y ∈ R, (1′),

where Cm(x, y) is capacitance per unit area of membrane, ra(x, y) - radius of nerve fiber, ρm(x, y) - specific
resistance of the membrane material, ρa(x, y) )- specific plasma resistance of nerve fibers, l - membrane
thickness, ϑ(x, y, t) - intracellular action potential, indices a and m - means nerve fibers and membranes
respectively, ∆ϑ(x, y, t) = ϑ′′xx(x, y, t) + ϑ′′yy(x, y, t) -Laplace operator.

We take the initial and boundary conditions as follows:

ϑ(x, y, t)|t<0 ≡ 0, ϑ′x(x, y, t)|x=0 = h(y)θ(t) + r(y)θ1(t) + p(y)θ2(t), t ∈ R+, (2′),

where h(y), r(y), p(y) are given functions, θ(t) is the Heaviside function, θ1(t) = tθ(t), θ2(t) = t2

2!θ(t).
A direct parabolic problem consists in determining the function ϑ(x, y, t) from problem (1′) - (2′) for

known values of the coefficients Cm(x, y), ra(x, y), ρm(x, y), ρa(x, y), l and also for known functions h(y),
r(y), p(y).

By the Laplace transform from the parabolic equation, we pass to the hyperbolic equation [2].
Equivalent direct hyperbolic problem. We assume that the coefficients of the equations ra(x, y)/

(
2ρa(x, y) · Cm(x, y)

)
,

1/
(
l · ρm(x, y) · Cm(x, y)

)
grow no faster than the functions Ceαt for t→∞, where C, α are positive constants

and f1(t, y) =
∞∫
0

f (τ, y)G(t, τ)dτ, G(t, τ) = 1
√
πt

e
−z2
4t .

Then we make the following calculations

ϑ(x, y, t) =
∞∫
0

V(x, y, τ)Gt(t, τ)dτ = |Gt = Gττ| =
∞∫
0

V(x, y, τ)Gττ(t, τ))dτ =

= V(x, y, t)Gτ(t, τ)|∞0 − V(x, y, t)G(t, τ)|∞0 +
∞∫
0

Vττ(x, y, τ)G(t, τ)dτ ==
∞∫
0

Vττ(x, y, τ)G(t, τ)dτ.

ra(x,y)

(2ρa(x,y)Cm(x,y))∆ϑ(x, y, t) − 1
l·ρm(x,y)Cm(x,y) · ϑ(x, y, t) =

=
∞∫
0

[
ra(x,y)

(2ρa(x,y)·Cm(x,y))∆V(x, y, τ) − 1
l·ρm(x,y)Cm(x,y) V(x, y, τ)

]
G(t, τ)dτ =

=
∞∫
0

ra(x,y)

(2ρa(x,y)Cm(x,y))∆V(x, y, τ) · G(t, τ)dτ −
∞∫
0

1
lρm(x,y)Cm(x,y) V(x, y, τ)G(t, τ)dτ.

hence for t ∈ R+ we obtain

ϑt(x, y, t) −
ra(x,y)

(2ρa(x,y)Cm(x,y))∆ϑ(x, y, t) − 1
l·ρm(x,y)Cm(x,y)ϑ(x, y, t) =

=
∞∫
0

{
Vττ(x, y, τ) − ra(x,y)

(2ρa(x,y)Cm(x,y))∆V(x, y, τ) − V(x(,y,τ)
l·ρm(x,y)Cm(x,y)

}
G(t, τ)dτ.

ϑ(0, y, t) = lim
t→0

∞∫
0

V(0, y, τ)G(t, τ)dτ = lim
t→0

2
√

x

∞∫
0

V(0, y, 2
√

tτ)e−τdτ =

= V(0, y, τ) = f1(t, y).

Thus, from the parabolic equation one can obtain a hyperbolic equation.
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Statement of the hyperbolic problem. Thus, in medical practice, the distribution of the action potential
for nerve fiber (by axon) is described by the telegraph equation hyperbolic type:

Cm(x, y)
∂2V(x, y, t)

∂t2 =
ra(x, y)

2ρa(x, y)
∆V −

1
ρm(x, y) · l

V(x, y, t), x ∈ R+, t ∈ R+, y ∈ R. (1)

To find the unique solution of equation (1), we give the initial and boundary conditions of the following
form:

V(x, y, t)|t<0 ≡ 0, V′x(x, y, t)|x=0 = h(y)δ(t) + r(y)θ(t) + p(y)θ1(t),
x ∈ (0,T/2), y ∈ [−D,D], t ∈ [0,T], (2) where δ(t) is the delta Dirac function.
The first condition (2) means that the nerve-fiber medium is in the depressed state before the time t ¡0,

and the potential begins to start at time t = 0 and the propagation of the action potential along the nerve
fiber begins.

The second condition (2) means that the force of the instantaneous cord and flat sources with the values
h (y), r (y), p (y), respectively, will act on the boundary x = 0.

Find a generalized solution of problem (1) - (2),those, V(x, y, t) for known values of the coefficients
Cm(x, y), ra(x, y), l, ρa(x, y), ρm(x, y) and for known values h(y), r(y), p(y).

Existence of a solution. Suppose that the following conditions are satisfied with respect to the coeffi-
cients of the equation:

Cm(x, y), ra(x, y), ρa(x, y), ρm(x, y) ∈
∧

1,
h(y), r(y), p(y) ∈

∧
2, l > 0,

}
(3)

where ∧
1 = {Cm(x, y) ∈ C2 ((0, d) × (−D1,D1)) , 0 < M1 ≤ Cm(x, y) ≤M2,

supp{Cm(x, y)} ⊂ ((0, d) × (−D1,D1)) , d = ‖Cm(x, y)‖2C ≤M2}.∧
2 = {supp{h(y)} ∈ (−D,D), h(y) ∈ C(−D,D)},

D = D1 + T(M2 + l),T = 2l/(M1 − l),M1,M2,D = positive − constant numbers.

Reduction of problem (1)-(2) to the regular problem. To rectify the characteristic, we introduce a new
variable α(x, y), which is a solution of the Eikonal problem of the form:

α2
x(x, y) + α2

y(x, y) =
2ρa(x,y)Cm(x,y)

ra(x,y) ,

α(x, y)|x=0 = 0, αx(x, y)|x=0 =
2ρa(0,y)·Cm(0,y)

ra(0,y) ,

αx(x, y) > 0, lim
x→∞

α(x, y) = ∞,

 .
We also introduce new functions Cm(α(z, y), y) = Cm(x, y), ρa(α, y) = ρa(x, y), ρm(α, y) = ρm(x, y), ra(α, y) =
ra(x, y), v(α(x, y), y, t) = V(x, y, t).

