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Abstract. In the paper, exact constants in direct and inverse approximation theorems for functions of
several variables are found in the spaces S”. The equivalence between moduli of smoothness and some
K-functionals is also shown in the spaces S”.

1. Introduction

Let C(T), T := [0, 27t], denote the space of 2n-periodic continuous functions with the usual max-norm
Ifll = maxyer |f(x)l. Let also E,(f) = ipfll f — tull be the best approximation of function f € C(T) by

trigonometric polynomials of degree 1, n € IN.

The classical theorem of Jackson (1912) says that i) if for the function f € C(T), there exists the derivative
fO € C(T), then the following inequality is true: E,(f) < Kn~7w(fO,nY), n = 1,2,..., where w(f,t) :=
supy«; If (- + 1) — f()ll is the modulus of continuity of f. This assertion is a direct approximation theorem, which
shows that smoothness of the function f yields a quick decrease to zero of its error of approximation by
trigonometric polynomials.

On the other hand, the following inverse theorem of Bernstein (1912) is well-known: i) if for some 0 < a < 1,
we have E,(f) < K;n™"=%, n =1,2,..., then there exists the derivative f© € C(T) and w(f",t) = O(t%), t - 0+. In
ideal cases, the two theorems match each other. For example, it follows from i) and ii) that E,(f) = O(n™),
0 < a < 1, is equivalent to the condition w(f,t) = O(t*), t — 0+. (i.e. to the inclusion f € Lipa). In
such cases, it is said that for the classes Lip a, constructive characteristics is obtained in terms of the best
approximations of functions.

Direct and inverse theorems are the central theorems of the approximation theory. They were studied
by numerous authors. Here, we mention only the monographs [3, 7, 8, 16, 23], where one can find the
fundamental results obtained in this field.
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Stepanets and Serdyuk [17] proved direct and inverse approximation theorems in the spaces SP(T) of
2n-periodic Lebesgue summable on T functions f with the finite norm

g = 1F ezl e = (Y 170r) ",

keZ

where f(k) are the Fourier coefficients of f. In [17], the obtained direct and inverse theorems not only
match each other, but in these assertions, the exact constants were found too. Also this topic was actively
investigated in [14, 15, 18, 24-26], [16, Ch. 11], [23, Ch. 3]. These results are also interesting because of the
fact that by the definition of the norm, the assertions for the spaces S*(T) yield the corresponding results
for the Lebesgue spaces Ly(T).

In the present paper, the proven results for the spaces S?(T) are extended to the multidimensional case.
In particular, the direct and inverse approximation theorems for functions of several variables are proved
in the spaces SP(T") and some applications of the obtained results are given. The equivalence between
moduli of smoothness and some K-functionals is also shown in the spaces S”.

2. Preliminaries

Let d be a fixed natural number, R?, Z¢, Z’i and Z? be the sets of all ordered collections k := (ki ..., ki)
of d real, integer, nonegative integer and negative integer numbers correspondingly, Ny := {0,1,2,...}. Let
also T? := [0, 21]? denote d-dimensional torus.

Further, let L, := L,(T%), 1 < p < oo, be the space of all Lebesgue-measurable on R 2n-periodic in each
variable functions f with norm

= = —d p ’
T (R W
Forany x,y € R?, we set (x, y) :=x1y1 + ... + x4y4 and denote the Fourier coefficients of f € L; by
FK) = [fT(K) == @m)™ f f(x)e ™ Ndx, ke Z".
T
The space S := SP(T¥), 1 < p < o0, [16, Ch. 11] is the space of all functions f € L; such that

— —
fllg = I ezillyzn = (Y 1fRF) " < . (1)
kez?
Functions f € L; and g€ L, are equivalent in the space S”, when ||f — gl| 5, =0.
For an arbitrary f € L; and any v € Ny, we set

d

H(H0) = ), fae™, [kl =Y [kl 2)

Ikl =v j=1

Then the Fourier series of f can be represented as

SIF109 := ), fe™ = Y H,(H)(x). 3)
=0

kez4 v

Consider the set .7;*, n € N of all polynomials of the form 7,(x) := ¥ <, ae’®™, where ay are arbitrary
complex numbers. The quantity
Eﬁ(f)sp = in “f - T‘rl—lllsp (4)

Ty-1€TA

is called best approximation of f € S” by triangular polynomials of order n— 1.

