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Singularly Perturbed Parabolic Problem with Oscillating Initial
Condition

Asan Omuraliev?, Ella Abylaeva®

?Kyrgyz-Turkish Manas University, Bishkek, Kyrgyz Republic

Abstract. The aim of this paper is to construct regularized asymptotics of the solution of a singularly
perturbed parabolic problem with an oscillating initial condition. The presence of a rapidly oscillating
function in the initial condition has led to the appearance of a boundary layer function in the solution,
which has the rapidly oscillating character of the change. In addition, it is shown that the asymptotics of
the solution contains exponential, parabolic boundary layer functions and their products describing the
angular boundary layers. Continuing the ideas of works [1, 3] a complete regularized asymptotics of the
solution of the problem is constructed.

1. Statement of the Problem

In this paper the first boundary value problem for a parabolic equation with a small parameter on the
derivatives is studied:

Leu = edu — ea(x) Pu—b(x, ) u = fxt),

iSY (x)

uli=o = u° (x) exp( ) Uly=o = ttly=y = 0, u®(0) = u”(1) = 0, 1)

where (x,t) € Q, Q=(0,1)x(0,T], € > 01is small parameter, u = u (x, t, ¢) . The problem is solved under the
following conditions:

1. the given functions are sufficiently smooth,
2. Yx € [0,1], function a (x) > 0, VYt € [0, T], function b (x, t) <0,
3. function S (x, t), k = 2,3 are solutions of Cauchy problem:

i0:S5 (x, 1) +a (%) (9S> (x, )> = b (x, 1), S5 (x, 1) li=o = S° (%),

9:S3 (x, 1) — a (x) (S5 (x, ))* = b (x,), S3 (x, 1) li=0 = 0,

where the function S5 (x, t) satisfies condition Re S5 (x,£) < 0, Vx, t € Q.
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2. Regularization of the Problem

For the regularization of the problem (1) regularizing variables are introduced:

n=gu= 200 joas g “D’Xg), = (P\l/(_) 1) = (- 1)”f

=1,2

o

and an extended function u (M, ), M = (x, t,&,7,7) such as:

I[(]V*[r 6) |)(:1p(x,t,e) = u(xl t/ E)/ X= (T/ '5/ T]) = (TerZ/ T3)/ 5 = (51/ 52)/

Considering (2) from (3) the following derivatives are found:

Ot = (afm 19,85 (x, 1) afziz+ 10,0+ 19,85 (x,4) 95,1) L=yt

it = ( i+ 280, T+ Y2 [w@o Je T+ ‘Pl—gamﬁ]) vt
8% = ( #+ Zk 1 [<9xik+1) a%k 1~ (23 SkHaXTk 1” + 0% SkﬂaTm )]
+ Z412:1 ([E(Pl (x) S3 (Pl (x ] +

+ [Zgol () 2 1 + ¢y (x) 8g,u] + 75 [2(pl (x) %, 1 + @ (%) 3n,ﬁ])) L=y te)-

By virtue of (1), (3), (4) we can put the extended problem:
Letl = €040 + Ly [9iSki10ee, 1+ (¥) (9:Sk1)” 02, 1] = b (e, )T + L [00, 10 — Aytl] -
—eAstl — € Yp_ Ls,ui — e \JeLsti — VeLyui — &L = f (x,1),

50
,som =u (x) exp (1 (x)) ﬁ]x:o,&:m:o = mx:l,gzzqzzo =0,

u t=0,73=0,71=0,T

where the following notations are introduced:

= (2068001 (v, 1) Py, + 328k (x,1)0r,, ) a (1),
Le=a(@) L1, [20, @) P, + ] ()9 ],

Ly=a (x)Zl 1 [2(pl (x) &xm + (pl (x) &m]

=a(0)3}, Ac =YL, 07, Ay=YL, 05

Problem (5) is regular with respect to ¢:

(Lfa,)}(:w(xltlg) = Lé‘u (x/ t/ S) 7
so the solution of the problem (5) is searched in the form of a series:

o)

T(M,¢) = 2 20, (M) .

i=0

1324

3)
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For the coefficients of this series we get the following equations:

Tou, = dyuy — Agu, =0, v=0,1,
Toup = =Trug + f (x,t),
Tousz = =T1uq + Lnuo,
Touy = —T1up + Lr,ul — Tsug — ZI%:l Lskuo + Lguo,

2
Tou; = —=Thujp + Lyui3 — Tauig — Yj_q Ls,ttig + Lettj_4 + Lyt ,

tty (M) |z = 1° () exp (52), il = tilacg = s =0, ?)

where T = Y, [9:Sk10x,,, —a (0) (9:Sk1)* 32, | + b (x, 1), T3 = 9 -

3. Solution of Iteration Problems

The iterative problems are solved (5) in the class of functions U = U; ® Uy:

u = {uk(N) e (N) = X2, V! (N,))<cexp( 8)}
Uy = {uy (M) : 1 (M) = vy (x, 1) + c} (x,t)exp(i’(z)+c§(x,t)exp(’c3)+
+ 51 [ o erfe (s )exp ) + 9 (c Derfe 2 exp (xs)|
wxt), ), d @D, P, 4 @)eC(Q), erfe@) =% [Texpds.

1]1

Theorem 3.1. Let be (H’ (N)| < cexp( o ), then the problem Y (N) = 32Y,(N) + H'(N), Yi,— =
0, Yf{lmzo = df{ (x, t) has a solution satisfying |ch (N)| < cexp (—%).
The proof of this theorem was carried out in [[4], Theorem 2].

