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The Existence of a Solution of the Two-Dimensional Direct Problem
of Propagation of the Action Potential Along Nerve Fibers

A.]. Satybaev?, G.S. Kurmanalieva®

?Osh Technological University named after M.M. Adyshev, Osh, N. Isanova 81 str., Kyrgyzstan

Abstract. In this article, we consider a generalized parabolic two-dimensional direct problem of the process
of propagation of the action potential along nerve fibers. The problem is reduced to a generalized hyperbolic
problem using the Laplace transform. A generalized two-dimensional direct hyperbolic problem is reduced
to a regular hyperbolic problem using methods for rectifying characteristics and isolating singularities.
Using the piecewise-continuous function, the existence of the solution of the last problem is proved. From
the equivalence of problems it follows that there exists a generalized solution of the parabolic problem.

1. Introduction

When the membrane of a nerve fiber is excited, electrical impulses appear in it. A single nerve impulse
is called the action potential. The propagation of the nerve impulse along the nerve fiber (axon) occurs
without damping at a constant rate. The propagation velocity of a stable pulse is inversely proportional to
the square root of the fiber diameter.

The potential for actions is also called the electric impulse, caused by the change in the ionic permeability
of the membrane and associated with the propagation along the nerve and muscle excitation waves.

The formation of the action potential is due to two ionic flows through the biomembrane, which are
approximately equal in magnitude but shifted in time.

The membrane excitation is described by the Hodgkin-Huxley equation [1].

I = Con (dViy /3D + Y | T,

where [, is the current through the membranes, C,, is the membrane capacity, ) I; is the sum of ion currents
across the membrane, V,, is the action potential. The propagation of the potential along a nerve fiber, in
one-dimensional space, is described by the telegraph equation [1].

1a(X) *Vul(x,t) IVu(x, t) _ Vin(x, t) _
204(x)  Ox2 ot Pm(x) -1
where r,(x) is the radius of nerve fiber (axons), p,(x) is a specific resistance of nerve fiber plasma, C,,(x) is

the capacitance per unit area of membrane, p,,(x) is the specific resistance of the membrane material, / is the
membrane thickness, V,,(x, t) is the action potential.

- Cm(x)
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2. Statement of the problem

Statement of the parabolic problem. The mathematical model of the process of propagation of the
action potential along nerve fibers, in two-dimensional space, is described by the following telegraph
equation of parabolic type [1]:

, ra(x, ) x, y,t) ,
Cule ¥y t) = 57 ZESAS = T, (N ER, yeR, (1),

where Cy,(x, y) is capacitance per unit area of membrane, 7,(x, y) - radius of nerve fiber, p,,(x, ) - specific
resistance of the membrane material, p,(x, ) )- specific plasma resistance of nerve fibers, / - membrane
thickness, S(x, y,t) - intracellular action potential, indices a and m - means nerve fibers and membranes
respectively, AS.(x., 12 t) =9/.(x, y,t)+ S’y'y(af, Y t) -Laplace operator.

We take the initial and boundary conditions as follows:

(%, ¥, Dlico = 0, 9(x, ¥, Dlx=0 = h(y)O(t) + r(y)01(1) + p(y)6a(t), teR., (2),

where h(y), r(y), p(y) are given functions, 6(t) is the Heaviside function, 6,(t) = t0(t), 0a(t) = 5—2!6(1?).
A direct parabolic problem consists in determining the function 9(x, y, ) from problem (1’) - (2") for
known values of the coefficients  C(x, y), 7.(x, ), pm(x, y), pa(x,y), I and also for known functions h(y),

(), p(y)-
By the Laplace transform from the parabolic equation, we pass to the hyperbolic equation [2].

Equivalent directhyperbolic problem. We assume that the coefficients of the equations r,(x, y)/ (2pa(x, v) -

1/ (I- pm(x,y) - Cu(x, y)) grow no faster than the functions Ce* for t — oo, where C, a are positive constants

and fi(t,y) = [ f(r, )Gt T)dr, G(t, 7) = \#e*

0
Then we make the following calculations

3, y,0) = [V(x,y,1)Gi(t, 1)t = |Gy = Geel = [ V(x, Y, 1)Gra(t, 7))d7T =
0 0

= Vx5, DGt DIF = Vx, y, HGE DT + [ Veelx, y, DG, 1T == [ Vie(x, y, 1)G(E, T)dT.
0 0

__rabey)
(2Pa(x YCu(xY)) AS(x, y, t) =

— Ta(x,y) 1 —
f[(zpﬂ RNE) AV(x,y,T) - e Cm T eam) Vix,y, ’l’)] G(t,1)dt =

1 —
lpm(x y)Cm(xly) ’ S(X, y’ t) -

) , 1
= f Byt (xy))AV(x,y,T) G(t,r)dr Of lpm(x,y)cm(x,y)V(x, y, 7)G(t, 7)dT.

hence for t € R, we obtain

_ Va(JC,y) _ 1 _
Sl 1) (2pa(x.y)Cun(x.y)) A Y. l-pm(x,y)Cm(x,y)S(x’ yh) =
ra(X,Y) _ Vx(yo
B f { vy, T) - (ZPa(x,y)Cm(x,y))AV(x’ ¥ l'Pm(x,y)Cm(x,y)} Glt, .

