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Asymptotics of Solution to the Nonstationary Schrodinger Equation

Asan Omuraliev?, Peil Esengul Kyzy?

?Kyrgyz-Turkish Manas University, 720044 Bishkek, Kyrgyzstan

Abstract. The Cauchy problem with a rapidly oscillating initial condition for the homogeneous Schrédinger
equation was studied in [5]. Continuing the research ideas of this work and [3], in this paper we construct
the asymptotic solution to the following mixed problem for the nonstationary Schrédinger equation:

Lyu = ihdu + H*0*u — b(x, hu = f(x,t), (x,teQ=(0,1)%x(0,T],

=g = g(x), uly=0 = tly=1 =0,

where /1 > 0 is a Planck constant, u = u(x, t, h). b(x, t), f(x,t) € C2(QY), g(x) € C*[0,1] are given functions.
The similar problem was studied in [7, 8] when the Plank constant is absent in the first term of the
equation and asymptotics of solution of any order with respect to a parameter was constructed. In this

paper, we use a generalization of the method used in [7].

1. Regularization of the Problem

For regularizations of the problem (1), we will introduce the following regulating variables

t is(x, t) 1-—x X

’ élzi/ 52:

T1=75, T2=

2
where the existence of a smooth solution of the problem is assumed:

Ais(x, t) — (Dxs(x, 1))* = b(x,£) = 0, s(x,)|i=o = O.
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Instead of the desired function u(x, t, h) we study the extended function #(M, h), M = (x,t,&,1,7), & =
(&1,&2), 11 = (m1,m2), T = (11, T2) such that its constriction by regularizing variables coincides with the desired

solution:
ﬁ(M/ h)l)(:lp(x,t,h) = u(x/ t/ h)r
x 1-x _x 1-x _t is(xt)

WhereX = (5/77/ T)/ ll)(x/t/n) = (TEIW ‘/_]’F’ \/_}?/ ﬁ/ I3 )
Using (2), from (3) we find

1 2 ids(x, t .
o = (04l + ﬁ&lu + %Bnu)lxw(mm,
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2
1 1. _, i0ys
§ [(_1)1_1[&&ﬁ + Egmu]

3Tzu])|x Pt
h 1=1

u?xs(x t)

+(—= R+ (Z&XS&mu+8,2{s872ﬁ)]|)(=¢(x,t,,]), (4)

Le = 22( DR, Ly = ZZ( )12,
On the basis of (1), (3), (4) for the extended function #(M, 1), we set the problem as:

Lyt = +Tvii + Dii + VhL,ii + hTodt + h VhLgii + h20%0 = f(x,1), M€ Q, (5)

1
h

lt=ty=r,=0 = 9(%), Alx=p=&,=0 = lx=1,p,=5,=0 = 0,
where Ty = iy, + 1, 92, Ta = id; + Xisy 02, D = —0isdx, + (9x5)292, + b(x, t). The following identity holds:
(Liit(M, h)) =y = u(x, £, h). (6)

The solution of problem (5) is determined in the form of the following series
A(M,h) = i W2 (M). 7)

k=0
For the coefficients of this series, we obtain the following iterative problems:
Tiu,(M) =0,v=0,1, Tius(M) = f(x,t) — Dup(M),

T1ux(M) = =Dty — Lettg—s — Tottg—g — Letts — O2uus, k >3, (8)

ug(M)lt=r,=1,=0 = g(x), Ug(M)lt=r,=1,=0 = 0, Uklx=0,6,=,=0 = Uklx=1,6,=p,=0 = 0.
2. Solution of Iteration Problems
We introduce classes of functions in which the iterative problems are solved:

{ul(M) ul = v(x, ) + c(x, Hexp(tz) + Za) (x, t)erfc(—\/_)exp(v:z)}

=1

2
u2={u%<M u —ZY(NI ), Ni= (xle,n),Y(Nz)~€xP(——), Vi, € O, oo)}
=1

From these spaces we construct a new space:
U=u,oU,;

then the function ux(M) € U has the form

k(M) = v(x, £) + Z YLD + [e(x, ) + Z wl (x, Herfe( \/_ )exp(t2), k > 0. 9)
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Theorem 2.1. If the given functions are smooth, the problem (2) has a smooth solution and the right-hand side of the
equation

Thup(M) = Hi(M) (10)
belongs to Uy, then the equation (10) is solvable in U.