Satisfying the function u; (M) € U and considering that the ¢ = 73 = 0 function er fc (c0) = 0 the value of the
function pf’l (x, £) li=o is chosen arbitrarily and we get:

(D)o = 10 (x), (¥, 1) lizo = —0(x,0), P (x, )0 =P (x), k=2,3,1=1,2,
Yf (Nl) |I]1:0 - di (xr t) ’ df (xr t) |x=l—1 = —0; (l - 1/ t) ’ PZZ (xr t) |x=l—1 - _C (l - 1/ t) ’ 3 (xr t) |x=l—1 - _C2 (l - 1/ t) ’
Y (N leyc0 = 0. ®

ﬂ" (x) -are arbitrary functions.
Theorem 3.2. Suppose that conditions 1)-3) are satisfied and h (M) € U, then the problem:

Tou = h(M), u (M) 1o = u? (1) exp (52), tlectr g0z =0, [=1,2, 9)
under additional conditions:

a) Leug =0, Lyu =0,

b) Tiug_1 — Tsup_yq — Zle Lo ug_g + Lytty_g € Uy has a unique solution in U.
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Proof. The free member of iterative problems has the form (7). We substitute the function ; (M) € U in the
free term:

h(M) = Truy_p + Lyug_3 — Tatig_4 — Yoo Lottiea + Lettios + Lty =
F¢vk—4 (x, 1) + 9yc;_, exp (iT2) + i, exp (13) +

+le=1 [(9[ +‘9ka , (B erfc( )exp (i17) +8tpk , (B erfc( ‘ilft)exp (13)] +
)

+b (x, £) [0 (6, 8) + €L, (x, B exp (iT2) + 2, (x, 1) exp (T3) +
+ 212:1 (Y;(_z + pi ) (x, 1) erfc( )exp (itp) + pk . (x, 1) erfc( )exp (73))]
+ T2 [1252 (6, 1) + 00 @a82%| 2, (x Derfe (32 ) exp () +

+ [8t53 (x,£) +a(x) (8x53)2] exp (73) pi’_z (x,t)erfc (%) +
+ 0682 (x,8) + a () (9:52)°] ¢}, (x, ) exp (i12) +

+[91S3 0, B) = 2 (x) (9:83)*| exp (ra) 2, (6, ) + Lyttg—s — Yy Lo,tg—s + Letts +a (x) Lytiy .

From here ensuring the existence of a solution of equation:

2
Touy = Z ToYL (N) = h(M)  (A).

-1
We suppose that:
b(x, ) vk (4, 1) = =0rvp-a (x, ), 0:Y,_, = LY, ,
die,_, (x, 1) = |2i9: Sz (x, 1) drc)_, +10352 (x, t) ¢)_, (x, t)]a(x) +a(x)dye, (%, 1), 10)
2, (x,1) = [20:85 (x,1) a2, + 3285 (x, 1) 2, (x, )] +a () 2}, (x,8),
atp§f4 = ia (x) [28x52 (x, 1) 8xpif4 + 2S5 (x,1) piil (x, t)] +a(v) %pils 1), o
Iy, = a(x)[20:85 (x, ) upy!, + 3285 (v, ) py, (6, D] + a () P (x, ),
Leujs =a(x) Yo, [Z(p; (x) 8xp£l_5 (x, 1) + @) (x) pi’l_5 (x, t)] (erfc (;Tlﬁ))g exp (13) = 0,
Lyte-s = Yy Ly Y4 S (N)) =0, (12)

then with condition a) from Theorem 3.2 we obtain the free term h (M) = 212:1 b(x,t) Y]l(_z € U;. By Theorem
3.1 the equation (A) with a free term /& (M) € U, is solvable and its solution is representable in the form of:

Y, (N) = di (x, 1) erfc( \/_) +I (N, (13)

where Il (N) = I (m1, 71) and the estimate |Y’ (N)| < cexp( ) is fair. We substitute (13) into (10) and

erfc(2 \F)
problem 9yd! (x,t) = =dypl (x,t) + Leg (x, 1), d (x, ) |10 = dl (x), where dl (x) is arbitrary function. This

with noticing |I (m, ’61)) < cexp( ) < cexp( ) with respect to d , (x,1) we obtain the

choice is dictated by the fact that the function er fc( ) att = 7; = 0 vanishes. So we choose the value

211
of the multiplier dk_ 4 (%, 1) =0 arbitrarily. Arbitrary functions df{ (x) allow to vanish expression L,Yj_4 (N).
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Solutions of equations with respect to pf” (x,t) from (11) under the initial conditions from (8) will contain
arbitrary functions 'ﬁf’l (x, t). This arbitrary functions ';3;"1 (x, £) which included in the function pf’l (x, ) allow

to vanish expression Lgu;. In this case, with respect to ﬁ;"l we obtain the differential equations which are
solved under the initial condition from (8). The equation (8) is solved under the initial condition from (8). In
this way u (M) € U is uniquely determined. The theorem is proved. [J

By using (3.1) sequentially are defined u; (M), i = 0,1, ...,2n, functions, i.e partial sum of the u,, (M) se-
ries (6).

Taking into account (7), we substitute a partial sum into problem (5) and make a narrowing by regularizing
functions, then with respect to the remainder term:

R&n (xl t/ 6) =u (x/ tr E) — Uep (xr t/ 17b (x/ tr (C_‘) 7 6) 7
the problem is obtained:

LeRey = 5”+%gn (x, t 5)/ Renlt:O = Ra‘nlx:O = Renlx:l =0.
Analogously to [2], it can be shown that:

IRen (%, 1, €)|| < ce™1,
VYx,teQ,n=0,1,2,.., (14)

for sufficiently small € > 0.

Theorem 3.3. Suppose that the conditions 1)-3) are satisfied. Then constructed partial sum (6) is an asymptotic
solution of problem (1), i.e the estimate (14) is fair .
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