T < _1s 2 < T —
(0, y,1) = lim Of V(0,y,1)G(t, T)dt = lim % Of V(0,y,2 Vit)e "dt
=V(0,y,7) = fit,y).

Thus, from the parabolic equation one can obtain a hyperbolic equation.

Cu(x, 1)),
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Statement of the hyperbolic problem. Thus, in medical practice, the distribution of the action potential
for nerve fiber (by axon) is described by the telegraph equation hyperbolic type:

PV, y ) rxy)

Cin(x, }/) o2 - Zpﬂ(x, y) - pm(xr 3/) -1

Vix,y,t), x€R;, teR,, yeR (1)

To find the unique solution of equation (1), we give the initial and boundary conditions of the following
form:

VY, Dlico =0, Vi, ¥, Dleco = KO + ()0 + p(y)01 (1),

x€(0,T/2), ye[-D,D], te[0,T], (2)whered(t)is the delta Dirac function.

The first condition (2) means that the nerve-fiber medium is in the depressed state before the time t 0,
and the potential begins to start at time t = 0 and the propagation of the action potential along the nerve
fiber begins.

The second condition (2) means that the force of the instantaneous cord and flat sources with the values
h (y), r (y), p (y), respectively, will act on the boundary x = 0.

Find a generalized solution of problem (1) - (2),those, V(x,y,t) for known values of the coefficients
Cu(x, y), ra(x, v), 1, pa(x, ¥), pm(x, y) and for known values h(y), r(y), p(y).

Existence of a solution. Suppose that the following conditions are satisfied with respect to the coeffi-
cients of the equation:

Cun(x, ), 1a(x, Y), pa(x, 1), pm(x, ) € A1, } 3)
hy), r(y), p(y) € N\a,  1>0,

where

A1 = {Cu(x,y) € C*((0,d) X (=D1,D1)),0 < My < Cy(x,y) < My,
supp{Cum(x, )} € ((0,d) X (=D1, D)), d = ||Cou(x, I < My}

A2 = {supp{h(y)} € (-D, D), h(y) € C(-D, D)},
D=D1+TM;+1), T =2l/(M; —1), M1, M,, D = positive — constant numbers.

Reduction of problem (1)-(2) to the regular problem. To rectify the characteristic, we introduce a new
variable a(x, y), which is a solution of the Eikonal problem of the form:

204(%,y)Crn(x,y)
az(x,y) + ag(x,y) = AL,
2 a Or ‘Cm Or
A, Phe=o = 0, (X, Y)lymo = 2O ray()(),y)(_y ),

ax(x,y) >0, lima(x,y) = oo,
X—00

We also introduce new functions Cm(a(z, y), y) = Cu(x, y), pala, y) = pa(x, y), pm(a, y) = pu(x, y), ra(e, y) =
ra(x/ ]/)/ U(D((x, ]/)/ ]// t) = V(x/ ]// t)

We represent the solution of the direct problem from the singular and regular parts of the solution of
the following form [4]:

o(a, y, t) = 0(a, y, 1) + S(£, Y)O(t — lal) + R(E, y)01(t — lal) + P(t, y)6a(t — |al),
where 9(a, y, t) is a continuous function.

Then we obtain a direct problem with the data on the characteristics:

U((X, Y, t)hal:t = S(t/ y)/ te [0/ T]/ y € (_D/ D)/
(e, y, )ly=—p = (&, y,t)ly=p = 0,

where

2o = 23 4 Lio(a,y,b),lal <t < T,y € (-D, D), }
4)

*v dv v 1
] =v(a,y,t), (5)

3 ra(a, y) v do i
Li(a,y, 1) = 2pa(e, y)Cm(a, y) [&yz +Aa Ja Tay dady | Cm(a, y)pm(a,y) -1
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t
_ h(y) - 2pa(0,y)Cm(0,y) 1 ra(z, )
stt,y) = WD 2 [ e asSu e )  aS(x )l e, (@
7 a(0,1y)Cm ra(t,
R(t,y) = RN 4 ] :) 2pa(7;)g,1w)[s y(T, ) = ayRy(T, ) = AaR(T, y)]-

()
S(t,
—m =Sty te [0, T],y € (=D, D),

p)2pa(0,y)Cr(0,y) _ra(ty)
P(t’ y) 2ra(0,y) t3 f 2pa(t,y)Cm(t,y) [Ryy(Tf y) - AD(P(T, y) - O‘ypy('fr y)] -

~ iR Y) = Rn(T, yidr, tel[0,T], yel-D,D]

We calculate the following equalities, which are necessary later:
%hm:t = Sy(t, ¥), Llaj=t = Sit, y) + R(t, ),
o=t = —sign(@)R(t,y), t€[0,T], ye(-D,D).