In the spaces S”, the approximative properties of linear summation methods of multiple Fourier series
on triangular regions were studied in [12, 13]. In particular, in [13], the authors proved direct and inverse
theorems of approximation of function of several variables by the Taylor-Abel-Poisson operators in S.
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3. Differences and Modulus of Smoothness of Fractional Order

Similarly to [4], define the difference of f € L; of a fractional order @ > 0 with respect to the increment
h € Rby

AL = 2( 1>f( )f(x ), (5)

j=0

where () = S0 for j > 1, (3) = 1and (x = jh) := (x1 = ji,x2 = jh, .., X4 = jh).

For convenience, let us assemble some basic properties of the fractional difference.

Lemma 3.1. Assume that f € S*, a,>0,heR ke 7% x € R, Then
@) 1A fllg, < K(oc)IIfIISp, where K(a) := .7, ‘(7)’ <2W {a}=inf{[je N:j>a}

(ii) [A2 FT(K) = (1 — e M) £(K), where (k, ) == (k1 - 1) = h(ky + ... + ka);
(i) (AZ( Aﬁf)x AP () (ae);

(iv) ||A“+‘* fllg f”uAg fllg:

v) hmnA filg

The proof of Lemma 3.1 and other auxiliary statements of the paper will be given in Section 8.
Based on (5), the modulus of smoothness of f € S of the index a > 0 is defined by

wy(f,t)g = sup A} flg,

lh|<t

The functions wg(f, f) 5, possess all the usual properties of ordinary modulus of smoothness. Before their
formulation let us give the definition of y-derivative of a function (see, for example, [16, Ch. 11]).
Let ¥ = {{)(k)}xez« be a multiple sequence of complex numbers, (k) # 0, k € Z%. If for the function

f € Ly, the series Yz ) ﬂk)ei(k"‘)/ (k) is the Fourier series of a certain function g € L, then g is called
-derivative of the function f and is denoted as g := f¥. It is clear that the Fourier coefficients of functions
f and fV are related by equality

f) = y)f¥ k), kez'\ o). (6)
In case Y(k) = v, |kly =v,v=0,1,...,r > 0, we use the notation ¥ =: f.
Lemma 3.2. Assume that f,ge S, a 25 >0,t,t1,t, > 0. Then
(i) wi(f, t) g is a non-negative continuously increasing function of t on (0, o) with tli%l wa(fit)g =0;

(i) wa (f, 1) g < 24Pl 5 (frD) g

(iii) w A(f+g, f t) + a)A(g,t)

(IV) 1 (f f+ tZ)Sp < a)1 (f tl)sp + a)l (f tz)sp/

V) walf, g <21l

(vi) if there exists a derivative f¥) € S, then wi(f, 1) g, < tPw)y_ 5 O, 0.

4. Direct Approximation Theorems

Proposition 4.1. Let 1 = {ip(K)}xeze be a multiple sequence of complex numbers such that P(k) # 0 and
|kllim [ (k)| = 0. If for the function f € SV there exists a derivative f¥ €SP, then for alln € N,

Ex(flg < enEﬁ(fw)S,,, where ¢, = E‘lag; [Y(K)|.
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Proof. Let f € SF. By virtue of the definition of the norm in &, for any polynomial 7,1 € 72,

n—-1 00 00
If = tucallly = Y Y100 —ad” + Y IO = Y IH(AI,

v=0 |k|;=v v=n

Therefore, the infimum on the right-hand side of (4) is realized by the triangular partial Fourier sum
SA(F)(x) = Yo—o Hu(f)(x) of order n, i.e.,