We represent the solution of the direct problem from the singular and regular parts of the solution of
the following form [4]:

v(α, y, t) = ṽ(α, y, t) + S(t, y)θ(t − |α|) + R(t, y)θ1(t − |α|) + P(t, y)θ2(t − |α|),
where ṽ(α, y, t) is a continuous function.

Then we obtain a direct problem with the data on the characteristics:

∂2v
∂t2 = ∂2v

∂α2 + L1v(α, y, t), |α| < t < T, y ∈ (−D,D),
v(α, y, t)||α|=t = S(t, y), t ∈ [0,T], y ∈ (−D,D),
v(α, y, t)|y=−D = v(α, y, t)|y=D = 0,

 (4)

where

L1(α, y, t) =
ra(α, y)

2ρa(α, y)Cm(α, y)

[
∂2v
∂y2 + ∆α

∂v
∂α

+ α′y
∂2v
∂α∂y

]
−

1
Cm(α, y)ρm(α, y) · l

∗ v(α, y, t), (5)
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S(t, y) =
h(y) · 2ρa(0, y)Cm(0, y)

2ra(0, y)
+

1
2

t∫
0

{
ra(τ, y)

2ρa(τ, y)Cm(τ, y)
[αySy(τ, y) − ∆αS(τ, y)]

}
dτ, (6)

R(t, y) =
r(y)2ρa(0,y)Cm(0,y)

2ra(0,y) + 1
2

t∫
0
{

ra(τ,y)
2ρa(τ,y)Cm(τ,y) [Syy(τ, y) − αyRy(τ, y) − ∆αR(τ, y)]−

−
S(τ,y)

Cm(τ,y)ρm(τ,y)l − Sττ(τ, y)}, t ∈ [0,T], y ∈ (−D,D),
(7)

P(t, y) =
p(y)2ρa(0,y)Cm(0,y)

2ra(0,y) + 1
2

t∫
0
{

ra(τ,y)
2ρa(τ,y)Cm(τ,y)

[
Ryy(τ, y) − ∆αP(τ, y) − αyPy(τ, y)

]
−

−
1

Cm(τ,y)ρm(τ,y)·l R(τ, y) − Rττ(τ, y)}dτ, t ∈ [0,T], y ∈ [−D,D].

We calculate the following equalities, which are necessary later:

∂v
∂y ||α|=t = Sy(t, y), ∂v

∂t ||α|=t = St(t, y) + R(t, y),
∂v
∂t ||α|=t = −si1n(α)R(t, y), t ∈ [0,T], y ∈ (−D,D).

(8)

By a generalized solution of the direct problem we mean a function v(α, y, t) that satisfies the equalities:

t∫
0

t∫
|α|

D∫
−D

[
∂v
∂τ

∂ϕ

∂τ
+
∂v
∂α

∂ϕ

∂α
+ Lv(α, y, τ)ϕ(α, y, τ)

]
dydαdτ =

t∫
|α|

D∫
−D

S(τ, y)ϕ(α, y, τ)dydτ, t ∈ (0,T). (9)

where, ϕ(α, y, t) ∈ C2 (Ω(T,D)), Ω(T,D) =
{
(α, y, t) : α ∈ (−T,T), y ∈ (−D,D), |α| < t < T

}
.

We note that the existence of solutions of wave processes in various settings was considered by A.J.
Satybaev and his graduate students [4-8].

A finite-difference analogue of the problem. To compile the difference analogue, we introduce the grid
region:

ΩK
ij = {xi = ih1, yi = jh2, tk = kτ, |ih1| < 2τk < T,

h1 = T/N, τ = T/2N, h2 = D/L, jh2 ∈ (−D,D)}.

We construct the difference analogue of the problem:

utt̄ = uαᾱ + L1uk
i j, (ih1, jh2, τk) ∈ Ωk

i j,

u|2i|
±i, j = S|2i|

j , i = −N,N; j = |2i|, 2N,

uk
i,L = uk

i,−L = 0, i = −N,N; k = |2i|, 2N,

 (10)

where the difference analogues Sk
j , Rk

j ,P
k
j , L1uk

i j will be:

Sk
j =

h jρa0
j Cm0

j

ra0
j

+
1
2

k−1∑
l=0

 ral
j

2ρal
j · Cml

j

[
αȳ(Sȳ)l

j + (∆α)l
jS

l
j

] τ, k = 1,M, j = −L,L, (11)

Rk
j =

r j·ρa0
j ·Cm0

j

ra0
j

+ 1
2

k−1∑
l=0
{

ral
j

2ρal
j·Cml

j

[
(Syȳ)l

j − αȳ(Ry)l
j − ∆αRl

j

]
−

−
Sl

j

Cml
jρml

j·l
− (Sττ̄)l

j}τ, k = 1,M; j = −L,L.
(12)

Pk
j =

p jρa0
j Cm0

j

ra0
j

+ 1
2

k−1∑
l=0
{

ral
j

2ρal
jCml

j

[
(Ryȳ)l

j − αȳ(Pȳ)l
j − ∆αPl

j

]
−

−
Rl

j

Cml
jρml

jl
− (Rττ)l

j}τ, k = 1,M, j = −L,L.
(13)
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L1uk
i j =

rai j

2ρai jCmi j

[
(uȳ)k

i j + ∆αi j(uᾱ)k
i j + (αȳ)i j · (uαȳ)k

i j

]
−

uk
i j

Cmi j · ρmi j · l
. (14)

3. Proof of the existence of a solution

We define a piecewise continuous function ũ(α, y, t) inside a parallelepiped
Π = {kτ ≤ t ≤ (k + 1)τ, ih1 ≤ α ≤ (i + 1)h1, ih2 ≤ y ≤ ( j + 1)h2}

ũ(α, y, t) = uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
)(k + 1 − t

τ ) + uk+1
i j ×

×(i + 1 − α
h2

)( j + 1 − y
h2

)( t
τ − k) + uk

i+1 j(
α
h1
− i)( j + 1 − y

h2
)×

×(k + 1 − t
τ ) + uk

i j+1(i + 1 − α
h1

)( y
h2
− j)(k + 1 − t

τ ) + uk
i+1 j+1×

×( αh1
− i)( y

h2
− j)(k + 1 − t

τ ) + uk+1
i+1 j(

α
h1
− i)( j + 1 − y

h2
)×

×( t
τ − k) + uk+1

i j+1(i + 1 − α
h1

)( y
h2
− j)( t

τ − k) + uk+1
i+1 j+1 × ( αh1

− i)( y
h2
− j)( t

τ − k).