By a generalized solution of the direct problem we mean a function v(a, y, t) that satisfies the equalities:

dv d dv d
fff[ﬁ: &(5 &Z &(P + Lo(a, y, )p(a, y, T )] dydoch—ffS(T, (a,y,7)dydr, t€(0,T). (9)

0 laf - la] =

where, p(a, y,t) € C2(Q(T, D)), UT,D) = {(a,y,t) : « € (-T,T),y € (-D, D), la| < t < T}.
We note that the existence of solutions of wave processes in various settings was considered by A.J.
Satybaev and his graduate students [4-8].

(8)

A finite-difference analogue of the problem. To compile the difference analogue, we introduce the grid
region:

ij = {x; = ih1,yi = jho, ty = k7, |ily| < 2tk < T,
— T/N, 7 = T/2N, h, = D/L, jhs € (~D, D).

We construct the difference analogue of the problem:

— k (; H k
U = Uga + Llul‘]‘/ (Zhll ]th Tk) € Ql‘]‘/

Eflj _ 5'2" =-N,N;j = [2i],2N, (10)
qu = ui‘ p =0,i==N,N;k = [2i],2N,

where the difference analogues S’?, R’?,P’?, Ly uf.‘]. will be:

0 k-1
pa Cm _
sk= hipe; %Z {Zpa ay(sy)l + (Aa);Sé]} t k=T,M,j=-LL (11)
k_ " P”O L1y I I
R] ] E Z‘ {Zpa Cm [(Syy) ( y)] - A(XR]] - (12)
]
W (S}, k=1,M; j=-LL.
k _ PipaiCmj 41 s ]
Pj ral t2 Z ZpaICm [(Ryy) ay(P ) AO(P]] h
;o (13)

_—lejpjm[jl - (RT’[);}T, k = 1,M/] — —L, L.
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k

[ Cug)fs + Aavifua)s + (@) - (g T (14)

Tlli]' ] 3
Zpai]-le 1 le']' . pm,-]- -1

Lllzll]

3. Proof of the existence of a solution

We define a piecewise continuous function i(a, y, t) inside a parallelepiped
M={kr<t<(k+1)1, ihh<a<(@+h, ihp <y<(j+1hy)

e,y t) = wh(i+1 - £)(+1- £+ 1- L) +ulx
X(i+1-&)(j+1- L) - k)+ul+1](h —)(j+1- L)X

><k+1—£)+u1]+1(1+1— )(h——])(k+1— t)+ul+1]+1>< (15)

(
X(& =) = Dk+1- t)+uf:11](h —)(j+1 - #£)x
X(

h
Lo+ 1= @) = D - R+l X (@ =D = (L=,

Let the following conditions be satisfied:

L N
max hhy Y, Y, (uf )2 <A,
lil<ksM j=—Li=-N

L N ukH u‘.‘. 2
max h1h2 Z Z ( ) SBl,
lil<ksM j=—Li=—N

L N (u’? k2 (16)

max hihy Y, %
lii<k<M LN

N b,k 2
max hihy Z Y (M) < Bs.
il<k<M j=—Li=-N

We show that

t D
2 <
|orz|Iletl<XTft fD u“(a, y,tydady < A,
t D
max ffuf(a y,t)dady < By,

|a|<t<T ¢

f g (17)
max f f u%(e, y, tydady < By,

la|<t<T” t D

max f f uﬁ(a, y, t)dady < Bs.
D

la|<t<T* ¢

We calculate the following integral for t = kt,ih1 < a < (i + 1)y, jho < y < (j + 1ho:

(i+1)hy (j+1)ho (i+1)hn (]+1)h2
[ @,y ktydady= [ [ [u i+ 1= )+ 1= )+
i jhz ihy ]hZ

