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Abstract. A non-increasing sequence 7 = (ds,...,d,) of nonnegative integers is a graphic sequence if it is
realizable by a simple graph G on n vertices. In this case, G is referred to as a realization of m. Given a
graph H, a graphic sequence 7 is potentially H-graphic if m has a realization containing H as a subgraph.
Busch et al. (Graphs Combin., 30(2014)847-859) considered a degree sequence analogue to classical graph
Ramsey number as follows: for graphs G; and G,, the potential-Ramsey number 1,,(G1, G;) is the smallest
non-negative integer k such that for any k-term graphic sequence 7, either m is potentially G;-graphic or
the complementary sequence @ = (k — 1 —dy, ...,k — 1 —d,) is potentially G,-graphic. They also gave a
lower bound on 7,(G, K;41) for a number of choices of G and determined the exact values for 7,,(K,, Ki+1),
Tpot(C, Ki1) and 70 (Py, Kii1). In this paper, we will extend the complete graph K,,; to the complete split
graph S, = K, v K. Clearly, S, = K;41. We first give a lower bound on 7,(G, S;s) for a number of choices
of G, and then determine the exact values for 7,,(Cy, Srs) and 7o (Py, Sr.5).

1. Introduction

Graphs in this paper are finite, undirected and simple. Terms and notation not defined here are
from [1]. A non-increasing sequence 7 = (di,...,d,) of nonnegative integers is a graphic sequence if it is
realizable by a (simple) graph G on n vertices. In this case, G is referred to as a realization of 7, and we
write © = 11(G). Two well known characterizations of graphic sequences were given by Havel and Hakimi
[10,9], and Erd6s and Gallai [5]. Given a graph H, a graphic sequence 7t is potentially H-graphic if there
exists a realization of 7 containing H as a subgraph. The complementary sequence of 7 is denoted by
n=(dy,...,d)=k-1-dy,....k=1-dy).

Degree sequence problems can be broadly classified into two types, first described as “forcible” problems
and “potential” problems by A.R. Rao in [12]. In a forcible degree sequence problem, a specified graph
property must exist in every realization of the degree sequence 7, while in a potential degree sequence
problem, the desired property must be found in at least one realization of . Results on forcible degree
sequences are often stated as traditional problems in extremal graph theory.

There are a number of degree sequence analogues to well known problems in extremal graph theory,
including potentially graphic sequence analogues of the Turdn problem [6,7,8], the Exrd6s-S6s conjecture
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[14], Hadwiger’s conjecture [4,13] and the Sauer-Spencer theorem [3]. Motivated in part by this previous
work, Busch et al. [2] proposed a degree sequence analogue to classical graph Ramsey number. Given two
graphs G; and G, and a graphic sequence 7, we write that © — (G1, Gy) if either  is potentially G;-graphic
or 7 is potentially G,-graphic. Busch et al. [2] defined the potential-Ramsey number of Gi and G, denoted
7p0t(G1, G2), to be the smallest non-negative integer k such that 7 — (G1, G2) for any k-term graphic sequence
7. Busch et al. [2] first gave a lower bound on 7,,(G, K;) for a number of choices of G, and then determined
the exact values for 7,0:(Ky, K), 7pot(Cp, K) and 7ot (Pr, Ki), where K, C, and P, are the complete graph on n
vertices, the cycle on n vertices and the path on n vertices, respectively. The 1-dependence number of a graph
G, denoted a¥(G), is the maximum order of an induced subgraph H of G with A(H) < 1, where A(H) is the
maximum degree of H.

Theorem 1.1 [2] Let G be a graph of order n with no isolated vertices such that V(G) < n —1and let t > 2.
Then 1y (G, K¢) > max{2t + n — aW(G) - 2,n +t - 2}.

Theorem 1.2 [2] (1) Ifn >t > 3, then ry0(Ky;, Kt) = 2n + t — 4 except when n = t = 3, in which case
rpot(KE}/ Kz) =6.

(2) Ifn>3and t >2witht < I_%J, then 1po(Cp, Ki) =n + t = 2.

(3) Ifn>4and t>3witht > 2]+ 1, then ryo(Cy, Ky) = 2t —2 +[2].
n+t-2, zftsL%”J,
20-2+ 8], ift>[F]+1

We now extend the complete graph K. to 5,5 = K, V K, a complete split graph on r + s vertices, where
K is the complement of K, and Vv denotes join operation. Clearly, S;1 = K;4+1. Therefore, the complete split
graph S, is an extension of the complete graph K. In this paper, we first give a lower bound on 7,,(G, Ss)
for a number of choices of G (Theorem 1.3), and then determine the exact values of r,,ot(Cn, Sys) forn >3
and 7,5 > 1 (Theorem 1.4-1.8) and 7,o+(Py, S;s) for n > 6 and r,s > 1 (Theorem 1.9).

Theorem 1.3 Let G be a graph of order n with no isolated vertices such that «'V(G) < n—1and letr,s > 1. Then
7pot(G, Srs) = max{n + 2r +s — aD(G) + #_DH, n+r+s—a(G)—1,n+r—1}, where a(G) is the independence
number of G.

