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Abstract. In this work, we apply the method of integral transformation to prove uniqueness theorems for
the new class of Fredholm linear integral equations of the first kind in the axis.

1. Introduction

Various problems of the theory of integral equations of the first kind were studied in [1-14]. But
fundamental results for Fredholm integral equations of the first kind were obtained in [11, 12], where
regularizing operators in the sense of M.M. Lavrent’ev were constructed. Results on non-classical Volterra
integral equations of the first kind can be found in [1]. In [2, 6], problems of regularization, uniqueness
and existence of solutions for Volterra integral and operator equations of the first kind are studied. In [13],
for linear Volterra integral equations of the first and the third kind with smooth kernel, the existence of
multiparameter family of solutions was proved. In [4, 5], on the basis of the theory of Volterra integral
equations of the first kind, various inverse problems were studied. In [8], uniqueness theorems were proved
and reqularizing operators in the sense of Lavrent’ev were constructed for systems of linear Fredholm
integral equations of the third kind. In [10], problems of uniqueness and stability of solutions for linear
integral equations of the first kind with two independent variables were investigated. In [3, 9], based on
a new approach, the existence and uniqueness of solutions of Fredholm integral equations and the system
linear Fredholm integral equations of the third kinds were studied.

In the present paper, on the basis of the method of integral transformation, uniqueness theorems for the
new class of linear Fredholm integral equations of the first kind in the axis are proved.

2. The Linear Fredholm Integral Equations of the First Kind

Consider the linear Fredholm integral equations of the first kind

foo K(t,s)u(s)ds = f(t),t € R = (=00, +00), (1)
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where the u(t) is the desired function on R, the given function f(¢) is the continuous on R,

A(t,s),—00 <s <t < oo,
B(t,s),—oc0o <t <s < 00,

K(t,s) = { ()

the given functions A(t, s) and B(s, t) are continuous on the set G = {(t,5) : —00 <5 <t < co}.

Let C(R) denote the space of all functions continuous on R. Here C(G) denote the space of all functions
continuous on G.

We introduce the notation

H(t,s) = A(t,s) + B(s, 1), (t,s) € G. 3)
Assume that the following conditions are satisfied:
(i) H(t,s), H,(t,s), H,(t,s), H.(t,s) € C(G), a(t) = lims_,_o H(t,s),t € R,
a(t) € C(R), im0 a(t) = a9 € R, a9 > 0,a'(t) = lim,_,_o H,(t,5) <0
forallt € R, H,(t,s) < 0forall () € G, a'(t) € Li(R),
B(s) = limy_,e H,(t,s) > 0 for all s € R, B(s) € C(R) N L1(R);

(if) SUpy, e IH(E, 5)| < L < 00, sup,cp [ [Hilt,9)]|ds < M < o0, H[(t,5) € Li(G),
SUP e o0) |H;(t,s)| <y(s) € Li(R);
(iii) At least one of the following three conditions holds:
1) &' () < 0 for almost all € R;
2) B(s) > O for almost all s € R;
3) H,.(t,s) < 0 for almost all (¢,s) € G.

Theorem 2.1. Let conditions (i), (ii) and (iii) be satisfied. Then the solution of the integral equation (1) is unique in
the space L1(R).

Proof. Let u(t) € L1(R) be a solution of the integral equation (1). By virtue of (2), we can write the integral
equation (1) in the form

(o)

t 00
f A(t, s)u(s)ds + f B(t,s)u(s)ds = f(t),t € R. 4)
- t
Multiplying both sides of the equation (4) by u(t) and integrating over the domain R, we obtain

00 t 00 00
f f A(t,s)u(s)u(t)dsdt+f f B(s, Hyu(t)u(s)dtds= f:of(t)u(t)dt. (5)

Applying Dirichlet’s formulas to (5) and taking into account notation (3), we obtain

foo ft H(t, s)u(s)u(t)dsdt = foo f®u(t)dt. (6)

We shall introduce the notation

t
z(t,s) = f u(t)dr, (t,8) € G. (7)
Then from (7), we have

dsz(t,s) = —u(s)ds, z(t, s)u(t)dt = %dt(zz(t,s)). (8)
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Let us transform the integral on the left hand of the identity (6). Taking into account (7), (8) and integrating

by parts, we obtain
00 t
f f H(t, s)u(s)u(t)dsdt =

00 00 t
f a(D)z(t, —co)u(t)dt + f f H.(t, s)z(t, s)u(t)dsdt.