(15)

Let the following conditions be satisfied:

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(uk
i j)

2
≤ A,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
uk+1

i j −uk
i j

τ

)2

≤ B1,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
uk

i+1 j−uk
i j

h1

)2

≤ B2,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
uk

i j+1−uk
i j

h2

)2

≤ B3.


(16)

We show that

max
|α|≤t≤T

t∫
−t

D∫
−D

u2(α, y, t)dαdy ≤ A,

max
|α|≤t≤T

t∫
−t

D∫
−D

u2
t (α, y, t)dαdy ≤ B1,

max
|α|≤t≤T

t∫
−t

D∫
−D

u2
α(α, y, t)dαdy ≤ B2,

max
|α|≤t≤T

t∫
−t

D∫
−D

u2
y(α, y, t)dαdy ≤ B3.


(17)

We calculate the following integral for t = kτ,ih1 ≤ α ≤ (i + 1)h1, jh2 ≤ y ≤ ( j + 1)h2:

(i+1)h1∫
ih1

( j+1)h2∫
jh2

ũ2(α, y, kt)dαdy =
(i+1)h1∫

ih1

( j+1)h2∫
jh2

[uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
)+

+uk
i+1 j(

α
h1
− i)( j + 1 − y

h2
) + uk

i j+1(i + 1 − α
h1

)( y
h2
− j) + uk

i+1 j+1×

×( αh1
− i)( y

h2
− j)]2dαdy = | αh1

− i = ξ,
y
h2
− j = η| = h1h2

∫ ∫ 1

0

1∫
0

[uk
i j(1 − ξ)×

×(1 − η) + uk
i+1 j(ξ(1 − η)) + uk

i j+1((1 − ξ)η) + uk
i+1 j+1(ξ · η)]2dξdη.

We denote by a = uk
i j, b = uk

i+1 j,c = uk
i j+1,d = uk

i+1 j+1. Then we have
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1∫
0

1∫
0

[a(1 − ξ)(1 − η) + b(1 − η)ξ + c(1 − ξ)η + dξη]2dξdη =
1∫

0

1∫
0
{a2(1 − ξ)2

×

×(1 − η)2 + b2(1 − ξ)2ξ2 + c2(1 − ξ)2η2 + d2ξ2η2 + 2ab(1 − ξ)(1 − η)2ξ+
+2ac(1 − ξ)2(1 − η)η + 2ad(1 − ξ)(1 − η)ξη + 2bc(1 − η)(1 − ξ)ξη+

+2bd(1 − η)ξ2η + 2cd(1 − ξ)η2
· ξ}dξdη =

1∫
0
{

1
3 a2(1 − η)2 + 1

3 b2(1 − η)2+

+ 1
3 c2η2 + 1

3 d2η2 + 2ab[ 1
2 −

1
3 ](1 − η)2 + 2 1

3 acη(1 − η) + 2ad[ 1
2 −

1
3 ]×

×η(1 − η) + 2bc[ 1
2 −

1
3 ]η(1 − η) + 2bd 1

3 (1 − η)η + 2cd[ 1
2 −

1
3 ]η2
}dη =

= a2

3

1∫
0

(1 − η)2dη + b2

3

1∫
0

(1 − η)2dη + c2

3

1∫
0
η2dη + 2ad[ 1

2 −
1
3 ]×

×

1∫
0

(1 − η)2dη + 2ac
3

1∫
0
η(1 − η)dη + 2ad[ 1

2 −
1
3 ]

∫
(1 − η)dη + 2bc[ 1

2 −
1
3 ]×

×

1∫
0
η(1 − η)dη + 2bd 1

3

1∫
0

(1 − η)ηdη + 2cd[ 1
2 −

1
3 ]

1∫
0
η2dη = a2

9 + b2

9 + c2

9 + d2

9 +

+2ab[ 1
2 −

1
3 ] 1

3 + 2ac
3 [ 1

2 −
1
3 ] + 2ad[ 1

2 −
1
3 ]2 + 2bc[ 1

2 −
1
3 ]2 + 2bd

3 [ 1
2 −

1
3 ]+

+2cd 1
3 [ 1

2 −
1
3 ] = a2

9 + b2

9 + c2

9 + d2

9 + ab
9 + ac

9 + ad
18 + bc

18 + bd
9 + cd

9 ≤
1
9 [a2 + b2+

+c2 + d2 + ab + ac + ad
2 + bc

2 + bd + cd] ≤ 1
9 [a2 + b2 + c2 + d2 + a2

4 + b2

4 +

+ a2

4 + c2

4 + a2

2 + d2

2 + b2

2 + c2

2 + b2

2 + d2

2 + c2

2 + d2

2 ] ≤ 1
4 [a2 + b2 + c2 + d2]

(i+1)h1∫
ih1

( j+1)h2∫
ih2

ũ2(α, y, kτ)dαdy ≤
1
4

h1h2[(uk
i j)

2 + (uk
i j+1)2 + (uk

i+1 j)
2 + (uk

i+1 j+1)2]

Sum over the entire interval,then:

L∑
j=−L

N∑
i=−N

( j+1)h2∫
ih2

(i+1)h1∫
ih1

ũ2(α, y, kτ)dαdy ≤ h1h2

L∑
j=−L

N∑
i=−N

(uk
i j)

2
≤ A. (18)

For t = (k + 1)τ, ih1 ≤ α ≤ (i + 1)h1, jh2 ≤ y ≤ ( j + 1)h2 we can also show the inequality obtained above.
Let us show the linearity of the functions ũ(α, y, t) with respect to t for kτ ≤ t ≤ (k + 1)τ. Consider

ũ(α, y, kτ) = uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
)(k + 1 − kτ

τ ) + uk+1
i j (i + 1 − α

h1
)×

×(y + 1 − y
h2

)( kτ
τ − k) + uk

i+1 j(
α
h1
− i)( j + 1 − y

h2
)(k + 1 − kτ

τ ) + uk
i j+1×

×(i + 1 − α
h1

)( y
h2
− j)(k + 1 − kτ

τ ) + uk
i+1 j+1( αh1

− i)( y
h2
− j)(k + 1 − kτ

τ )+
+uk+1

i+1 j(
α
h1
− i)( j + 1 − y

h2
)( kτ
τ − k) + uk+1

i j+1(i + 1 − α
h1

)( y
h2
− j)( kτ

τ − k)+
+uk+1

i+1 j+1( αh1
− i)( y

h2
− j)( kτ

τ − k) = uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
) + uk

i+1 j×

×( αh1
− i)( j + 1 − y

h2
) + uk

i j+1(i + 1 − α
h1

)( y
h2
− j) + uk

i+1 j+1( αh1
− i)( y

h2
− j).