Theorem 1.4 Letn>4,r>1lands > 1. Ifs<|5|andr+s < |_2—3”J, then 101(Cy, Srs) =n+r—1.

Theorem 1.5 Letn >4,r>1lands > 1. Ifs > |5 ]and r < L%”J =151, then 1pot(Cy, Sps) = [51+7+s5—1.

Theorem 1.6 Letn > 4,r > 1and s > 1, where s is odd, or let (n,r,s) = (4,1,4) or (5,2,2) or (4,2,2) or (6,3,2).
Ifs<|5landr+s> I_%”J +lorifs>|5]andr> I_%”J — 131+ 1, then rpo(Cy, Sps) = 51+ 2r +s— 1.

Theorem 1.7 Letn > 4,r > 1and s > 2, where s is even, and let (n,r,s) # (4,1,4), (5,2,2), (4,2,2) and (6, 3, 2).
Ifs<|5landr+s> I_%”J +1lorifs>|5]andr> I_%”J =151+ 1, then 1po1(Cy, Sps) = 51+ 2r +5 = 2.

Theorem 1.8 (1) 7,01(C3,S12) = 5, 10:(C3, S13) = 6 and 1pt(Cs, S1,5) = s + 2 for s > 4.

(2) Ifr 2 2and s > 1, where s is odd and (r,s) # (2,1), then ry0(C3, Sys) = 21 + 5.

(3) Ifr 2 2and s > 2, where s is even and (r,s) # (2,2), then 1,01(C3, S15) = 2r +s — 1.

(4) 1p0t(C3, 52,1) = 6 and 1rpo1(Cs, S22) = 6.

Theorem 1.9 Letn>6,r>1lands>1.

(D Ifs <21 ~Tandr+s <27+ L then ryor(Py, Sps) = n+7 - 1.

(2) Ifs =[P and r < 127 =187+ 25 then rpor(Py, Srs) = 2] +7+5— 1.

(3) Ifs <8 -Tlandr+s > 127+ 2 v 1orifs > [2and r > [27 - [2]+ L 4+ 1, then
=3+(=1)""!
ST

(4) Ifn>6andt >3, then rp(Py,Ki) = {

Tpot(Pu, Sps) = 51+ 2r + s +
It is easy to see that if s = 1, then Theorem 1.3 reduces to Theorem 1.1, Theorem 1.4 reduces to Theorem
1.2(2), Theorem 1.6 reduces to Theorem 1.2(3) and Theorem 1.9 reduces to Theorem 1.2(4).

2. Proofs of Theorem 1.3-1.9

We first prove Theorem 1.3.
Proof of Theorem 1.3. When s is odd, let £ = n —a®(G) — 1 and consider 7 = (K, V (r + 5%)K>), where
pK> denotes the disjoint union of p copies of K,. Clearly, 7 is unigraphic. Firstly, 7 is uniquely realized by
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(Kopys1 — (r + %)Kz) U K, which contains no S;s, where U denotes disjoint union and Kpy4s—1 — ( + %)Kz
is the graph obtained from K.s—1 by deleting r + % independent edges. Secondly, any copy of G lying in
the unique realization of 7 requires at least «¥(G) + 1 vertices from the r + ! independent edges, which is
impossible as any such collection of vertices would necessarily induce a subgraph of G with order at least
aW(G) + 1 and maximum degree at most one. Hence 1 - (G, S,). Thus 7,t(G, Sys) > 1+ 2r+s—aM(G) - 1.

Whens is even, let ¢ = n—a"(G) - 1 and consider 7 = (K, V (r + § —1)K>). Similarly, we can show that 7w +

(G, Sys)- Thus rpe(G, Sy5) > n+2r+s5—aM(G)—2. Therefore, we have 7,0¢(G, Sy5) > n+2r+s—a)(G)+ #_1)_1
for any integer s > 1.

In order to show that7,,(G, S;s) 2 n+r+s—a(G)—1, welet £ = n—a(G)—1and consider = = (K¢ V K;4s-1),
which is unigraphic. Firstly, 7 is uniquely realized by K;s—1 U K, which contains no S;s. Secondly, any
copy of G lying in the unique realization of 7 requires at least a(G) + 1 vertices from the K;,;—1, which is
impossible as any such collection of vertices would necessarily induce a subgraph of G with order at least
@(G) + 1 and maximum degree zero. Hence -+ (G, S;5). Thus 7,:(G, S;s) 2 n+r+s—a(G) - 1.

We now consider 1t = n(K;,—q U m), which is unigraphic. Clearly, 7 - (G, S;s). Thus, 7,,(G, S;s) =
n+r-1. 0

In order to prove Theorem 1.4-1.9, we need some useful lemmas as follows. For a subgraph H of graph
G and a vertex v in G, Ny(v) denotes those neighbors of v lying in H and we let dy(v) = |[Ny(v)|. Moreover,
for S C V(G), we denote Ny(S) = UyesN(0).