X (P = IIf = S5y (Al = Y IHL(AI, = Y| 1FGOP. 7)

[kl 2n
If for the function f € S there exists a derivative f¥ € 8”, then according to (6), we have

ES(Fy = Y IFGOF = Y WOf (0P < enBalfY)g,

[kl >n [kl >n

In this case, if ¢, = |r1£|1ax [Y(k)| = [Y(k,)l, where k,, € 77 such that |k,|; > #n, then for an arbitrary polynomial
12N

i(ky

of the form %,(x) := ce®, ¢ # 0, obviously, the equality holds

En(%n)sp = EHEH(%Z)S;J .

O

Now we give direct approximation theorems in the spaces S”(T¥) in terms of best approximations and
moduli of smoothness of function. We establish Jackson inequalities of the form

EN(Ds <K@@i(fiy) . T>0

and consider the problem of the least constant in these inequalities for fixed values of the parameters 7, a,
7 and p. In particular, we study the quantity

E(f)g
05, Dy
where S, = {fe S : fl) =0 Vkez\zi}, zi =zl vz,

Let M(7), T > 0, be a set of bounded nondecreasing functions u that differ from a constant on [0, 7].

Kiap(7) = Sup{ :feS., f=z Const} , (8)

Theorem 4.2. Assume that f € S',. Then for any © > 0,n € N and a > 0 the following inequality holds:

EXs < Crap@i(f ) 9)
where
1/p
Chap(T) = ( inf M] (10)
peM(t) 27 | (T, u)
and
Li(t, ) = Liap(t,p) = e}\r}}g f —Cos — t dy(t). (11)
0

Futhermore, there exists a function p. € M(t) that realizes the greatest lower bound in (10). Inequality (9) is
unimprovable on the set of all functions f € S',, f # const, in the sense that for any o > 0 and n € IN the following
equality is true:

Cirap(T) = Ko p(1). (12)
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Proof. In the spaces Ly(T?), for @ = 1 this theorem was proved by Babenko in [1]. For the spaces SP(T)
of 2n-periodic functions of one variable this result was obtained in [17]. In the proof, we mainly use the
notation and arguments presented in [1, 5, 6, 17].

By virtue of Lemma 3.1 ii) for any f € &” and /i € R, we see that

IAG £l = Z Z FPIL - el

v=0 |kl=v

— oap Z Z |f(k)|”' (k, h) ' _2% i LFR)P(1 = cos(k, )7 . (13)

v=0 |k|;=v v=0 |k|;=v

If f € S, then ﬁk) =0 for k € Z%\ Z% and |(k, h)| = hlk|; for k € Z%. Therefore, by virtue of (2), (13) and
(11), we have

IAG £, —zzZuH (Nl (1 —cosvi)® 2% Y IH,(F)Ilg, (1~ cosvh) ¥

B 27 I,(1, 1) oy B @ Lu(7, w)
= o B e + 2 DH (Pl (1= cosvin® - 2= (14)
where the quantity I,(7, u) in defined by (11). Therefore, for arbitrary ¢ € [0, 7],
EX(f)" —“(T)_“(O)( ASfIE, -27 Y IIH, Ceos V)T o Do) ) 15
e < S o181 Zn (105 )" - 257055) (15)

Since the both sides of inequality (15) are nonnegative and the series on its right-hand side is majorized on
the entire real axis by the absolutely convergent series 2* Y7, [|H, (), , then integrating this inequality
with respect to du(t) from 0 to 7, we get

A p _ H( ) [u( )( o d
B o - oy < B f IS £y duct

—z“fiqu(f)n’;p( f (1 - cos )" auen - In<r,u))). (16)

v=n 0

By virtue of the definition of I,,(7, i), we see that the second term on the right-hand side of (16) is nonnegative.
Therefore, for any function u € M(t), we have

T

fa) (f )dy(t), (17)

whence we immediately obtain inequality (9) and the estimate

) =) _
Ko p(1) < yelef) 27 I(, 1)