+u’lf+1j(,§—1 —D(+1-2)+ ul]+1(z +1- l)(z -+ u1+1]+1><
1

X(f =) = PPdady = |F —i=& L —j=nl= h1hsz0 f[ufj(l - &)X
0

X(l - 77) + u]i(+1]-(é(1 - n)) + Mi.{ﬂl((l - é)n) + ul,'(+1]'+1 (é ! U)]zdédﬂ

- — gk gk
We denote by a = u ,b= l+1] = ul.].+1,d = Uiy Then we have



A.]. Satybaev, G.S. Kurmanalieva / Filomat 33:5 (2019), 1287-1300

11 11
[ [la@ = &)@ = 1) + b1 = )& + c(1 - En + dénPdédn = [ [{a*(1 - £)*x

(1 - M2+ b2 (1 = £2&% + (1 — &2 + d>E2% + 2ab(1 — (1 - e+
+2ac(1 = EP(1 = n)n + 2ad(1 = E)(1 = n)én + 2be(1 = n)(1 = E)én+
1

+2bd(1 — )& + 2cd(1 - &) - E)dEdn = [{§a2(1 - 1) + $b2(1 - )*+

0
+10 + 1P + 2ab[— - 311 = n)* + 2%acn(1 - n) + Zad[% - 1l
x)(1 = 1) + 2bel5 - ]n(l n) +2bd3 s=mn+ 2cd[3 — 31n*}dn =
1

=% [(L-npdn+ 5 f(l nydn + $ fnzdn + 2ad[} — 1]x

0

1 1
x [(U=mPdn + % [n(1 - n)dn +2ad[} - 3] [(1 = nydn + 2be[3 - 31x

0 0

1 1
qu(1 n)dn+2bd1f(1 q)ndq+2cd[2—§]0fn2dn:§+b9—2+§+%2+
+2ab[2 L4 ?C[%:%]+2adz[———]2+2bc[ ~1p s %[%—%H
+2cd[—%] %+%+C+d+“b+“+“d+hc+bd+5d< [a + b2+
+c +d*+ +ac+7’1+7+bd+cd] §[a? +b2+c +d2+”+ Z+

+E e+ S+ B +§+b2+d2+c+ €] < 122 PR +d2]
i+l (+1)hs

. 1 k k k k

uZ(a, y, kt)dady < Zhth[(“zj)z + (uin)2 + (”i+1j)2 + (ui+1j+1)2]
T

Sum over the entire interval,then:

N (]+1)h2 (l+1)h1
Z Z f f i*(a, y, k) dady<h1hzz Z(u Y<A (18)
j==Li==N 5 5 j==Li==N

1292

Fort=(k+1)t,ihy <a < (i+1)hy, jho <y < (j+1)h, we can also show the inequality obtained above.

Let us show the linearity of the functions ii(«, y, t) with respect to t for k7 < t < (k + 1)7. Consider

e,y ko) = uf(i+ 1= £+ 1= )k + 1= )+ uff 1+ 1~ 2)x
x(y+l—%)(k7 k)+ul+1]h——z)(]+1——)(k+1 ’“)+u1]+1><
X(+1= )G = P+ 1= 5 +ul G = )G = Hk+1- )+
"”(hl—z)(ﬁl—y)(’” o +uh i +1- )G - e - k)+

i+1j
FUE i = D~ 0 =R = KL= 1 )

><<——z><]+1—h2>+ul,+1<z+1—ﬂ)(h——n Wy (- ><h2 ).
(e, y, (k+ 1)) = uf(i+ 1~ 2+ 1~ D)k +1- <"+j>f)+ufj+1><

X(i+1- &) +1- 2y k) + f:f]<h —i)(j + 1= )%

x(k+1 - (k+1)T)+uU+1(z+1— E)E - ple+1- k+1)T)+ul+1]+1x
(i =5 = e+ 1~ ““’T)mf:f,(hl =) +1- )%

(B — ) ikt (41— (- DO -+l G = )X
(L - )(“‘““ k) = uif;l(z+1——><]+1—1>+u£‘r%,<h1 - i)x
X(j+1- )+ ui‘]’fl(z +1- hl)(E -+ ui‘:llm(hl z)(h2 7)-
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It is obvious that

(o, y,t) = (k+1 - Hyia, y, k) + (£ - k)i, y, (k+1)7) =

= [(1 - =) a(a, y, ko) + (E0)i(a, y, (k +1)7)]. (19)

This means the linearity of the function. From here

(o, y,t) = (1 — E22i2(a, y, k) + 2(1 — E5)(EEii(a, y, kr) X dia, y, (k + 1)7)+
+(EE22(a, y, (k + 1)1) < 2[(1 - (5502 x i2(a, y, k1) + (BE)? 7% (a, y, (k+ D] < (20)
< (1-ENi2(a, y, kr) + (B (a, y, (k + D1).