Proof. We substitute the function u(M) € U from (9) into (10); then, with respect to Y,’((Nl), we obtain the
equation
TllY;((Nl) = Hk(M)r Tll = ian - 8311

Since the right-hand side of Hx(M) € U,, this equation, with the appropriate boundary conditions, has a
solution of the form

Yi(N)) = di(x, ther fc(

(m —s)* (m +5)*
ex dsdt
) b ) e et )
The theorem is proved. [
Theorem 2.2. Let the conditions of Theorem 2.1 hold. Then equation (10) under additional conditions
1) uk(M)|t:’[1:’[z:0 = g(x)l uk(M)|X=l—1,§1=m=0 = 0/ l = 1/ 2/
2) H(M) = —Duy_p — Lyuy_3 — Tottg—sg — Letty_s — Oty € Up,
3) Lnuk = 0, Lguk =0

has a unique solution.

Proof. By Theorem 2.1, equation (10) has solutions ux(M) € U. Since the function u(M) satisfies conditions
1), we obtain
Yi(NDli=ri=0 = 0, YVi(NDly=0 = di(x; t),

d;{(x, Aly=i-1 = vl =1, 1), df{(x, Dlemo = dﬁ(’o(x)
wi(x, t)lt:O = a);(fo(x)/ Ct)i(x, t)|x=1_1,51=0 = _Ck(l -1, t)/ I = 1,2. (11)

There d;(’o(x), a)ﬁc’o(x) are arbitrary functions.
We calculate the actions of the operators D, L,, T, Le, 8§ on the function u(M) € U with allowance for
(2), and we obtain
Duy_o(M) = b(x, t)Y,_, + b(x, hve_a(x, 1),

2
Ly (M) =2 ) (1712, ¥y,
=1

Totte_s(M) = 0,04 + 0, Y’ g+ [Z 18ta)k serfe(——=) +idicr_a(x, t)]exp(t2), (12)

= V_

Leu_s(M) = 2;( 19,0l (x, s (erfel \/_t

2
Laug_o(M) = d*vp_g(x, t) + Z 8xY§( [PPci + Z azwf{ o(x, Derfe(

Yexp(t2).
T
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Using these relations and ensuring condition 2), we set
Leug_s(M) =0, Lyux_3(M) =0,

b(x/ t)vk—Z(x/ t) + iatvk—4(x t) + azz}](—6 = O/ axwi_S(x/ t) = O/
i0ick_a(x, ) + Per_s(x, t) = 0, idswl_,(x, 1) + Pw)_(x,t) =0, idY, , +>Yi  =0.

With such a choice of the functions entering into the function u; (M), equation (10) takes the form
TyY, (N) = b(x, )Y, ,(N),

of the solution, which, under the boundary conditions from (11), can be written in the form

© b(x, t) (m - )2 (m + 5)2
\[f f Vi1 [exp( (1 )) exp(—m)]dws. (13)

The function d! ,(x, ) stands with the factor of the function er fc( '7’ ) Since er fc( )|T1_0 = 0 is the

YL(N)) = di(x, ter fc(

value of the function di(x, t) for t = 0 arbitrarily chosen and this arb1trary function ensures the condition
L, Y]l(_3 (N1) = 0. The initial condition for this equation is determined from the relation

Y A (NDleei—1,p20 = dL(x, Dlvai1 = —vrs(I = 1, 0).