By < an“ Iy () < ———
N 21( fllgdu 21(”1)
= Clap(7). (18)
Let us show that relation (18) is the equality. In view of (14), for any f € S,

h(f,t)g =27 sup Z I ()l (1 - cosvi) ¥ . (19)

O<hst 3= 0
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Therefore, using (7) and (19), we get

Yoen Pv
K}, 4(7) = sup — — T (20)
a pvzlg 27 sup Y., pv(1 - cos ﬁu)Tp

0<u<t

where the outer supremum is taken over all sequences of nonnegative real numbers p,, v = 1,2,..., such
that Y -1 py < co.
Consider the set

ap

VEE
wmp_{w(t val—cos; : 0y >0, va_1} 1)
and the quantity Tn(1) =, nap(T) = weigvlnfw ”(‘)”C[o,ﬂ' By virtue of (20), we have

Kooy = 25 J(0). (22)
For what follows, we need a duality relation in the space Ci, 1y, (see, e.g., [9, p. 30-31]).

Proposition 4.3. ([9, p. 30-31]) If F is a convex set in the space Ci,py, then for any x € Ciyp),
b b

inf [lx - ull.,, = sup ( f x(t)dg(t) — sup f u(t)dg(t))- (23)
ue ’ b ueF

Vi<l a a

For x € Ciap; \ F, where F is the closure of a set F, there exists a function g. with variation equal to 1 on [a, b] that
realizes the least upper bound in (23).

It is easy to show that the set W, 5 , is a convex subset of the space Cjo]. Therefore, settinga =0,b =7,
x(t) =0, u(t) = w(t) € Wyap, F = Wy 0, from relation (23) we get
T T

o= inf 10wl = sup (0= sup [ w@dg(0) = sup inf [ (o) (04)

w g
i vt ey vigst "
0

Furthermore, according to Proposition 4.3, there exists a function g.(t), that realizes the least upper bound in
T

(24) and such that V(g.) = 1. Since every functionw € W, , , is nonnegative, it suffices to take the supremum
0

on the right-hand side of (24) over the set of nondecreasing functions u(t) for which u(7) — u(0) < 1. For
such functions, by virtue of (11) and (21), the following equality is true:

T

inf f wtdu(t) = L(t, ). (25)

WEWa,p
0

Hence, there exists a function u. € M(t) such that p.(7) — p.(0) = 1 and

Litu) = sup Lt ) = Tu(1). (26)
yeM(T):I;/(y)Sl

Relations (18), (22) and (26) yield

1 1 (1) — 1.(0)
KD o(0) 2 KD (1) = — - S A
22 Ju(7) "o Ly(t, pe) 272 In(t, )

= Clyap(D)-
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It should be noted that for f € S*, condition F(k) =0,k € Z%\ Z¢ in Theorem 4.2 generally speaking
cannot be omitted. For example, consider the function f(x) = el where k* = (I,-1,0,...),1 € N. Then for
all n < 21, we have En(f*)sp =1and w(f*,t) =
Corollary 4.4. Assume that f € S',. Then for any n € N and a > 0, the following inequality holds:

T

1 t\r
Eﬁ( )p < a—fa)é ,—| sintdt, (27)
Ns 27 L(F) J (f n)SP
where
I inf ( 1—cos 2t) sintd )
a(A) = Vel%\rhlwnf( — cos ;t) sintdt, A >0, neN. (28)
0

If, in addition % € IN, then

(D)-

2%+1

ap ’
7+1

(29)

and inequality (27) cannot be improved for any n € IN, that is for any n € IN, there exists a function f* € S, such
that

ap n
EA(f) = 1 fﬂ)A(f* E)p sin tdt (30)
2ap+1 *\V 'y :