Lemma 2.1 [11] Let n > 3 and 7w = (dy,...,d,) be a graphic sequence with dz > 2. Then 7 is potentially
Cs-graphic if and only if  # (2%), (2°), where the symbol xV in a sequence stands for y consecutive terms x.

Lemma2.2[2] Letn > 4,7,5s > 1,k = max{[§]+2r+s+ %_DH, [51+r+s=1,n+r=1}and 7w = (dy, ..., dx) be
a graphic sequence. Suppose that  has a realization G containing a cycle C = vgv; - - - Uy—1 with m > n, and amongst
all such realizations let m be minimum. If m > n, then (1) C is induced; (2) dc(x) = 0 for each x € V(G) \ V(C).

Lemma23 Letn >4,7,5>1,k=max{[§]+2r+s+ w,[§]+r+s—l,n+r—l}andn =(dy,...,dx)
be a graphic sequence. Let G be a realization of m containing a longest cycle C = v1v; --- v, withm < n —1 and
suppose that G has the maximum circumference amongst all realizations of m. Denote H = G \ V(C). Then

(1) [2] H is acyclic.

(2) [2] If A(H) = 2, then the unique non-trivial component of H is a star Hi. Moreover, if x € V(H) is the center
of Hy, then dy(x) = A(H), m is even and x is adjacent to either all odd index vertices or all even index vertices of C.

(3) If A(H) =1, then Nc(u) = Nc(u') for any two distinct vertices u,u’ € V(H) with dy(u) = dg(u’) = 1.

(4)[2] If A(H) = 1, denote R = Nc(u) and R* = {vi41|v; € R}, whereu € V(H) withdy(u) = 1, then viyq, vizs € R
for any v; € R, R is an independent set of G, and xy & E(G) for any x € R* and y € V(H) with du(y) = 0.

(5) If A(H) =1, then INc(x) \ R| £ 1 for each x € V(H) with dy(x) = 0.

(6) IFA(H)=1,R#0Qandr+s < |V(H)| <2r+s—1,then t — (Cy,,S;s) or 20 = 2[51+2p +m — |R| < 2r - 2.

(7) If A(H) < 1 and H contains p isolated vertices with p > r, then m — (C,, S;5).

Proof. (3) Letxx’ € E(H). For v; € V(C), if v;x € E(G) and v;x” ¢ E(G), then exchange the edges xx” and
v;v;41 for the nonedges v;41x and v;x’, we obtain a realization of 7 containing a cycle vy - - - ViXVj11 - - - Uy U1
of length m + 1, a contradiction. Hence, if v;x € E(G), then v;x” € E(G). This implies that N¢(x) € Nc(x).
Similarly, we have Nc(x") € Nc(x). Thus Nc(x) = Nc(x'). For yy’ € E(H) with yy’ # xx’, if vix € E(G) and
vy ¢ E(G), then exchange the edges xx’, yy’, v;v;41 for the nonedges vi,1x, X"y, v;y, we obtain a realization
of m containing a cycle v - - - VX041 - - - U1 Of length m + 1, a contradiction. Hence, if v;x € E(G), then
vy € E(G). This implies that Nc(x) € Nc(y). Similarly, we have Nc(y) € Nc(x). Thus Nc(x) = Nc(y).
Therefore, Nc(u) = Nc(u') for any two distinct vertices u, u’ € V(H) with dy(u) = dg(u’) = 1.

(5) Assume v;, vk € Nc(x) \ Rwithk > j+1 for x € V(H) with dy(x) = 0. Let x1y; € E(H), if k—j =1, then
7 contains a cycle with length m + 1, a contradiction. If k — j > 2, then exchange the edges x1y1, vxx, 0011
for the nonedges vxy1,vjx1,vj;1X, we obtain a realization of 7 which contains a cycle vy - -+ v;xvjy1 -+ - 01 of
length m + 1, a contradiction.

(6) Note that |E(C\R)| = m=2|R|. If m—2|R| > {~| 5], then we canuse {—| 5 ] edgesin C tobreakout the {5 |
edges in H and create a realization of 1t in which there are at least r isolated vertices in H, implying that 7 is
potentially S, s-graphic. If m—2|R| < €[5 |-1, we can use the m—2|R| edges to breakout the m—2|R| edges in H
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and obtain a realization of 7w in which there are 2(m—2|R|)+p+({—(m—2|R[)-[51) = {~[51+(m—2|R|)+pisolated
verticesin H. If {—[5]+(m—2[R[)+p > r, then Tt is potentially S, s-graphic. Assume {—[5]+(m—2|R[)+p < r—1.
On the other hand, by Lemma 2.3(4), then R* along with the p isolates in H and ¢ —[5] vertices from £ — 5]
edges in H forms an independent setin G. If £ = [5§1+ [R*| +p = £ =[]+ |R| + p > 1, then T is potentially
Srs-graphic. If £ —[51+IR|+p <r—1,then (( - [5T+ (m=2|R)) +p) + (€ =51+ IR +p) < 2r -2, ie,
20-2[571+2p+m—|R| < 2r-2.