ũ(α, y, (k + 1)τ) = uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
)(k + 1 − (k+1)τ

τ ) + uk+1
i j ×

×(i + 1 − α
h1

)( j + 1 − y
h2

)( (k+1)τ
τ − k) + uk+1

i+1 j(
α
h1
− i)( j + 1 − y

h2
)×

×(k + 1 − (k+1)τ
τ ) + uk

i j+1(i + 1 − α
h1

)( y
h2
− j)(k + 1 − (k+1)τ

τ ) + uk
i+1 j+1×

×( αh1
− i)( y

2h − j)(k + 1 − (k+1)τ
τ ) + uk+1

i+1 j(
α
h1
− i)( j + 1 − y

h2
)×

×( (k+1)τ
τ − k) + uk+1

uj+1(i + 1 − α
h1

)( y
h2
− j)( (k+1)τ

τ − k) + uk+1
i+1 j+1( αh1

− i)×

×( y
h2
− j)( (k+1)τ

τ − k) = uk+1
i j (i + 1 − α

h1
)( j + 1 − y

h2
) + uk+1

i+1 j(
α
h1
− i)×

×( j + 1 − y
h2

) + uk+1
i j+1(i + 1 − α

h1
)( y

h2
− j) + uk+1

i+1 j+1( αh1
− i)( y

h2
− j).
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It is obvious that

ũ(α, y, t) = (k + 1 − t
τ )ũ(α, y, kτ) + ( t

τ − k)ũ(α, y, (k + 1)τ) =

= [(1 − t−kτ
τ )ũ(α, y, kτ) + ( t−kτ

τ )ũ(α, y, (k + 1)τ)]. (19)

This means the linearity of the function. From here

ũ2(α, y, t) = (1 − t−kτ
τ )2ũ2(α, y, kτ) + 2(1 − t−kτ

τ )( t−kτ
τ )ũ(α, y, kτ) × ũ(α, y, (k + 1)τ)+

+( t−kτ
τ )2ũ2(α, y, (k + 1)τ) ≤ 2[(1 − ( t−kτ

τ ))2
× ũ2(α, y, kτ) + ( t−kτ

τ )2ũ2(α, y, (k + 1)τ)] ≤
≤ (1 − t−kτ

τ )ũ2(α, y, kτ) + ( t−kτ
τ )ũ2(α, y, (k + 1)τ).

(20)

Then it is obvious that for τk ≤ t ≤ (k + 1)τ or 0 ≤ t−τk
τ ≤ 1 the following inequality holds:

max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2(α, y, t)dαdy ≤ max
|i|≤k≤M

{

D∫
−D

t∫
−t

ũ2(α, y, kτ)dαdy.

D∫
−D

t∫
−t

ũ2(α, y, (k + 1)τ)dαdy} max
|α|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(uk
i j)

2
≤ A. (21)

This means that the first inequality of (17) holds.

Let us prove that max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2
t (α, y, t)dαdy ≤ B1, if max

|i|≤k≤M
h1h2

L∑
j=−L

N∑
i=−N

[
uk+1

i j −uk
i j

τ

]2

≤ B1.

For t = kτ, ih1 ≤ α ≤ (i + 1)h1, jh2 ≤ y ≤ ( j + 1)h2, we consider

ũt(α, y, t) = uk
i j(i + 1 − α

h1
)( j + 1 − y

h2
)(− 1

τ ) + uk+1
i j (i + 1 − α

h1
)( j + 1 − y

h2
) 1
τ+

+uk
i+1 j(

α
h1
− i)( j + 1 − y

h2
)(− 1

τ ) + uk
i j+1(i + 1 − α

h1
)( y

h2
− j)(− 1

τ ) + uk
i+1 j+1×

×( αh1
− i)( y

h2
− j)(− 1

τ ) + uk+1
i+1 j(

α
h1
− i)( j + 1 − y

h2
) 1
τ + uk

i j+1(i + 1 − α
h1

)( y
h2
− j) 1

τ+

+uk+1
i+1 j+1( αh1

− i)( y
h2
− j) 1

τ = (i + 1 − α
h1

)( j + 1 − y
h2

) ·
uk+1

i j −uk
i j

τ + ( αh1
− i)×

×( j + 1 − y
h2

)
uk+1

i+1 j−uk
i+1 j

τ + (i + 1 − α
h1

)( y
h2
− j)

uk+1
i j+1−uk

i j+1

τ + ( αh1
− i) × ( y

h2
− j)

uk+1
i+1 j+1−uk

i+1 j+1

τ .

Summing over the entire interval and denoting a1 =
uk+1

i j −uk
i j

τ , b1 =
uk+1

i+1 j−uk
i+1 j

τ , c1 =
uk+1

i j+1−uk
i j+1

τ ,

d1 =
uk+1

i+1 j+1−uk
i+1 j+1

τ , we obtain:

h1h2

( j+1)h2∫
jh2

(i+1)h1∫
ih1

ũ2(α, y, t)dαdy = h1h2

( j+1)h2∫
jh2

(i+1)h1∫
ih1

[(i + 1 − α
h1

) × ( j + 1 − y
h2

)
uk+1

i j −uk
i j

τ +

( αh1
− i)( j + 1 − y

h2
)

uk+1
i+1 j−uk

i+1 j

τ + (i + 1 − α
h1

)( y
h2
− j)

uk+1
i j+1−uk

i j+1

τ + ( αh1
− i)( y

h2
− j)×

×
uk+1

i+1 j+1−uk
i+1 j+1

τ ]2dαdy = | αh1
− i = ξ,

y
h2
− j = η| =

= hh2
1

1∫
0

1∫
0

[(1 − ξ)(1 − η)a1 + ξ(1 − η)b1 + (1 − ξ)ηc1 + ξηd1]2dξdη =

= h1h2
1
4 [a2

1 + b2
1 + c2

1 + d2
1].