Sr
0

Proof. Setting T = 7 and u(t) = 1 — cost, t € [0,7], we see that inequality (17) yields (27). For & € N,
equality (29) was proved in [17]. To prove the unimprovability of inequality (27) for % € IN, consider
the function f*(x) = y + pe & + 5e®'X where y,B,6 are arbitrary complex numbers and the vector
= (k}, k3, ..., k) € 71 is such that |k*|1 =n. Letus show that relation (30) holds.
Since the function [|A? I f* ||p =27 (|ﬁ|l7 +16/P)(1 — cos t) ¥ doesn’t decrease with respect to t on [0, ], then

w5 (f*, n)sv IIAt/nf ||Sp Furthermore,

e

A(f Vs —f (f,%)i sintdt = (|BFF + [6/P) (

0

za p+1 ap p+1

—2 f(l —cost)2 s1ntdt) =

2

O

In the following assertion we give the upper bounds for the constants K, »,(7) with 7 = 7 which are
independent of n and unimprovable in several important cases.

Corollary 4.5. For any a > 0 and n € IN, the following inequalities are true:
1 T+1

( )— Du Q < Q 7 (31)
nar L) T 29+ 25 (E + Do(F)

where 1,,(A) are defined by (28), and

o (A) 1 1= (=i “
== 3 ()T B ) Ao 2

j=0
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([A]is the integer part of the number A). If, in addition % € IN, then the value o(5) = 0 and

F+1 ap
T EE]N, n € N. (33)

Proof. The first inequality in (31) and inequality (33) follow from Corollary 4.4. The second inequality in
(31) follows from the relation

K} p(10) <

2%+1

ap
IL(—=)> ——
n(2)_—”‘2”+1

+ a(%), neN, a>0, (34)

which is a consequence of the following inequality [17]:

- A+1
f(l — cos Tt)" sin tdt > j+ T +0(A), t=21, A>0. (35)
0

O

The statement below establishes the uniform boundedness of the constants K, » (1) with respect to all
parameters under considerationa > 0,7 € IN,1 < p < oo.

Corollary 4.6. Assume that f € S', and f # const. Then forany a > 0and n € N,

4 T
A
E.(fg < m‘“‘*(f';)s/ a>0, neN. (36)

Proof. In [17], it was proved that I,(A) > 2 for A > 1 and I,(A) > 1 +2*! for A € (0,1). Combining these
estimates and relation (31) we obtain (36). O

In the spaces SP(T) of 2m-periodic functions of one variable, Theorem 4.2 and Corollaries 4.4-4.6 were
proved in [17]. In the spaces Ly(T"), for a = 1 inequality (27) was proved by Chernykh (see, [5, 6]). The
inequalities of this type were also investigated in [10, 14, 19, 20, 24-27] and others.

5. Inverse Approximation Theorems for Functions of Several Variables in the Spaces S”.

Before proving the inverse approximation theorems, let us formulate the known Bernstein inequality in
which the norm of the derivative of a trigonometric polynomial is estimated in terms of the norm of this
polynomial (see, e.g. [23, Ch. 4]).

Proposition 5.1. Let ¢ = {)(K)}eze be a multiple sequence of complex numbers, Y(k) # 0, k € Z*. Then for any
T, € Ty, n € N, the following inequality holds:

¢ 1 .
T < —llt where €, := min Kk)|.
I}l < il o= min (o)

Proof. Let T,(x) = Yy, < ac€' ™, ay. € C. By the definition of the -derivative and equalities (6), we get

1
il = 3 TP = 3 I WG9 < max 190917 Y ol < il (37)

0<[kh<n 0<|kl;<n 0<|kly<n n

In this case, if 0n\}(lin [ (k)| = [¥(ko)|, then for an arbitrary polynomial of the form %y, (x) := ce'®® ¢ # 0, we

have

1T 1l = leiol/14(k0)] = It I /€
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Corollary 5.2. Let (k) =v™", |kh =v,v=0,1,..., 7> 0. Then for any t, € I, n € N

Itillg =Tl < nliTallg,.

Now, we prove assertion similar to the theorem of Bernstein ii) formulated above. Further, in the
formulations and proofs of assertions, we mainly use the scheme and some of the methods proposed in
[17], where the corresponding results were obtained in the case of approximation of 2n-periodic functions
of one variable and moduli of smoothness of integer order.