(7) Clearly, [V(H)| = |G| =|V(C)] 2 n+r—1)—(n—1) = r. Let S be the set of r isolated vertices
in H. If INc(S)| < [51—=1, then |G| = INc(S) US| 2 ([51+7r+s—1) = (51+7r—1) = s, implying that

G contains S, i.e., 7 is potentially S, -graphic. If [Nc(S)| < [24]+ 7+ =CU" then |G| - INc(S) U S| >
(T51+2r+s+ %_1)_1) -(51+2r+ w) > s, and so 7 is potentially S,s-graphic. Assume |[N¢(S)| > [5]

and [Nc(S)| 2 r+ 3]+ #71)5_1 +1. By [5] = I_”Z;lj +1 2[5+ 1 and the maximum of m, there are two
consecutive vertices (say v1,7v;) on C and x,x” € S (x # x’) so that v1x,v,x" € E(G), and hence r > 2. By
r+|'§'|+ﬂ+1 > r+1,therearey € Sand v,v’ € V(C) (v # v') so thatvy, v’y € E(G). Assume N¢(x) = {v1}
and Nc(x") = {v2}. Then y # x,x". If Nc(y) N {v1,v2} = 0, then exchange the edges v1x, v2x", vy, v’y for the
nonedges v1Y, V2, vx, v'x’, we obtain a realization of 7 containing a cycle v1yv; - - - v,,v1 of length m + 1, a
contradiction. If Nc(y) N {v1, 02} # 0, without loss of generality, we let v = vy, then exchange the edges
vpx’, v’y for the nonedges vy, v'x’, we obtain a realization of 7 containing a cycle v1yv; - - - v,,v1 of length
m + 1, a contradiction. Hence |N¢(x)| = 2 or [Nc(x’)| = 2. For v € V(C) \ {v1}, if vx € E(G) and vx’ ¢ E(G),
then exchange the edges vx, v,x” for the nonedges v,x, vx’, we obtain a realization of © containing a cycle
V1X0; - - - Uy U1 Of length m + 1, a contradiction. Similarly, we have that for v € V(C) \ {0y}, if vx” € E(G), then
vx € E(G). So, we conclude that N¢(x) \ {v1} = Nc(x') \ {v2}.

We claim that |N¢(z) \ (Nc(x) U{v2})| < 1forz € V(S)\{x,x’}. To the contrary, letv, v’ € N¢(z) \ (Nc(x) U{vz})
withov # v'. If Nc(z)N{v1, v2} = 0, then exchange the edges vz, v'z, v1x, v2,x” with the nonedges v1z, vz, vx, v'x’,
we obtain a realization of 7 which contains a cycle v1zv; - --v,,v1 of length m + 1, a contradiction. If
Nc(z) N {v1, 02} # 0, without loss of generality, we let v; € N¢(z), then exchange the edges v'z, v,x” with
the nonedges v,z,v'x’, we obtain a realization of m which contains a cycle v1zv; - - - v,01 of length m + 1, a
contradiction.

Since INC(S) 2 7+ 41+ 0= + 1 and [V(S) \ {x, ¥}l = = 2, INc()| = INc(¥')| 2 INc(S)] - (r=2) = 1 2