Then it is obvious that for Tk <t < (k + 1)7 or 0 < =2 <1 the following inequality holds:

D D ¢t
2
l(glr;anTffu (a,y, t)dady<|l{2i>§4 ffu (a, y, kt)dady.
-D - -t
ff (o, y, (k + 1)t)dady} max h1h2 Z Z(ul/)2 <A. (21)

p j=—Li=-N

This means that the first inequality of (17) holds.
N I:ukﬂ uk

2
Let us prove that max ffu (a,y, dady < Bl,lf max hihy Z Y, u] < Bs.
|a|<t<T * <k<M j=—Li=—N

Fort =kt, il <a < (z + l)hl,]hz Sy<(j+ 1)h2, we consider

By, =1 1 1= D+ 1= )1 s

+1/l;<+1j(% _i)(j+1_ l)( )+1/ll +1(l+1_ )(h2 _])(_%)—i_uﬁ”_{.lx

X(E (L — D) + b =G+ 1— L)Lt uk+1(z'+ 1- &)L — )L+
1 2 j B 17V

B e R R e TR

L u..—uk.
X(j+1-1 )M+(l+1_ )(h_yz_]')%_,_(m_i)x(%_]’)w_

T

kg k. uktl gk uktl gk
Summing over the entire interval and denoting a; = — - i b= w, = %/
kel . —uk .
dy = MR we obtain:
T
(+Dha (i+1)y (j+Dh (i+1)hy Wk
mhy [ [ @y ddady=hhy [ [ [(+1-2)x(+1- L)~
jho iy jh2 ihy
y u’.‘*ll.—u].‘l y uk.*ll—u’.(. X y
a Y i+1j Citlj . a o ijt ij+ a . .
Gr=D)(+1- ) ———++1-75)(; —D——— + (G — ) — HX
k+1 k (22)

S U .
i+1j+1 i+1j+1
X J J ]

: Mady = | —i=&p—j=nl=
= Hp? f f [(1 =& —nay + EA = by + (1 - E)ney + Endy[Pdédn =
= hlhzi[a + 02+ 2 +d2.

From the latter it follows
N k+1 k

2
max f fuz(a y,t)dady< max hyhy Z Y "] < By.

|a\<t<T j=—Li=—N
We can show the linearity of the function #i;(a, y, t).
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Kk
Let us prove that max ffu (o, y, )dady < By, if max hyhy Z Z [%u”] < B,.

lal<t<T j=—Li=-N
We compute in the rectangle t =kt,ihp <a < (i+ 1)h1, ]hz < y < (j + 1)hy the following:

k.
o, y,t) = (j+1—l)(k+1— f)l”” . +(j+1—1)( - k)x
k+1 k+1 k+1 k+1

X :+1] x; +(h —])(k+1 _ t) x+1/+1 x)+1 +(h2 _])( ) 1+1/+1 ”x]+1’

o,y k) = (1~ - By it

Integrate i1(a, y, k1)

(j+Dha (i+1) (j+1)ha (i+1)
| wykodady= [ [ 1G+1- 8- S0 (L=
jhy iy jhy iy
l/ll,( . —‘l/lk.
X Pdady = = 4 - j,& = & —i,dy = hadn, da = hdé] =
1
= o [1(1 =) g '””le”” ]zdn -
|denotzng, ap = (ul“] )/hl,bz (uk Witjr ~ 1.].+1)/h1| =
1
= hyh f [(1=m)? - a2 +2(1 = 1) - nazhy + 2b2)dn =
= hlhz[ + 2a2b2[— - -] + 1b2] < hll’lz[ LI + a + %b% - %LI% - %b% + %b%] =

— %hlhz[ﬂz + b%] — hlhz [( i+1j :/)2 +( 1+1]+1 :/+1 )2]

Summing the last fori = =N, N, j = —L,L
~ > i & z+1] i(] ”1'(+1j+1 _”i‘(ju )
max f f T,y ko) < max =52 _Z ;I[( HH 1S B (29)
D ~t =-Li==
In the same way, we can show that
~ k+11 —uk gkl gk
l;f;%ffﬂi(a,y,(H1)T)dady<lzg%AT —Z‘lefv[ G Wy e ]+h1 71 <B,.
% —Li=-

Let us show the linearity of the function #,(a,y,t). Lett : kt < t < (k+ 17, ilh < a < (i + Dhy,
ihy <y < (j+ Dhy.