Theorem 5.3. Assume that f € SP. Then for any n € IN and a > 0 the following inequality holds:

77

wi(r ) < ():(v“f’—w l)‘”’)EA(f)S,,) . 38)

S!’
Proof. Let f € SP. By virtue of (13), for any n € N and / € R, we have
(k, . (K h)jar
ap 14 ap P
8318, =27 Y 170p]sin S5 w27 Y 7o sin 52 (39)
kly<n-1 [kl >n

It is clear that the second term on the right-hand side of (39) does not exceed the value

27 Y If( =2 Z (Al = 2YES (),

|k|y>n

and for h € [0, t/n], we have

:
,_.

n-1
2 ¥ (forfsin €2 < Y Y toriacnr < (5" Y i

Iy <n—1 v=0 [kl =v v=1
Therefore,
n—-1
TO\P
I8 flf < 2TER(Hlg + () ) v I (40)
v=1

Now we use the following assertion from [17].

Lemma 5.4. ([17]) Assume that the numerical series ), ¢, is convergent. Then for any sequence a,, v € N, the
following equality holds for all natural m and M, m < M :

o)

Zavcv—amzcv Z (@, —ay- 1)Zcz—aM Z Cy- (41)

v=m v=m+1 v=M+1
Setting a, = v, ¢, = IIHV(f)Ilgp, m=1and M =n—1in (41), we get

n—1

(o] n-1 (o]
VI = Y IH(AI + Y 07 = 0 =1) Y IH (DI,
v=2 i=v

v=1 v=1

0 n-1
—n =1 Y IH(AI = ) 07 = v = DBy, — (1= DVER(F),
v=1

v=n
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Thus,

,_\

n—

8l < (5)"( Y07 - 0= MBS - (- DVE (Y )

<
]
—_

S2VEN < (Z(vav - = DNEN(y, 2)

which yields (38). O

Let us note that in (38) the constant n“ is exact in the sense that for any positive number ¢ > 0, there
exists a function f* € S such that for all n greater that a certain number 79, we have

a _ n 1/
a)ﬁ(f*, E) > <€(Z‘(Wﬂ -(v- 1)“P)E§(f*)gp) p' (43)

n’g ne
S v=1

Indeed, according to (13), for any f € S/, and € R, we have

ap vh |
IA; fllg, = 2% Z Z If(k)l”| ' 2“PZ||H (Mllg|sin | - (44)
v=0 |kl;=v
This yields that if f € Si, then for any n € IN,
af ¢ OV > [|AY FIP. > 9P H ap 45
wa(f,i/l)sp —” %f” Z” (f” sm . ( )

Consider the function f*(x) = e'®X) where kg is an arbitrary vector from the set Zi and |k|; =: vo. Then

EN(f)g =1lforv=12,.. Vo,E(f)S,,:Owhenv>v0and

Tt

" p . VTt |aP
Wi (f ;)Sp > [lAg fllg = 2%

sin —
2n

Since sint/t tends to 1 as t — 0, then for all n, greater that a certain number ny, the inequality
2% sinvort/(2n)|* > (1 — €)vy/n“ holds, which yields (43).
Since v — (v = 1)% < apv®~1, it follows from inequality (38) that

wle(f, E) < M(ivtw—lEﬁ(f)gp )Up_ (46)

a
s n v=1
This, in particular, yields the following statement:

Corollary 5.5. Assume that f € 8P, 1 < p < oo, the sequence of the best approximations E;(f) g, of the function f
satisfies the relation Ej(f) g, = O(n™P) with a certain B > 0. Then, for any a > 0,

O(tP) for B<a,

w5 (f,D)g = {0 Int'P)  for p=a,
O(t%) for B> a.