Hence, applying Dirichlet’s formula, we have

00 t 00 00 00
f f H(t, s)u(s)u(t)dsdt = %f a(t)dt(zz(t,—oo))+%f [f H;(t,s)dt(zz(t,s))]ds::

%aozz(+oo, —o0) — % I : o (DZ2(t, —o0)dt + % [ : B(s)z%(c0, s)ds — % I Z fs ) H,.(t,5)Z2(t, s)dtds. 9)

Taking into account (6) and applying Dirichlet’s formula from (9) we obtain

%aozz(w,—oo)—% f ) o (23, —co)dt+1 [T p(s)23(c0,5)ds—1 [ f_*m H, (t,8)22(t, s)dsdt= [ f(Du(t)dt. (10)

Suppose that f(t) = 0 for t € R. Then, taking into account conditions (i), (ii) and (iii), we see that (10) implies
f_tmu('c)d'c =0,teRor fswu(’[)d’[ =0,s€Ror

¢
f u(t)dt =0, (t,s) € G.
Therefore, u(t) =0 forallt € R. [

Remark 2.2. If B(s, t) = 0 for all (¢,s) € G, then the integral equation (1) is a Volterra linear integral equation
of the first kind. In this case the assertion of the theorem is true for H(t,s) = A(t,s), ¥Y(t,s) € G.

Remark 2.3. If A(t,s) = 0 for all (t,5) € G, then the integral equation (1) is a Volterra linear integral equation
of the first kind. In this case the assertion of the theorem is true for H(¢,s) = B(s, t), Y(t,s) € G.

3. Examples

Example 3.1. Consider the integral equation

f A(t, s)u(s)ds + fm B(t,s)u(s)ds = f(t),t € R, (11)
- t

(o8]

where

__c bt ,—a(t—s) _ 2b jas| _
ﬂ(b_a)[e e 56", —o<s<t<0,

A(t,s) = (12)

c —a(t—s) ,—bt __
)€ e, —o<s<t<oo, t >0,

et —2),—00 <t <5 <0,

B(t,s) = (13)
b, —oo <t <5< 00,520,



A. Asanov, |. Orozmamatova / Filomat 33:5 (2019), 1329-1333 1332

a,b,c and d are real parameters,a >0, b >0, ¢ > 0, d < 0,a # b. Then taking into account (12) and (13) from
(3) we have

— bt p—a(t—s) _ 2b oas| 4 ed (bt _ oy _
a(b-a) [e € e+ e —2),—0<s <t <,

H(t,s) = (14)

c —a(t—s) ,—bt _ cd ,—bt _
) e se, co<s<t<oo, t>0,

/ _Eebte*ﬂ(t*\g) + %iebt’ —00 < s < t < 0,
H,(t,s) = (15)
—5 —a(t=s)p=bt 4 %de_bt,—oo <s<t<oo,t>0,

—C |pbte—alt=s) _ 2b as| _
b—aee u+be 4 00<SSt§O,

H.(t,s) = (16)
Lo et —co <5 <t <00, £ 20,
H,.(t,s) = —c e M9 (t,5) € G (17)
debt —2), <0,
a(t) = lim H(t,s) = (18)
T —delt t >,
, / debt, + <0,
a(t) = lim H,(t,s) = (19)
. de=bt, t >,
B(s) = lim H,(t,s)=0,s€R, (20)
ag = tll)rg a(t) = 0. (21)

From (14) and (16), we have

~ c 2b 2cd| ¢ cld)
L_sup{alb—a|(1+a+b)+ ab’a(a+b)+ab}' 22)
c 2b c
M_Sup{alb—a|(1+a+b)'a(a+b)}’ @)
pe (@ + Zper), s <0,
y(s) = (24)

_€_pbs
e, 520,

Then taking into account (14)-(24), we can verify that conditions (i), (ii) and (iii) are satisfied for system
(11). Therefore the solution of the integral equation (11) is unique in the space L;(R).

Example 3.2. Consider the integral equation

t
f A(t,s)u(s)ds = f(t),t € R, (25)
where
-t [ebte‘“(t‘s) - %e‘“] + (e —2),—0 <5<t <0,
A(t,s) = (26)

_ ¢ ,a(t-s),—bt _ cd ,—bt _
)€ e A co<s<t<oo, t=>0,
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a,b,c and d are real parameters,a >0, b > 0, ¢ > 0, d < 0,a # b. Then taking into account (25), from (3) we
have

H(t,s) = A(t,s), (t,3) € G. (27)

Then taking into account (26), (27) and (14)-(24), we can verify that conditions (i), (ii) and (iii) are satisfied
for the integral equation (25). Therefore the solution of the integral equation (25) is unique in the space
L1(R).

Example 3.3. Consider the integral equation

f B(t,s)u(s)ds = f(t),t € R, (28)
t
where
- [ebte’”“*s) - ‘%eas] + (et —2),—c0 <5 <t <0,
B(s,t) = (29)
o) el — dolt oo <5<t <o, t 20,

a,b,c and d are real parameters,a >0, b > 0, ¢ > 0, d < 0,a # b. Then taking into account (28), from (3) we
have

H(t,s) = B(s, 1), (t,s) € G. (30)

Then taking into account (29), (30) and (14)-(24), we can verify that conditions (i), (ii) and (iii) are satisfied
for the integral equation (28). Therefore the solution of the integral equation (28) is unique in the space
Li(R).
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