1 1 .
ala,y, O+ 1)7) =~ 1= —)+uf:f] LA —)—ui‘,:ll A hy )+ g h%—]);
~ k _ 1 1 y k 1 y - k 1 y Y.
Bala, y, ko) = ”h (]+ a )+ul+1fh G+1- h_) uif+1h_1(h_z _])+”i+1j+1h_1(E )

this implies:

ﬁa(a/ Y, t) = (k +1- %)ﬁa(ar Y, kT) + (% - k)ﬁa(a/ Y, (k + 1)T) =

= (1 - =%)i1,(a, y, k1) — (£~ K, y, (k+ 1)0). @4)

Hence it follows that the function i(a, y, t) is a linear function.
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D t
% (a, y, dady < (1 - (£ —k)) f f 2 (a, y, kr)dady + (£ — k)x
t

t
X f fﬁﬁ(a, y, (k+ D)t)dady < (1 - (£ k)) max f f (a, y, kt)dady+
-D 2

IU%U
Ole—.

b lil<k<M

D t
£~ k) max £ f i2(at, y, (k + 1)r)dady < ma, ) f f i2(a, y, kr)dady <

L N |:”k+1 uk+l uk+l uk+1

hihy i+1j i i+1j+17 Yijrl
< max —5* AZ AZ e h1 ]S B».
lil<k<M j=—Li=-N

which was to be proved
D

ki 12
Let us prove that f fﬁz(a, y,H)dady < B3, if max hh, 2 Z ‘”,i u”] < Bs.
lil<k<M j=—Li=-N 2
k+1 k+1
ﬁy(a,y,t):(i+1— )(k+1— ) e ”” i +(i+1- “)(t k)””—”+
+1 k+1
+(% —i)k+1- é)ul+1]+;112 1+l] +( _1)( k) 1+l]+l “Misnj .
uk u’.‘. uk uk
uy(a,y,k’[)—(z+1——) ”“ J +(—— )M:
hy

(j+Dh2 (i+1)hy (j+Dh2 (i+1)hy

[ @y kdady= [ [ [(+1- ﬂ) oy (£ - i)x
jhz i ]hZ iy

k _k .
xmpdady |77 = L jhpdn = dy.& = £ —i,ldE = da| =
k
— hlhz f[(l é) 17+1 L/ +é 1+1/+1 u1+1] ]zdé |C ;]H z/ d — z+l]+}112 z+1]| —
= hlhz[sc + 2c2d2[— -1+ 1d2] < M2+ d2) =
111112 [( z/+1 1] )2 +( f+17+1 f+11)2]
Summing the latter for i = —N,N; j= —L,L, we obtain
Dt L N uk uk ok
) < 1]+1 l] i+1j+1 i+1j o <
max [ [ @,y kodady < max 12 PN (U < B

D It -Li=-N

The same inequality can be established for

max f fuj(oc, y, (k+1)t)dady < Bs.

lil<ksM 1,

Consider the following function in the parallelepiped kt <t < (k+ 1)t, il <a <(i+1)hy,
jho <y < (j+ Dha:
ykrl gkl ukrl gkl
- _ s _ g ij+1 ij ﬁ . i+1j+1 i+1j
iy(a,y,(k+1)1) = (i+1 P )—h2 + (h1 1)—h2 .

From here

iy(a,y,t)=(k+1- %)ﬂy(a, y, kt) + (; = k)i (a,y, (k+1)T) (26)

which shows the linearity of the function ii,(a, y, ).

Thus, the boundedness and linearity of piecewise-continuous functions  d(a, y,t), d(a,y,t),

aa(ar yr t)/ ﬁy(a, y, t)

1295
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We now show the existence of the following terms: aﬁ(gﬁ;y ’t), aﬁ(géy ) , aa(g,y iy
One can choose sequence of functions {Ufj}, {Wﬁ‘j}, { Vf‘]} , that converge to the above members. We
uk 1.—11’?
i+ ] 1]
hy
Suppose that the conditions (16) are satisfied for (vi.‘].), that is,

denote vifj =

L N
maxhihy Y, Y, (oF )2 <A,
j=—Li=-N
L N Uk+1 _ok\2
maxhihy Y. ). ( ”) < By,
j=—Li=—N
]L N ok kN2 (27)
maxh1h2 Z Z (Hl] ”) SBz,
]— -Li=—N
2

N ok _vk
maxh1h2 Z Z ( i ) SBg.
j=—Li=—-N

Let us prove that  v,(a, y,t) = au(a y J)

i@z, y, 1) = #er, 1) = ﬂ([”]hh[%]hzr[%] o) = a (] [E ] [0+
OV + Vi + VD = & D3+ OV + VI + ) =

i= [H]
(211 (211
= Y vkhl +O(Vhy + Vhy + \T) = Z f o(a, y, kt)da+ (28)

i= %] i=[7L ]h<l+1)n]

+O0((az — a1) Vi) = f o(a, y, k)da + O (a2 — ar) VIE= Kl) =
= Tv(a, y, Hda + O(Vhy + Vhy + V7).

a

Suppose that a; > a;.

._.