In the mentioned above spaces S” of 2m-periodic functions of one variable, inequalities (46) were
obtained in [18] and [17]. For the spaces L,(T"), inequalities of the type (46) were proved by M. Timan (see
[21, 22] and [23, Ch. 2]).
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6. Constructive Characteristics of the Classes of Functions Defined by the ath Moduli of Continuity

In the following two sections some applications of the obtained results are considered. In particular,
in this section we give the constructive characteristics of the classes S.H® of functions for which the ath
moduli of smoothness do not exceed some majorant.

Let w be a function defined on interval [0, 1]. For a fixed a > 0, we set

SLHY ={feSl: wifid)g =0@®), 6—0+} (47)
Further, we consider the functions w(5), 6 € [0, 1], satisfying the following conditions 1)—4) and (%4, ):
1) w(0) is continuous on [0,1]; 2) w() T; 3) w(6) # 0 forany 6 € (0,1]; 4) w(6) —» 0as 6 — 0;

(), a>0: Y o af2) =0[nta(;)] (49

v=1
The condition (%4,) is a well-known condition (see, e.g. [2]).

Theorem 6.1. Assume that a > 0 and w is a function, satisfying conditions 1)—4) and (48). Then, in order a
function f € S, to belong to the class S.HY, it is necessary and sufficient that

Exf)g = Ofu(;)] (49)

Proof. Let f € S|, HY, by virtue of Corollary 4.6, we have

Efg < C@ai(fiy) (50)

Therefore, relation (47) yields (49). On the other hand, if relation (49) holds, then by virtue of (46), taking
into account the condition (48), we obtain

n

D) <Y e, < LY v afl) = ofe(H)] 61

s v=1 v=1
Thus, the function f belongs to the set SLHY. O

The function ¢(t) = #', r < a, satisfies the condition (48). Hence, denoting by S’ H!, the class S}, H% for
w(t) =#,0 < r < a, we establish the following statement:

Corollary 6.2. Let @ > 0,0 < r < a. In order a function f € S, to belong to S.H?,, it is necessary and sufficient
that

En(f)sp =0(n™).

7. The Equivalence Between ath Moduli of Smoothness and K-Functionals

K-functionals were introduced by Lions and Peetre in 1961, and defined in their usual form by Peetre
in the monograph [11]. Unlike the moduli of continuity expressing the smooth properties of functions,
K-functionals express some of their approximative properties. In this section, the equivalence between
ath moduli of smoothness and certain Peetre K-functionals is proved in the spaces S”. This connection is
important for studying the properties of the modulus of smoothness and the K-functional, and also for their
further application to the problems of approximation theory.

In the space &7, the Petree K-functional of a function f (see, e.g. [7, Ch. 6]), which generated by its
derivative of order a > 0, is the following quantity:

Kalt, g, = inf{||f—h||sp N, B €S, t>o.
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Theorem 7.1. For each f € SZ, a > 0, there exist constants C1(a), Co(ar) > 0, such that for t > 0,

CI@WE(f, D, < Kalt, ), < Ca@wi(f, D), (52)

Proof. Let f € S),. Consider an arbitrary function i € S” such that h¥ € SP. Then we have by Lemma 3.2
(iii), (v) and (vi)
WA N S@R(f—ht) g + bt < 20— hl + )

Taking the infimum over all i € S such that 1@ € S, we get the left-hand side of (52).
To prove the right-hand side of (52), let us formulate the following auxiliary lemma.

Lemma 7.2. Assume that a > 0,n € N and 0 < h < 27t/n. Then for any t, € 7, NS,

a n
Iy, < (i) 15l (53)

Now let t € (0,2) and n € IN such that n/n < t < 2n/n. Let also S, := S5,(f) be the Fourier sum of f.
Using Lemma 7.2 with /1 = n/n and property (i) of Lemma 3.1, we obtain

ISD@Il, <27 nIA%, S, < (/0 (I1A%,(Sh = Dll, +11A%,.f1,)

n/n
< (/)" (2"0f = Sill g, + 1A%, Al ) (54)
By virtue of (7) and Corollary 4.6, we have
If = Sallg, = En(f) o, < Cl@wi(f30), (55)