(22)

From the latter it follows

max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2(α, y, t)dαdy ≤ max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

[
uk+1

i j −uk
i j

τ

]2

≤ B1.

We can show the linearity of the function ũt(α, y, t).



A.J. Satybaev, G.S. Kurmanalieva / Filomat 33:5 (2019), 1287–1300 1294

Let us prove that max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2
α(α, y, t)dαdy ≤ B2, if max

|i|≤k≤M
h1h2

L∑
j=−L

N∑
i=−N

[
uk

i+1 j−uk
i j

h1

]2

≤ B2.

We compute in the rectangle t = kτ, ih1 ≤ α ≤ (i + 1)h1, jh2 ≤ y ≤ ( j + 1)h2 the following:

ũα(α, y, t) = ( j + 1 − y
h2

)(k + 1 − t
h2

)
uk

i+1 j−uk
i j

h1
+ ( j + 1 − y

h2
)( t
τ − k)×

×
uk+1

i+1 j−uk+1
i j

h1
+ ( y

h2
− j)(k + 1 − t

τ )
uk

i+1 j+1−uk
i j+1

h1
+ ( y

h2
− j)( t

τ − k)
uk+1

i+1 j+1−uk+1
i j+1

h1
;

ũα(α, y, kτ) = ( j + 1 − y
h2

) ·
uk

i+1 j−uk
i j

h1
+ ( y

h2
− j)

uk
i+1 j+1−uk

i j+1

h2
.

Integrate ũ2(α, y, kτ)

( j+1)h2∫
jh2

(i+1)h1∫
ih1

ũ2(α, y, kτ)dαdy =
( j+1)h2∫

jh2

(i+1)h1∫
ih1

[(i + 1 − y
h2

) ·
uk

i+1 j−uk
i j

h1
+ ( y

h2
− j)×

×
uk

i+1 j+1−uk
i j+1

h2
]2dαdy = |η =

y
h2
− j, ξ = α

h1
− i, dy = h2dη, dα = h1dξ| =

= h1h2

1∫
0

[(1 − η)
uk

i+1 j−uk
i j

h1
+ η

ui+1 j+1−uk
i j+1

h1
]2dη =

= |denotin1, a2 = (uk
i+1 j − uk

i j)/h1, b2 = (uk
i+1 j+1 − uk

i j+1)/h1| =

= h1h2

1∫
0

[(1 − η)2
· α2

2 + 2(1 − η) · ηa2b2 + η2b2
2]dη =

= h1h2[ 1
3 a2

2 + 2a2b2[ 1
2 −

1
3 ] + 1

3 b2
2] ≤ h1h2[ 1

3 a2
2 + 1

2 a2
2 + 1

2 b2
2 −

1
3 a2

2 −
1
3 b2

2 + 1
3 b2

2] =

= 1
2 h1h2[a2

2 + b2
2] = h1h2

2

[
(

uk
i+1 j−uk

i j

h1
)2 + (

uk
i+1 j+1−uk

i j+1

h1
)2
]
.

Summing the last for i = −N,N, j = −L,L

max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2
α(α, y, kτ) ≤ max

|i|≤k≤M

h1h2

2

L∑
j=−L

N∑
i=−N

[(
uk

i+1 j − uk
i j

h1
)2 + +(

uk
i+1 j+1 − uk

i j+1

h1
)2] ≤ B2. (23)

In the same way, we can show that

max
|α|≤t≤T

D∫
−D

t∫
−t

ũ2
α(α, y, (k + 1)τ)dαdy ≤ max

|i|≤k≤M

h1h2

2

L∑
j=−L

N∑
i=−N

[
uk+1

i+1 j − uk+1
i j

h1
+

uk+1
i+1 j+1 − uk+1

i j+1

h1
] ≤ B2.

Let us show the linearity of the function ũα(α, y, t). Let t : kτ < t < (k + 1)τ, ih1 < α < (i + 1)h1,
ih2 < y < ( j + 1)h2.

ũα(α, y, (k + 1)τ) = −uk+1
i j

1
h1

( j + 1 −
y
h2

) + uk+1
i+1 j

1
h1

( j + 1 −
y
h2

) − uk+1
i j+1

1
h1

(
y
h2
− j) + uk+1

i+1 j+1
1
h1

(
y
h2
− j);

ũα(α, y, kτ) = −uk
i j

1
h1

( j + 1 −
y
h2

) + uk
i+1 j

1
h1

( j + 1 −
y
h2

) − uk
i j+1

1
h1

(
y
h2
− j) + uk

i+1 j+1
1
h1

(
y
h2
− j);

this implies:

ũα(α, y, t) = (k + 1 − 1
τ )ũα(α, y, kτ) + ( t

τ − k)ũα(α, y, (k + 1)τ) =

= (1 − t−τk
τ )ũα(α, y, kτ) − ( t

τ − k)ũα(α, y, (k + 1)τ).
(24)

Hence it follows that the function ũ(α, y, t) is a linear function.
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D∫
−D

t∫
−t

ũ2
α(α, y, t)dαdy ≤ (1 − ( t

τ − k))
D∫
−D

t∫
−t

ũ2
α(α, y, kτ)dαdy + ( t

τ − k)×

×

D∫
−D

t∫
−t

ũ2
α(α, y, (k + 1)τ)dαdy ≤ (1 − ( t

τ − k)) max
|i|≤k≤M

D∫
−D

t∫
−t

ũ2
α(α, y, kτ)dαdy+

+( t
τ − k) max

|i|≤k≤M

D∫
−D

t∫
−t

ũ2
α(α, y, (k + 1)τ)dαdy ≤ max

|i|≤k≤M

D∫
−D

t∫
−t

ũ2
α(α, y, kτ)dαdy ≤

≤ max
|i|≤k≤M

h1h2
2

L∑
j=−L

N∑
i=−N

[
uk+1

i+1 j−uk+1
i j

h1
+

uk+1
i+1 j+1−uk+1

i j+1

h1

]
≤ B2.

which was to be proved.

Let us prove that
D∫
−D

t∫
−t

ũ2
y(α, y, t)dαdy ≤ B3, if max

|i|≤k≤M
h1h2

L∑
j=−L

N∑
i=−N

[
uk

i j+1−uk
i j

h2

]2

≤ B3.