Hence for iy - 0, h, = 0, 7 — 0, we have:

a
0z, v, 1) — e, y, 1) = f o, y, . (29)

Differentiating the last formula, we obtain  v(a, y,t) = au(a y A

~k+ -
We denote by Wk Rl . Suppose also that an inequality of the form (27) holds for Wk We show the

equality W(a,y,t) = MW”

i~ 00 = ([ [ [4]2) - 2 [ [4] )+

[2]-1
+O(Vhy + Vhp + ) = —i’T_ifT+O(\/E+\/E+\/E), (30)

k[}]

As well as above, reasoning

(e, y, t2) —di(a, y, t1) = fW(a, y, Hdt. (31)
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Differentiating (31), we obtain ~ W(a, y,t) = au(a 22 H
i ik,
k ij+1 i
We denote by Vl.]. #
. . §
Suppose also that an inequality of the form (27) holds for Vl.]..

We show that equality V(a,y,t) = au(a y 23

ey, 6 =iy, 0 = (| | [ [ ] ) = (o 52 o [ ] )+
E] u
+O(VIi + Vhz + V1) = ”*,12 ~5 s + O( Vi + VI + o).

y[lx]

Consequently,

dii(a, y,t)

V(a,y,t) = 7y

(33)

Thus, we can choose converging to a sequence of grid functions {u;
Ju Jdu Ju

} {Uk 1AW
functions u, U, W, V, hence to functions u

Pu Pu Pu Pu
o127 9a2’ dy*’ dady
Jdu Jdu du ;

The existence of the derivatives 37, 5 o is proved.

ok
z+1] L}

We denote by 0211 = . Suppose that

L N

max hihy Y, Y, (05, <A,
lil<k<M L= 2

Lo N oktgk \2
max hhy Y, Y (%) < By,
lil<ksM j=—Li=—N

L N 2i+1 2 .
max mhy ). Y (L) < By,
lil<ksM ]——Ll——N

N S =0 g
max h1h2 Z Z (M) < B3.
lil<k<M j=Li=N

(34)

1297

(32)

} {Vf,‘j} that converge to

s s 577 gy We now show the ex1stence of the following derivatives

(Olz,y, )—U(Oll,]/, )_v([azlhl’[hz]hz %] )_U([hl]hl’[hz]hZ'[ ] )+O(\/_+ \/_"' \/_)

nS

(Y2 {l
[21-1

-1

*\
=

k
= § OV + Vi + VD = L b +O(Vin + Vi + V).
i:[le] i=[7]
We integrate from ih; to (i + 1)hy, then
[3 2] 1 @+ a?
Z [ oxa, y kv)da + O(laz — ar| Vi) = [v(a, y, kr)da+
=[] il o

hy

+O0(laz = ail) + O(Vh2) + O(laz = aul) y/(t = k).

ar
Consequently @(a, y, t) — 9(aq, y, 1) = fvz(az, y, 1) + O(Vhy, hy, 7).

a

) .. . _ dolayt) _ FPulyt) :
Differentiating the latter, we obtain vy(a, y,t) = —35~ = —; 3. In the same way, it can be shown that
2
Wz(a Y, t) _ 8W(ayt) — 9? u((;:zy 1) . Vz(D( Y, t) 8V(ayt) % u(;t;éy,t).
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k

Let us show the existence of a derivative a‘ff;y. ”” R . Suppose that
L N 2 o
hih p
may il ¥ T (P <
L N /pki_pk \2
|1|113>;/Ih1h2 Y X (M) < By,
il<ks j=-Li=—N
! L l N /pk _pk\2 (35)
max h1h2 Z Z (M) SBz,
lil<k<sM ]* -Li=-N
N i \2
max h1h2 Z Z (M) §B3.
lil<k<sM j=—Li=—N ha
5 ~ - 5 y t
o) =960, =0 (i [ e [£] ) = o (g ][]+
2]-1
112 i

+O(Vi + Vi + VD) = L 2 ’k’+O(\/_+\/_+«f)

[‘

.3"\.\\7

I-1

P§, b2 + O(Nhy + vz + V7).

1Y
j=1L

=

We integrate from  jh, to  (j+ 1)hp, then

[1-1 (+1)h v
Zy f Py(a, y,kt)dy + O(ly2 — vl Vho) = sz(a, y, kt)dy+
]':[ﬁ] jho n

+O(Iy2 = val) + O(Vhz) + O(ly2 — 1 )& \/(t — k).

Y2
Consequently @(a, y2,t) — 9(a, y1,1) = sz(a, v, )+ O(lly2 — y1l] Vt — k).

dv(a,yt) _ Pulayt)

For hy — 0,h; — 0,7 — 0, we differentiate the last equality in y. Pa(at, y,t) = d = oady etc.