Thus the function YL(N 1) is uniquely defined. Solving equations (12) with the corresponding initial condi-

tions from (11). The function a);c(x, t) is expressed in terms of an arbitrary function a)fc’o (x), which ensures the

condition Lsux(M) = 0. This uniquely determines all functions occurring in ux(M) from (9). The theorem is
proved. [J

We solve the iterative problems (8) in the class of functions U. By Theorem 2.1, problem (8) for k = 0,1
has a solution of the form (9) if the function Yf{(N 1) is a solution of equation

. 1 _ 1 _
i0,Y, =Y, v=0,1 (14)
for initial and boundary conditions in (8):
YL (NDley=0 = YL (NDlyzo = d(x, ) = —v,(1 = 1,8), db(x, t)lizo = dy0(%),
co(x,0) = g(x) — vo(x,0), @h(x, Bl = @ (%), c1(x,0) = v1(x,0),

@, (%, lxmi-1,620 = —¢y(I = 1, 1). (15)
The solution of equation (13) with boundary conditions (14) has the form

Y (N)) = dl (x, er fe(

m
5 \/_)- (16)

iTl

For 7; = 0, we have er fc( ) = 0; therefore, by its factor we chose an arbitrary function di(x, t) and the

2 \F
function dv (x) is taken as the value for t = 0. Following Theorem 2.2, this function will be used to make
zero Lyur(M) = 0. We substitute (14) into the equation for Yf{(N 1) from (12); then, with respect to d.(x, t), we
obtain equation

Ody_,(x,t) + d,_(x,t) = 0.

Solving it under the initial condition d!_,(x, H)li-o = d}",(x), we define

dy_y(c, ) = d°,(x) + Pi_(x, b). (17)
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Now substitute in L,ux(M), then taking into account (17) with respect to di’? ,(x), we obtain a differential

equation. The initial condition for it is determined from the relation with respect to Y (N)) is the one
entering into (14)

dy (6, lvmie1 = (@2, (0) + P (%, ))|mio1 = —vpeal — 1, ). (18)

Thus the function Y/(N)) is uniquely defined. Consider equation (8) for k = 2. Assuring solvability in U,
according to Theorem 2.1, we require condition

FZ(M) = f(x, i’) - DMO e Uy; (19)
then equation (8), k = 2 is solvable if YIZ(N 1) and is a solution of the equation
i07, Yy = 92 Y} + Fa(N)).
Providing condition (19), following Theorem 2.2, we obtain
b(x/ t)U()(x, t) = _f(xl t)/ (20)

the right-hand side is rewritten as
Fa(Ny) = =b(x, ) Yo(N).

Equation (20) has the solution of the form (13) under the appropriate conditions from (14). In the next step,
the right-hand side of equation (8), with k = 3, has the form

P3(M) = —Du1 - qu/l().

According to Theorems 2.1 and 2.2, we get

Yl _ L0/ Ay _
2\/E)) =0, or(d;(x)) =0

2
Lyug =2 Z(—l)l‘18xdf)’0(x)8,], (erfe(
I=1

v1(x, t) = 0.

Whence we determine
d0(x) = —vo(1 - 1, 0),

the value of d is determined in the next step from the problem
Dudy(x,£) = 0, dy(x, =0 = ()

Notice that the function u;(M) with odd indices vanishes. Indeed, the free term of the next iteration equation
for k = 4 has the form
F4(M) = —Du2 - Lqul - T1 Up.

By Theorems 2.1 and 2.2, this equation has a solution in U if
_b(xl t)UZ(x/ t) = ai‘UO(-x/ t)/
Ardy(x,1) = 0, dy(x, D=0 = g (x),
(dll(xl t));c = O/ dll(x/ t)|x=l—1 = _vl(l - 1/ t)/ dll(x/ t)|t=0 = dll/o(x)

drwh(x,t) =0, wh(x,t)lio = @ (%), drco(x,t) =0, co(x,t)limo = gx) — vo(x, 0),

@h(x, ezt = —col = 1, ).
Taking into account that vi(x, ) = 0, we find d}(x,#) = 0, and from the remaining problems we define

va2(x, 1), a)é (x, 1), co(x, t). Further, repeating this process, we successively determine all the coefficients of the
partial sum.
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Lemma 2.3. For the function

erf c( f exp(—s?)ds
2it
it holds

é —_
erfc(2 cexp(=7 )