ũy(α, y, t) = (i + 1 − α
h1

)(k + 1 − t
τ )

uk
i j+1−uk

i j

h2
+ (i + 1 − α

h1
)( t
τ − k)

uk+1
i j+1−uk+1

i j

h2
+

+( αh1
− i)(k + 1 − t

τ )
uk

i+1 j+1−uk
i+1 j

h2
+ ( αh1

− i)( t
τ − k)

uk+1
i+1 j+1−uk+1

i+1 j

h2
:

ũy(α, y, kτ) = (i + 1 −
α
h1

)
uk

i j+1 − uk
i j

h2
+ (

α
h1
− i)

uk
i+1 j+1 − uk

i+1 j

h2
:

( j+1)h2∫
jh2

(i+1)h1∫
ih1

ũ2
y(α, y, kτ)dαdy =

( j+1)h2∫
jh2

(i+1)h1∫
ih1

[(i + 1 − α
h1

)
uk

i j+1−uk
i j

h2
+ ( αh1

− i)×

×
uk

i+1 j+1−uk
i+1 j

h2
]2dαdy = |η =

y
h2
− j, h2dη = dy.ξ = α

h1
− i, h1dξ = dα| =

= h1h2

1∫
0

[(1 − ξ)
uk

i j+1−uk
i j

h2
+ ξ

uk
i+1 j+1−uk

i+1 j

h2
]2dξ = |c2

uk
i j+1−uk

i j

h2
, d2 =

uk
i+1 j+1−uk

i+1 j

h2
| =

= h1h2[ 1
3 c2

2 + 2c2d2[ 1
2 −

1
3 ] + 1

3 d2
2] ≤ h1h2

2 (c2
2 + d2

2) =

= h1h2
2 [(

uk
i j+1−uk

i j

h2
)2 + (

uk
i+1 j+1−uk

i+1 j

h2
)2].

Summing the latter for i = −N,N; j = −L,L, we obtain

max
|i|≤k≤M

D∫
−D

t∫
−t

ũ2
y(α, y, kτ)dαdy ≤ max

|i|≤k≤M

h1h2

2

L∑
j=−L

N∑
i=−N

[(
uk

i j+1 − uk
i j

h2
)2 + (

uk
i+1 j+1 − uk

i+1 j

h2
)2] ≤ B3. (25)

The same inequality can be established for

max
|i|≤k≤M

D∫
−D

t∫
−t

ũ2
y(α, y, (k + 1)τ)dαdy ≤ B3.

Consider the following function in the parallelepiped kτ < t < (k + 1)τ, ih1 < α < (i + 1)h1,
jh2 < y < ( j + 1)h2:

ũy(α, y, (k + 1)τ) = (i + 1 −
α
h1

)
uk+1

i j+1 − uk+1
i j

h2
+ (

α
h1
− i)

uk+1
i+1 j+1 − uk+1

i+1 j

h2
.

From here

ũy(α, y, t) = (k + 1 −
t
τ

)ũy(α, y, kτ) + (
t
τ
− k)ũy(α, y, (k + 1)τ) (26)

which shows the linearity of the function ũy(α, y, t).
Thus, the boundedness and linearity of piecewise-continuous functions ũ(α, y, t), ũt(α, y, t),

ũα(α, y, t), ũy(α, y, t).
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We now show the existence of the following terms: ∂ũ(α,y,t)
∂α , ∂ũ(α,y,t)

∂t , ∂ũ(α,y,t)
∂y .

One can choose sequence of functions
{
Uk

i j

}
,

{
Wk

i j

}
,
{
Vk

i j

}
, that converge to the above members. We

denote vk
i j =

uk
i+1 j−uk

i j

h1
.

Suppose that the conditions (16) are satisfied for (vk
i j), that is,

max h1h2

L∑
j=−L

N∑
i=−N

(vk
i j)

2
≤ A,

max h1h2

L∑
j=−L

N∑
i=−N

(
vk+1

i j −vk
i j

τ

)2

≤ B1,

max h1h2

L∑
j=−L

N∑
i=−N

(
vk

i+1 j−vk
i j

h1

)2

≤ B2,

max h1h2

L∑
j=−L

N∑
i=−N

(
vk

i j+1−vk
i j

h2

)2

≤ B3.


(27)

Let us prove that vα(α, y, t) =
∂ũ(α,y,t)
∂α . Suppose that α2 > α1.

ũ(α2, y, t) − ũ(α1, y, t) = ũ
([
α2
h1

]
h1,

[ y
h2

]
h2,

[
t
τ

]
τ
)
− ũ

([
α1
h1

]
h1,

[ y
h2

]
h2,

[
t
τ

]
τ
)
+

+O(
√

h1 +
√

h2 +
√
τ) =

[ α2
h1

]−1∑
i=[

α1
h1

]

ũk
i+1 j−uk

i j

h1
h1 + O(

√
h1 +

√
h2 +

√
τ) =

=

[ α2
h1

]−1∑
i=[

α1
h1

]
vk

i jh1 + O(
√

h1 +
√

h2 +
√
τ) =

[ α2
h1

]−1∑
i=[

α1
h1

]

∫
ih(i+1)h1

1

v(α, y, kτ)dα+

+O((α2 − α1)
√

h1) =
α2∫
α1

v(α, y, kτ)dα + O
(
(α2 − α1)

√
|t − kτ|

)
=

=
α2∫
α1

v(α, y, t)dα + O(
√

h1 +
√

h2 +
√
τ).

(28)

Hence for h1 → 0, h2 → 0, τ→ 0, we have:

ũ(α2, y, t) − ũ(α1, y, t) =

α2∫
α1

v(α, y, t)dα. (29)

Differentiating the last formula, we obtain v(α, y, t) =
∂ũ(α,y,t)
∂α .

We denote by Wk
i j =

ũk+1
i j −ũk

i j

τ . Suppose also that an inequality of the form (27) holds for Wk
i j. We show the

equality W(α, y, t) =
∂ũ(α,y,t)

∂t .

ũ(α, y, t2) − ũ(α, y, t1) = ũ
([
α
h1

]
h1,

[ y
h2

]
h2,

[
t2
τ

]
τ
)
− ũ

([
α
h1

]
h1,

[ y
h2

]
h2,

[
t1
τ

]
τ
)
+

+O(
√

h1 +
√

h2 +
√
τ) =

[ t2
τ ]−1∑

k=[
t1
τ ]

ũk+1
i j −uk

i j

τ τ + O(
√

h1 +
√

h2 +
√
τ).