Combining (54), (55) and the definition of modulus of smoothness, we obtain the relation
ISH @I, < Cal@)t w3 (f30) .,

where Cy(@) := 21%(219C(a) + 1), which yields the right-hand side of (52):
Kalt f)g <IIf =il +EUSHON, < Co@wh(£,0)

O

8. Proof of the Auxiliary Statements

Proof of Lemma 3.1. Setting fi(x) := f(x — jh), we see that ﬁl(k) :f\(k)e"'(k’f’i) :J/‘\(k)e‘ifh(k”"'*kd) and

1AL A = 3 AR FT) ""ZHZ 1>f( )f,hhk>|

kezA kez4 =

- TSl < (L) or <2

kezd j=0 kezd

The property (ii) is simple:

(A FT09) = Z( 1)]( )]hhlo f(k)Z( 1)]( ) ) = (1 — M) f(k) (56)
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and it yields (iii). Part (iv) follows by (i)—(iii). Concerning (v), let us note that by virtue of (ii),

g ity = Y (14 00| = Y 17G0pI - e ihpr =29 Y (7P |sin (kz—h)‘p <o

kez4 kez4 kezd

Therefore, for any ¢ > 0 there exist numbers 1y = n9(¢) € Ng and 6 = 6(¢, 19) > 0 such that for [h] < 9,

Al = Y 1FGor]sin &2 Y (Fopfsin ST < £ 0 f o

[kl <no [k|1>no
O

Proof of Lemma 3.2. In (i), the convergence to zero for t — 0+ follows by Lemma 3.1 (v); the property
(iii), non-negativity and increasing of the function w;(f,t), follow from the definition of modulus of
smoothness. The property (ii) is a consequence of Lemma 3.1 (iv). Part (iv) is proved by the following
standard arguments:

wi(fiti+h)g = sup |If(-+h+h) = fOllg < sup If(-+ I +h2) = f(- + )il

[h1|<ty, o<t |ha|<ty
+sup If+ ) - fOllg < 0 )y + wh(F ).
Ihil<t

In particular, this yields continuity of the function w?{(f, ) Yy since for arbitrary t; >t > 0, w{(f,t) o~
wy (f, tZ)SP S wi(t - tZ)sp —0ast; —t, — 0.

Let us prove the continuity of the function w3 (f, t) e for arbitrary @ > 0. Let 0 < t; < 6, and h = hy + hy,
where 0 <hy < t,0 <hy < t; — 1. Since A f(x) = A} f(x) + Z]:()( 1)1(‘;)A] JSx—jh), x € R?, and

”;(_W( ) thffhl =, HZ( 1)( ) ]hzﬁhlr(k)|

kez4 =
jZ( 1)/( ) (AL Taor <2 Y 1AL TP < 27alia}, I,
kezd j=0 kezA
then [IA} fllg, < 1A} fll g, +2 @allAL g and 05 (f, t2) < wf(f 1) + 28 wh(f, t, — t1). Hence, we obtain the
necessary relation: w;(f, f2) — w5 (f, t1) < 2”"04(01 (fita—t1)) > 0,tr—t; = 0.
If for the function f € S” there exists a derivative f®) € 8,0 < < a, then by virtue of (56) and (6), for
arbitrary numbers k € Z4\ {0} and h € [0,t], we have

s £1700] = 27 sin S 1 — ety Fa < e — 0P i < iy £ 00,

and therefore property (vi) holds. O

Proofof Lemma7.2. Lett, = Yi_o ¥ = ax€'® is an arbitrary polynomial of the set 7,nS" and 0 < h < 27mt/n.
By virtue of the definition of the set S’i and relation (13), we have

IR —2“?21smvh/2| Yl = Z|S“V‘;/hz/2 ' T

[kl =v

Since the function sin ¢/t decrease on [0, 7], then for any 0 < i < 27t/n, we get

smnh 2 2sinnh/2\a
85l > ()’ Z| W Yt = (B2 oy
[kl =v
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