31+ #_1)71 +2. If vz € Nc(x) or v, € Nc(x), then G clearly contains a cycle of length m +1, a contradiction.
Hence v3,v,, ¢ Nc(x). Let vy, vp4y € Nc(x) \ {01} so that g is the minimum. Then4 <p <p+qg<m-1. If
g = 1, then G clearly contains a cycle of length m + 1, a contradiction. If g = 2, by Nc(x) \ {v1} = Nc(x') \ {v2},
then v,x010y, - -+ Vp42X 0203 - - - V10 is a cycle of length m + 1, a contradiction. Hence q > 3. If n # 0(mod 3),
then [§] < [Nc(x)| < [’”T_‘l] +1< ["7_21 (by v ¢ Nc(x) and m < n — 1), a contradiction. If n = O(mod 3) and
m < n—2,then [§] < [Nc(x)| < I""T“l'l +1< [”7‘3], a contradiction. Assume n = 0(mod 3) and m = n — 1.
If s is odd, then [§]+ 1 < [Nc(x)| < I"”T*‘l'l +1< I'"gz'l, a contradiction. Assume that s is even. If r > 3, we
take z € S\ {x, x"}. If [Nc(2) \ (Nc(x) U {v2})| = 0, then [N¢(x)| = [Nc(x')] = [Nc(S)| = (r—3) =1 > [5]+1and
[31+1 < |Nc(x)| < fmT_4]+1 < ("T_z],acontradiction. If INc(2)\(Nc(x)U{v2})| = 1, let Nc(2)\(Nc(x)U{v2}) = {v;},
where 3 < j < m, then Nc(z) \ {v;} = Nc(x) \ {v1} = Nc(x') \ {v2}. To the contrary, let v € N¢(x) \ {01} and
v" ¢ Nc(z), exchange the edges v'x, v2x", v;z with the nonedges vz, v2x,v;x’, we obtain a realization of 7t
containing a cycle v1xv; - - - v, 01 of length m + 1, a contradiction. Thus [5] < |[Nc(x)| < I'"’T*S'I +1= |'”3;3'|
(by v2,v; ¢ Nc(x) and m = n — 1), a contradiction. Assume r = 2. If k > [§]+s+3 and [Nc(S)| < [5]1+1,
then |G| — [Nc(S)U S| = ([51+s +3) — (51 +3) = s, and 7 is potentially S,s-graphic. If k > [3]+s + 3 and
INc(S) 2 [31+2,then [5§]1+1 < [Nc(S)| =1 = [Nc(x)| < I'mT_A‘-I +1< [’13;2], a contradiction. If k = [§] +s+2,
then n = 6,m = 5,5 > 4. Since |G| = k = s + 4 is even, there is z € V(H) \ {x,x’} with dg(z) = 0. Note
that Nc(x) = {01,045} and Ne(x') = {02, 04} (by INc(x)] = INc(x)] = [§] = 2). If v3 € Nc(2), then v; ¢ Ne(2),
exchange the edges v,x’, 3z with the nonedges v,z, v3x’, we obtain a realization of = which contains a cycle
010,03x" 040501 of length 6, a contradiction. Hence v3 ¢ N¢(z). Similarly, vs ¢ Nc(z). Thus N¢(z) € {v1, v4) or
Nc(z) € {v,,v4). Without loss of generality, we let Nc(z) € {v1, v4}, then there are (s + 4) — 4 = s vertices in G
which are not adjacent to x and z, implying that 7t is potentially S, s-graphic. O
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Lemma 2.4 [15] Letn > r+1and n = (dy,...,d,) be a graphic sequence withd, > r +s—1and dys > 1. If
diz22r+(s—1)—ifori=1,...,r+s—1, then m is potentially S, s-graphic.

Proof of Theorem 1.4. By a(C,) = [5] and a(C,) = I_%”J (see [2]), it is easy to get from Theorem 1.3
that 7,0/(Cy, Sys) 2 n+7r—1.

Let m = (dy,...,dx) be a graphic sequence with k = n +r — 1. We now prove that n — (C,, S,s). If no
realization of 7 contains a cycle, by Lemma 2.1, then d; < 1. Let G be arealization of m. Then |G| =n+r—-1 >
(I_%”J +[5D+r=12[31+2r+s—-122r+2. Letvy,v; € V(G) so that dg(v1) = di and dg(v2) = d. Thenin G,
each vertex of V(G) \ {v1, vz} has degree at most one. By [V(G) \ {v1, v2}| > 2r, we can choose an independent
setS C V(G)\{vy, vz} of Gwith|S| = r. Then [Ng(S)| < r. Since |G|—|SUNg(S)| = n—r—1 = L%”J+|'§'|—r—1 >s,
it is easy to see that G contains S, as a subgraph. In other words, 7 is potentially S, s-graphic.

Suppose that there is a realization G of © containing a cycle C = vgvy - - - v,,—1 With m > n, and amongst
all such realizations let m be minimum. If m = n then we are done, so further assume that m > n + 1. Then
Cis induced by Lemma 2.2(1).

Assume first that m = n + 1. Then v > 2. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in
V(G)\V(C),ie,G=CU K,_,, where C = C,41. Then K,_, U {v1,v3} is an independent set of size r in G. By
n >4, therearem-5=n-4=[3]+ I_%”J —4 > [3]+7r+s—4 2 s vertices which are not adjacent to each
vertex of K,_, U {v1, 03} in G, implying that G contains S;s,1.e., T is potentially S, ;-graphic.

Suppose that m = n + 2. Thenr > 3 and n > 6. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in
V(G)\ V(C),ie., G = CUK,_3, where C = C,4». Then K,_3 U {01, 03,05} is an independent set of size r in G. By
r>3andm > 8, therearem -7 =n-5=[3]+ I_%”J —52>[3]+7r+s—5 2> svertices which are not adjacent
to each vertex of K,_3 U {v1,v3, 05} in G, implying that G contains S;s, i.e., T is potentially S, -graphic.

If m > n + 3, then replace the induced C,, in G with a copy of C,,_3 U C3, contradicting the choice of m.
Hence, we assume that every realization of m has circumference at most n — 1. Let G be a realization of 7t
containing a longest cycle C = 010, - - - v, withm < n—1 and suppose that G has the maximum circumference
amongst all realizations of . Let H = G\ V(C). Then |V(H)| = |G| - IV(O)| 2 (n+r-1)-(n—-1) =r.

Claim1 A(H) < 1.