(30)

As well as above, reasoning

ũ(α, y, t2) − ũ(α, y, t1) =

t2∫
t1

W(α, y, t)dt. (31)
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Differentiating (31), we obtain W(α, y, t) =
∂ũ(α,y,t)

∂t .

We denote by Vk
i j =

ũk
i j+1−ũk

i j

h2
.

Suppose also that an inequality of the form (27) holds for Vk
i j.

We show that equality V(α, y, t) =
∂ũ(α,y,t)
∂y .

ũ(α, y2, t) − ũ(α, y1, t) = ũ
([
α
h1

]
h1,

[ y2

h2

]
h2,

[
t
τ

]
τ
)
− ũ

([
α
h1

]
h1,

[ y1

h2

]
h2,

[
t
τ

]
τ
)
+

+O(
√

h1 +
√

h2 +
√
τ) =

[ y2
h2

]∑
y=[

y1
h2

]

ũk
i j+1−uk

i j

h2
h2 + O(

√
h1 +

√
h2 +

√
τ).

(32)

Consequently,

V(α, y, t) =
∂ũ(α, y, t)

∂y
. (33)

Thus, we can choose converging to a sequence of grid functions {uk
i j}, {U

k
i j}, {W

k
i j}, {V

k
i j} that converge to

functions u,U,W,V, hence to functions u, ∂u
∂α , ∂u

∂τ ,
∂u
∂y . We now show the existence of the following derivatives

∂2u
∂t2 , ∂

2u
∂α2 , ∂

2u
∂y2 , ∂

2u
∂αdy .

The existence of the derivatives ∂u
∂α , ∂u

∂y , ∂u
∂t is proved.

We denote by vk
2i j =

vk
i+1 j−vk

i j

h1
. Suppose that

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(vk
2i j)

2
≤ A,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
vk+1

2i j −vk
2i j

τ

)2

≤ B1,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
vk

2i+1 j−vk
2i j

h1

)2

≤ B2,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
vk

2i j+1−vk
2i j

h2

)2

≤ B3.


(34)

ṽ(α2, y, t) − ṽ(α1, y, t) = ṽ
([
α2
h1

]
h1,

[ y
h2

]
h2,

[
t
τ

]
τ
)
− ṽ

([
α1
h1

]
h1,

[ y
h2

]
h2,

[
t
τ

]
τ
)

+ O(
√

h1 +
√

h2 +
√
τ) =

=

[ α2
h1

]−1∑
i=[ α1

h1
]

ṽk
i+1 j−vk

i j

h1
+ O(

√
h1 +

√
h2 +

√
τ) =

[ α2
h1

]−1∑
i=[ α1

h1
]
vk

2i jh1 + O(
√

h1 +
√

h2 +
√
τ).

We integrate from ih1 to (i + 1)h1, then

[ α2
h1

]−1∑
i=[ α1

h1
]

(i+1)h1∫
ih1

v2(α, y, kτ)dα + O(|α2 − α1|
√

h1) =
α2∫
α1

v(α, y, kτ)dα+

+O(|α2 − α1|) + O(
√

h2) + O(|α2 − α1|)
√

(t − kτ).

Consequently ṽ(α2, y, t) − ṽ(α1, y, t) =
α2∫
α1

v2(α, y, t) + O(
√

h1, h2, τ).

Differentiating the latter, we obtain v2(α, y, t) =
∂v(α,y,t)
∂α =

∂2u(α,y,t)
∂α2 . In the same way, it can be shown that

W2(α, y, t) =
∂W(α,y,t)

∂t =
∂2u(α,y,t)

∂t2 ; V2(α, y, t) =
∂V(α,y,t)

∂y =
∂2u(α,y,t)
∂y2 .
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Let us show the existence of a derivative ∂2u
∂αdy . We denote by Pk

2i j =
Uk

i j+1−Uk
i j

h2
. Suppose that

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(Pk
2i j)

2
≤ A,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
Pk+1

2i j −Pk
2i j

τ

)2

≤ B1,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
Pk

2i+1 j−Pk
2i j

h1

)2

≤ B2,

max
|i|≤k≤M

h1h2

L∑
j=−L

N∑
i=−N

(
Pk

2i j+1−Pk
2i j

h2

)2

≤ B3.


(35)

ṽ(α, y2, t) − ṽ(α, y1, t) = ṽ
([
α
h1

]
h1,

[ y2

h2

]
h2,

[
t
τ

]
τ
)
− ṽ

([
α
h1

]
h1,

[ y1

h2

]
h2,

[
t
τ

]
τ
)
+

+O(
√

h1 +
√

h2 +
√
τ) =

[ y2
h2

]−1∑
i=[

y1
h2

]

ṽk
i j+1−vk

i j

h2
+ O(

√
h1 +

√
h2 +

√
τ) =

=

[ y2
h2

]−1∑
j=[

y1
h2

]
Pk

2i jh2 + O(
√

h1 +
√

h2 +
√
τ).

We integrate from jh2 to ( j + 1)h2, then

[ y2
h2

]−1∑
j=[

y1
h2

]

( j+1)h2∫
jh2

P2(α, y, kτ)dy + O(|y2 − y1|
√

h2) =
y2∫

y1

P2(α, y, kτ)dy+

+O(|y2 − y1|) + O(
√

h2) + O(|y2 − y1|)ξ
√

(t − kτ).

Consequently ṽ(α, y2, t) − ṽ(α, y1, t) =
y2∫

y1

P2(α, y, t) + O([|y2 − y1|]
√

t − kτ).

For h1 → 0, h2 → 0, τ→ 0, we differentiate the last equality in y. P2(α, y, t) =
∂v(α,y,t)
∂y =

∂2u(α,y,t)
∂α∂y . etc.

Let the steps τ, h1, h2 through t, α, y run through some numerical sequences {τs}, {h1s}, {h2s}, where
(τs, h1s, h2s > 0) and lim

s→∞
(τs, h1s, h2s)→ 0.

Suppose that for each s, finite-difference solutions of problem (6) are constructed. Then, considering
that all these solutions outside the characteristic angle are equal to zero, then there exists a sequence {(uk

i j)
s
},

for some uk
i j that weakly converges in the norm W1

2(Ω(T,D)) and strongly converges in the norm L2(Ω(T,D))
to the function u(α, y, t), i.e.