Let the steps t,hy,hy through f,a,y run through some numerical sequences {7}, {h1;}, {h2s}, where
(Ts, h1s, has > 0) and lim (75, hys, h2s) — 0.
S§—00

Suppose that for each s, finite-difference solutions of problem (6) are constructed. Then, considering
that all these solutions outside the characteristic angle are equal to zero, then there exists a sequence {(uff].)s},

for some u’i‘]. that weakly converges in the norm W% (C(T, D)) and strongly converges in the norm L,(€(T, D))
to the function u(a, y, t), i.e.

||ij —u(a, y, Hllw,a,py — 0, ||MZ- —u(a, y, Hllrpy — 0. (36)

We show that the function u(a, y, t) is a generalized solution of problem (6), that is, the validity of equality
(13). For ui.‘., we have the equality

thihy Z Z Z () — e — L] 6} = 0. 37)

j=—Li==N k=li|

Using the formula “summation by parts” and ”differentiation” of products, we transform each term of the
last equality (for brevity, the index s is omitted)

M M
N Dt = = Y i ) + (@ YD) = i ) X Uil N

k=lil k=li|
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k )aa¢ _Z[(k)ak)a_(k)a(¢k)a]__2[(u )ax(¢k)a

u >a<M>q>k ) - (u,])(lll)cﬁ" (IiD]a = (1 Do} )a) =
-~ ¥ [ [0} a0 D+ (a0 )+ DEN] + (1 DaMODE, (M) = (Y@ ()

k=lil
m,/ k _ M raij k rajj k
Z Zpu,JCm,/ y(¢i,j) - Z [2pa,,Cm,]( l])/((P 2pa,/Cm,]( 1])y(¢

ra;; ra;; raij
Zpu,jC}m,-/- ur,])?(¢f])](k) - Z [Zpa,/C]m,l 5(] kj - Zpa,/C]m,l (D)u (D)( k )(D)_

(38)

_ _ K\ ra;j

it (D) D) D), + 72 (DG ()

) ) = = T (), (0F)y + i (), i+ 1)

2ptl,]Cm,, Yy Y7ij k=i 2pa;;Cmy; i,jy i,j’Y 2paiiji, i,j/Y74,j 4

Then formula (37) will be
iy ¥ T zuu,])t(qb +<uk.>a(¢k Jo+ gt () (0 )+
j=—Li==N k=[i|
+2pa,,8m,] y zj)"‘(qbz])y 2pa; ém, )"‘ ((Pk )“ (ui,j)“(qbk )(l+1
(Zpu‘/gfm,])y( )y((f’ (1+1)+(2pu, gml ( k )“((P )(]+1)+
ra;; k k —

+2pa,,Cm1 (X’](uzj)“(q) )(]+ 1) 2pa; Cm,,( )"‘ (39)

= hihy Z Z [ ) (M)} (M) - uij)t(lll)¢'f-(lll)+(u'-‘-)a(M)d>ﬁ§]-(M)—
J=

=—Li=—N

(] >a<|z|>¢>k (1) + L )(M)cpk (M) = Luf )i (1] =
= 1hy Z Z Szj¢ = |1|/M-

j=—Li=-N

Passing to the limit, for7 —0, h; — 0, h; — 0, we obtain

t D
7% (K ik Ak i 7k (A
fff[( )’T )T (uf)a(ﬁbi‘)a + Zpai,'C]m,'] (uij)y(¢ij)y+
0 =D la|
ra;j ra;j (kN Ak 1 k k _
+2pu,JCm,/ 1] (¢1]) + Zpu‘/ijAa’](uij)ad)ij Cmjjpmj-l * uij * ij (40)

= f f Sijpfdrdy, te0,T].
laf =
Piecewise continuous functions are denoted by a wavy dash at the top, which coincide with the cor-
responding function at the grid nodes.Since, all these piecewise -continuous functions converge to the
corresponding function, and also taking into account that (“’F.),( )t, (u )a, (ul])y converge weakly to the

functions u, ?;t‘, gg, 3; respectively. Then passing to the limit, we obtam the generalized solution (13). Thus,

the theorem is proved:

Theorem 1. Suppose that conditions (3), (16), (27), (34), (35) are satisfied and the function u(e, y, t) is continuous
and has continuous partial derivatives of the first order in ((T, D) and let S(t, y) € Lo(CQX(T, D)). Then there exists a
generalized solution of the problem (6) in the space W(CX(T, D)).

From the equivalence of the direct problems (6) and (1) - (2) it follows that there exists a generalized
solution of the direct problem (1) - (2).

In connection with the fact that the hyperbolic problem is obtained from the parabolic problem (1 ’) -
(2") by the equivalent Laplace transform, the existence of a generalized solution of the parabolic problem (1
") - (2) also follows.
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