Proof of Claim 1. To the contrary, we assume A(H) > 2. By Lemma 2.3 (1) and (2), the unique non-trivial
component of H is a star H;. Moreover, if x € V(H) is the center of Hy, then dp(x) = A(H), m is even and x is
adjacent to either all odd index vertices or all even index vertices of C. Without loss of generality, v;x € E(G)
if and only if i is even. Let x” be an neighbor of x in H. If ¥’ is adjacent to v,, then v10x"xv4 - - 0,01 is a
cycle of length m + 1 in G, a contradiction. Hence x” is not adjacent to v,. We now exchange the edges xx’
and v,v, with the nondeges v1x and v,x’, and obtain a realization of 7t containing a cycle v1xv,v3 - - - v, 01 Of
length m + 1, a contradiction. O

Claim 2 If A(H) =0, then © — (C,, S;)-

Proof of Claim 2. Clearly, V(H) is an independent set of G. By Lemma 2.3(7), 7 — (C,, Sr). O

Claim 3 If A(H) = 1, then = — (Cy, Sr5).

Proof of Claim 3. Let H contain 2¢ > 2 vertices with degree one and p isolated vertices. If p > r, by
Lemma 2.3(7), then m — (Cy, S;5). Assume p < r— 1. By Lemma 2.3(3), Nc(1) = Nc(u') for any two distinct
vertices u,u’ € V(H) with dg(u) = dg(w’) = 1. Denote R = N¢(u), where u € V(H) with dg(u) = 1, and let
xiyi, 1 <i < {be the (disjoint) edges in H.

Firstly, suppose that R = 0. If [V(H)| > 2r + 5, then we can choose an independent set S of H with |S| = 7.
Moreover, by |V(H)| = |S U Ny(S)| = 2r + s — 2r = s, Tt is potentially S,-graphic. If r +s < |V(H)| < 2r +s -1,
thenm > (n+r—1)— (2r+s—1) 2 [3]. Foreachi=1,..., min{¢,m}, we exchange the edges x;y;, v;v;41 for
the nonedges v;x;, vi41y; to obtain at least r isolated vertices in H, implying that 7t is potentially S, ;-graphic.
IfIVH)<r+s—-1,thenm>(n+r-1)—(r+s—1) > [5]+r. By Lemma 2.3(5), dc(x) = [Nc(x)| < 1 for each

x € V(H) with dg(x) = 0. Thus by @ < L%% <[31+r <m,foreachi=1,...{, we can exchange the edges
XV, vivis1 for the nonedges v;x;, vir1y;. Finally, we obtain a realization of 7 so that V(H) is an independent
set and dc(x) < 1 for each x € V(H). By |[V(C)| < n —1and |V(H)| > r, we take S C V(H) with |S| = r. Clearly,
there are atleast |G| —2r = (n+r—1)—2r=n—-r—12=[3]+s—1 > s vertices which are not adjacent to each
vertex in S. This implies that 7 is potentially S,¢-graphic.
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Now assume that R # 0. If |V(H)| > 2r + s, then 7 is potentially S,-graphic. Assume r +s < |V(H)| <
2r +s—1. By Lemma 2.3(6), we may assume 2¢ — 2[5+ 2p+m — |[R| < 2r = 2. By 2 +p+m=n+r—1and
r+s< L%”J,wehaveO >20-2[31+2p+m—|R[-Q2r-=2) 2 (n+r—-1)-Q2r=2)—(s+1)+p—IR[ =2 [§1+p—IR|.
By Lemma 2.3(4), IR| < | §] < I_%J. This implies that [§]+p < |_”3;1J, a contradiction.

If [VH)| <r+s—1, thenm > [5]+r. By Lemma 2.3(5), [Nc(x) \ R| < 1 for each x € V(H) with
dp(x) = 0. Since p < r -1, we have { > I'%'I. By m > [51+7r, IRl < [%]and [3] > L%ﬂ > 5, then
m—2Rl > m-2%]>[%] >[5 > [

(%] edges of H and obtain a realization of 7 in which H contains at least p + 2(%] > r isolated vertices.
Let S be the set of r isolated vertices in H. Clearly, [Nc(S)| < [R|+7 < [§]+7r < [§]+r—1. Then
IGl = ISUNc(S)I = (n+r—1) = ([§1+2r—1) > 5,and so 7 is potentially S,s-graphic. O

Proof of Theorem 1.5. By Theorem 1.3, 70(Cy;, Srs) 2 [51+ 7 +s—1. Let © = (dy,...,d) be a graphic
sequence with k = [3]+ 7+ s —1. We now prove that = — (C,,S;s). If no realization of 7 contains a
cycle, by Lemma 2.1, then d3 < 1. Let G be a realization of m. By [5] -7 > [§] - (I_%”J - 13D =131
ie, [5]1 2 [§1+7r wehave |G| = [3]+7r+s—-12[3]1+2r+s—-1 2> 2r+2. Letuv,v € V(G) so
that dg(v1) = di and dg(v2) = d. Then in G, each vertex of V(G) \ {v1,v2} has degree at most one. By
[V(G)\ {v1,v2}] = 2r, we can choose an independent set S € V(G) \ {v1, v2} of G with |S| = r. Then [Ng(S)| <.
Since |G| = [SUNg(S)| 2 [5T1+s—r—=12 ([31+7) +s—r—12s,itis easy to see that G contains S;sasa
subgraph. In other words, T is potentially S,s-graphic.