Proof. We make the change of variables s = y + ‘f, dy = ds, and considering that - — i) we get

2
EAAS

E 2 (7 Sy Sy =
erfc(zﬁ)—ﬁfo APy =Y Y =

2 e < : _
= %exp(—ﬁ)f exp(—y2 - 77(1 —y)dy =

p(— )f exp(-y —\[Ey+ \ﬁzéydy—
= —exp(— =) f exp(-y* - \[ &y) [cos(\[ &y) + isin( \[ éy)}

Using Holder’s inequality we have
oo 5 :
< exp(-y* = \/jéy) dy| x
TR t

erfe(

© 2 2 2 [ :
><[ fo exp(-y” — \Eéy) COS(\/;EJ/)HSI'H(\/;EW dy] =
(——)f exp(~y* — \[éy)dy

Replacing the integral by the formula 7.4.2 of [1], we find

v e
erfet=Sm) s e Fensy [t

Using inequality 4 from §4.8.5 in [4], we obtain

)< e xp(——)[
0

£ &2 1 &2
, P(— ) = cexp(==)-
2‘/1_ 4 i —P5 2| it
O
Lemma 2.4. Let
52
F(E 1) < cexp(—éﬁ). (L-1)

Then for the integral
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0 F(s,T 5)?
16,8 = & [ 7 S lexp(—{75) — exp(— 525 1dsde (L-2)

we have

2
I(&, 1) < cexp(—%). (L-3)

Proof. Consider

(=5 (E+9)° _
I, 1) = \/_f f \/E[ 4i(t—T))_exp(_4i(t—7))]deT_

E+s ds
=|———=zdz=t——, =&+ 24i(t -
L i(t—1) - +2\/i(t—r) &2V T)Zj

o f [ f F(E-2+/i(t - 1)z, 7)e  dz — f m( F(—& + 24/i(t — 1)z, T)e_zzdz} dr

24/i(t-1)

Z(tT

With regard to (L-3) we rewrite this as

W (& —2+i(t - 1)2)
I(6,1) < — f f xp(—z% — o )d

— 2
_f( exp(- 2 ( £+2\/ t T)Z)

A f w o &2 —4.fi(t - T4)z'zf +4i(t — 7)22 e

84t = 1)zE + 4t - 1) iz =

v ewt= dit

Vi
c (tre 47297 + &2 — 4[i(t — 7)z& + 4itz? — 4itZ?
f f exp(— e Ydzdt =

\/_ ex p(——)f exp(——z + fﬁ_jéz)dzdt

Using the formula 3.323.3 from [2] we obtain
tl’[;T 2 \/%d

I(&, 1) ~ \/_f xzﬂ(—— (= )\F
4 ! & - 1)7&?
=7 ), v e )f -
¢
i
g ooen
—4cf \/jexp(—E E_Zﬁ)d =
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—407636;7(— )f \/_dT—cexp(——)

(M) = )" Hhai(M) (L—4)
Producing a restriction by means of the_ regularizing functions, on the basis of (6), for the remainder term
Ru(x, t,h) = u(x, t,€) — ty (M) y=y(xt,n)
we obtain the problem
=" gon(x,t, 1), R, t, M=o = Ru(x, £, B)lx=o = R, )= = 0
where | Jon(x, t, h)| < c. Using the maximum principle and following [6]. We get the estimate
IR, (x, t, h)| < ch™.

Theorem 2.5. Let the given functions be sufficiently smooth. Then the problem (1) has an asymptotic solution that
is representable in the form (L-4) for x = Y(x,t,1) and foralln =0,1,2, ..., 0 < h < hg holds.
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