‖uk
i j − u(α, y, t)‖W2(Ω(T,D)) → 0, ‖uk

i j − u(α, y, t)‖L2(Ω(T,D)) → 0. (36)

We show that the function u(α, y, t) is a generalized solution of problem (6), that is, the validity of equality
(13). For uk

i j, we have the equality

τh1h2

L∑
j=−L

N∑
i=−N

M∑
k=|i|

{[
(uk

i, j)
s
tt̄ − (uk

i, j)
s
αᾱ − L(uk

i, j)
s
]
· φk

i j

}
= 0. (37)

Using the formula ”summation by parts” and ”differentiation” of products, we transform each term of the
last equality (for brevity, the index s is omitted)

M∑
k=|i|

(uk
i, j)tt̄φ

k
i, j = −

M∑
k=|i|

(uk
i, j)t(φk

i, j)t̄(k) + (uk
i, j)t(M)(φk

i, j)(M) − (uk
i, j)t × (|i|)(φk

i, j)|i| :
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M∑
k=|i|

(uk
i, j)αᾱφ

k
i, j = −

M∑
k=|i|

[((uk
i, j)ᾱφ

k
i, j)α − (uk

i, j)α(φk
i, j)α] = −

M∑
k=|i|
{[(uk

i, j)α × (φk
i, j)ᾱ+

+(uk
i, j)α(M)φk

i, j(M) − (uk
i, j)(|i|)φ

k
i, j(|i|)]α − (uk

i, j)α(φk
i, j)α} =

= −
M∑

k=|i|
[(uk

i, j)α(φk
i, j)ᾱ + (uk

i, j)α(φk
i, j)(i + 1)(k)] + (uk

i, j)α(M)φk
i, j(M) − (uk

i, j)(|i|)(φ
k
i, j)α(|i|);

M∑
k=|i|

rai j

2ρai jCmi j
uyȳ(φk

i, j) = −
M∑

k=|i|
[ rai j

2ρai jCmi j
(uk

i, j)ȳ(φk
i, j)y −

rai j

2ρai jCmi j
(uk

i, j)ȳ(φk
i, j)y−

−
rai j

2ρai jCmi j
(uk

i, j)ȳ(φk
i, j)](k) = −

M∑
k=|i|

[ rai j

2ρai jCmi j
uk

i, jφ
k
i, j −

rai j

2ρai jCmi j
(D)uk

i, j(D)(φk
i, j)(D)−

−
rai j

2ρai jCmi j
(−D)(uk

i, j)(−D)φk
i, j(−D)]y +

rai j

2ρai jcmi j
(D)(uk

i, j)y(φk
i, j)y+

+( rai j

2ρai jCmi j
)y(uk

i, j)ȳφk
i, j = −

M∑
k=|i|

rai j

2ρai jCmi j
(uk

i, j)y(φk
i, j)y +

rai j

2ρai jCmi j
(uk

i, j)yφk
i, j(i + 1);

(38)

Then formula (37) will be

τh1h2

L∑
j=−L

N∑
i=−N

M∑
k=|i|

[(uk
i, j)t(φk

i, j)t + (uk
i, j)α(φk

i, j)α +
rai j

2ρai jCmi j
(uk

i, j)y(φk
i, j)y+

+
rai j

2ρai jCmi j
αy(uk

i, j)α(φk
i, j)y +

rai j

2ρai jCmi j
∆α(uk

i, j)α · (φ
k
i, j)α] + (uk

i, j)α(φk
i, j)(i + 1)+

+( rai j

2ρai jCmi j
)y(uk

i, j)y(φk
i, j)(i + 1) + ( rai j

2ρai jCmi j
αy)y(uk

i, j)α(φk
i, j)( j + 1)+

+
rai j

2ρai jCmi j
∆αi, j(uk

i, j)α(φk
i, j)( j + 1) +

rai j

2ρai jCmi j
(uk

i, j)αφ
k
i, j =

= h1h2

L∑
j=−L

N∑
i=−N

[(uk
i, j)t(M)φk

i, j(M) − (uk
i, j)t(|i|)φk

i, j(|i|) + (uk
i, j)α(M)φk

i, j(M)−

−(uk
i, j)α(|i|)φk

i, j(|i|) + L(uk
i, j)(M)φk

i, j(M) − L(uk
i, j)(|i|)φ

k
i, j(|i|)] =

= τh2

L∑
j=−L

N∑
i=−N

Si, jφk
i, j, k = |i|,M.

(39)

Passing to the limit, for τ→ 0, h1 → 0, h2 → 0, we obtain

t∫
0

D∫
−D

t∫
|α|

[(ũk
i j)τ(φ̃

k
i j)τ + (ũk

i j)α(φ̃k
i j)α +

rai j

2ρai jCmi j
(ũk

i j)y(φ̃k
i j)y+

+
rai j

2ρai jCmi j
αy(ũk

i j)α(φ̃k
i j) +

rai j

2ρai jCmi j
∆αi j(ũk

i j)αφ̃
k
i j −

1
Cmi jρmi j·l

∗ uk
i j ∗ φ

k
i j =

=
t∫
|α|

D∫
−D

Si jφk
i jdτdy, t ∈ [0,T].

(40)

Piecewise continuous functions are denoted by a wavy dash at the top, which coincide with the cor-
responding function at the grid nodes.Since, all these piecewise-continuous functions converge to the
corresponding function, and also taking into account that (ũk

i j), (ũ
k
i j)t, (ũk

i j)α, (ũ
k
i j)y converge weakly to the

functions u, ∂u
∂t ,

∂u
∂α ,

∂u
∂y respectively. Then passing to the limit, we obtain the generalized solution (13). Thus,

the theorem is proved:

Theorem 1. Suppose that conditions (3), (16), (27), (34), (35) are satisfied and the function u(α, y, t) is continuous
and has continuous partial derivatives of the first order in Ω(T,D) and let S(t, y) ∈ L2(Ω(T,D)). Then there exists a
generalized solution of the problem (6) in the space W1

2(Ω(T,D)).

From the equivalence of the direct problems (6) and (1) - (2) it follows that there exists a generalized
solution of the direct problem (1) - (2).

In connection with the fact that the hyperbolic problem is obtained from the parabolic problem (1 ’) -
(2’) by the equivalent Laplace transform, the existence of a generalized solution of the parabolic problem (1
’) - (2’) also follows.
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