Suppose that there is a realization G of © containing a cycle C = vgv; - - - v—1 With m > n, and amongst
all such realizations let m be minimum. If m = n then we are done, so further assume that m > n + 1. Then
Cis induced by Lemma 2.2(1).

Firstly, assume m = n + 1. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in V(G) \ V(C), i.e,,
G = CUKyy5-|2)-2, where C = Cyy1. If r =1, then n > 5. Since there are |G| -3 = [5]+5—3 > s vertices which
are not adjacent to 1 in G, 7 is potentially S,s-graphic. If r > 2, thenn > 9. Sincer +s—[5] -2 >r -2, we

1 =51, and hence we can use [%'I edges of C to breakout

have that {v1, v3} in C along with r — 2 vertices in Kits-|2)-2 forms an independent set S with [S| = rin G and
there are |G| — (r + 3) = [5] + s — 4 > s vertices which are not adjacent to each vertex in S, implying that 7 is
potentially S, -graphic.

If m =n+2, by Lemma 2.2(2), we have dg(x) = 0 for each vertex in V(G) \ V(C), i.e., G = CU Kyys 2)-3,
where C = Cyy2. If r = 1, then nn > 5. Since there are |G| =3 =[5+ s — 3 > s vertices which are not adjacent
to v1 in G, 7t is potentially S, s-graphic. If r = 2, then n > 9. Since there are |G| —=5 = [5]+s — 4 > s vertices
which are not adjacent to v; and v3 in G, T is potentially S,-graphic. If r > 3, then n > 15, and hence
{v1,v3, v5} along with r — 3 vertices in Kyis-12)-3 forms an independent set S with [S| = 7 in G and there are
IGl=(r+4) =[31+r+s—1-(r+4) =[5]+s—5 > s vertices which are not adjacent to each vertex in S,
implying that 7 is potentially S,s-graphic.

If m > n + 3, then replace the induced C,, in G with a copy of C,—3 U C3, contradicting the choice of m.
Hence, we assume that every realization of m has circumference at most n — 1. Let G be a realization of 7t
containing a longest cycle C = v1v; - - - v, withm < n—1 and suppose that G has the maximum circumference
amongst all realizations of 7. Let H = G \ V(C). Then [V(H)| = |G| - |[V(O)| 2 ([51+r+s5s-1)-(n—-1) =
r+s—|3l=r.

Claim1 A(H) < 1.

Proof of Claim 1. The proof is similar to that of Claim 1 of Theorem 1.4. O

Claim 2 If A(H) =0, then m — (C,, Sts).

Proof of Claim 2. Clearly, V(H) is an independent set of G. By Lemma 2.3(7), 7 — (C,, Sr). O

Claim 3 If A(H) =1, then it — (C,, Sr.5).

Proof of Claim 3. Let H contain 2¢ > 2 vertices with degree one and p isolated vertices. If p > r, by
Lemma 2.3(7), then m — (Cy, S;5). Assume p < r — 1. By Lemma 2.3(3), Nc(u) = Nc(u') for any two distinct
vertices u,u’ € V(H) with dg(u) = dg(w’) = 1. Denote R = N¢(u), where u € V(H) with dg(u) = 1, and let
xiyi, 1 <i < { be the (disjoint) edges in H.

Firstly, suppose that R = 0. If [V(H)| > 2r + s, then we can choose an independent set S of H with |S| = r.
Moreover, by |V(H)| = |S U Ny(S)| = 2r + s — 2r = s, 7t is potentially S,,-graphic. If r +s < |V(H)| < 2r +s -1,
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thenm > ([31+7r+s—1)—(2r+s—1) > [3]. Foreachi = 1,..., min{{, m}, we exchange the edges x;y;, v;v;;1 for
the nonedges v;x;, vi41Y; to obtain at least r isolated vertices in H, implying that 7t is potentially S, ;-graphic.
IfIVH) <r+s—1,thenm > ([§1+r+s-1)=(r+s-1) 2 [§]+7 > [5]. By Lemma 2.3(5), dc(x) = INc(x)| < 1
for each x € V(H) with dy(x) = 0. Foreachi = 1,...,min{(, [ 5]}, we can exchange the edges x;;, v;v;;1 for the
nonedges v;x;, vi+1Yi, and obtain a realization of 7w in which H contains at least r isolated vertices. Let S be the
set of r isolated vertices in H. Clearly, [Nc(S)| < r. Then [G|=[SUN¢(S)| = ([51+7r+s-1)=2r 2 [5]+s-1 235,
and so T is potentially S, -graphic.

Now assume that R # 0. If |[V(H)| > 2r + s, then 7 is potentially S,s-graphic. Assume r +s < |V(H)| <
2r+s—1. By Lemma 2.3(6), we may assume 2£ —2[5+2p+m—|R| < 2r—2. By 2 +p+m = [5]+r+s—1and
[31-r>[3], wehave0 > 2(-2[51+2p+m~|R|-(2r-2) > ([51+r+s—1)=(2r=2)—(s+1)+p—|R[ = [51+p—IR|.
By Lemma 2.3(4), IR| < [ §] < L%J. Thus [§7+p < L"T—lj, a contradiction.

If [V(H) < r+s—1, thenm > [§]+r. By Lemma 2.3(5), INc(x) \ R| < 1 for each x € V(H) with

dp(x) = 0. Since p < r -1, we have £ > I'%'I. By m > [5]1+7r, IRl < [%]and [3] > Lgﬂ > 7, then
%

m=2R| >m=2[%] >[%] = IJ%;H'I > ;r'l = [51, and hence we can use [%'I edges of C to breakout

(%] edges of H and obtain a realization of 7 in which H contains at least p + 2(%] > risolated vertices.
Let S be the set of r isolated vertices in H. Clearly, INc(S)| < [Rl+7 < [Z]+7 < [§]1+7r—1. Then
IGI=ISUNc(S)I = ([51+r+s—1)—([5]+2r—1) > s, and so 7 is potentially S,s-graphic. O

Proof of Theorem 1.6. Clearly, r > I_%”J -|3]+1landr+s> I_%”J + 1. By (2%) = (C4, S14), (C4, S2) and
(Cs, S22),and (2%) + (Cs, S3,2), wehave ryor(Cy, Srs) = [41+2r+s—1for (n,1,5) = (4,1,4),(5,2,2),(4,2,2),(6,3,2).
Moreover, by Theorem 1.3, we also have 7,,(Cy,Ss) > [51+2r+s—1whenn >4,r>1,ands > 1is
odd. Let @ = (dy,...,dx) be a graphic sequence with k =[5 + 2r + s — 1. We now prove that @ — (C;, S;5).
If no realization of 7 contains a cycle, by Lemma 2.1, then d3 < 1. Let G be a realization of m. Then
IGl = [§1+2r+s—12>2r+2. Leto,v € V(G) so that dg(v1) = di and dg(v2) = do. Then in G, each
vertex of V(G) \ {v1, v} has degree at most one. By |[V(G) \ {v1,v,2}| > 2r, we can choose an independent set
S € V(G) \ {01, v2} of G with |S| = . Then [Ng(S)| < r. Since |G| — |SUNg(S)| = [51+s—1 > s, T is potentially
S, s-graphic.

Suppose that there is a realization G of © containing a cycle C = vgv; - - - v—1 With m > n, and amongst
all such realizations let m be minimum. If m = n then we are done, so further assume that m > n + 1. Then
Cis induced by Lemma 2.2(1).

Assume first that m = n + 1. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in V(G) \ V(C), i.e,,

G=Cu K2r+s—L%J—2/ where C = C,41. Since 2r + s — L%”J -2 >r-1, v in C along with r — 1 vertices in

Ky 45|21}, forms an independent set S with [S| = 7 in G and there are |G| - (r+2) = [5]+7+5-3 = s vertices
which are not adjacent to each vertex in S, 7 is potentially S, ;-graphic.

If m = n+ 2, by Lemma 2.2(2), we have dg(x) = 0 for each vertexin V(G) \ V(C),ie, G=CU sz,t%lﬁ,
where C = Cy42. If r = 1, then there are |G| -3 = [§]+5s -2 > s vertices which are not adjacent to v; in G, and
so Tt is potentially S,s-graphic. If ¥ > 2, then 2r+s — I_%”J —3 >r—2,and so {v1, v3} along with » — 2 vertices in
K2r+st%jf3 forms an independent set S with |S| = 7 in G and there are |G| - (r+3) = [§]+2r+s-1—(r+3) =
[51+7+s—4 > s vertices which are not adjacent to each vertex of S, Tt is potentially S, s-graphic.

If m > n + 3, then replace the induced C,, in G with a copy of C,—3 U C3, contradicting the choice of m.
Hence, we assume that every realization of m has circumference at most n — 1. Let G be a realization of 7t
containing a longest cycle C = v10; - - - v, with m < n—1 and suppose that G has the maximum circumference
amongst all realizations of . Let H = G \ V(C). Then |V(H)| = |G| - [V(O)| = ([31+2r+s-1)-(n-1) > 1.

Claim1 A(H) < 1.

Proof of Claim 1. The proof is similar to that of Claim 1 of Theorem 1.4. O

Claim 2 If A(H) =0, then © — (C,,, S;5).

Proof of Claim 2. Clearly, V(H) is an independent set of G. By Lemma 2.3(7),  — (C,, S;6). O

Claim 3 If A(H) =1, then © — (C,, S;)-

Proof of Claim 3. Let H contain 2¢ > 2 vertices with degree one and p isolated vertices. If p > 7, by
Lemma 2.3(7), then m — (Cy, S;5). Assume p < r— 1. By Lemma 2.3(3), Nc(1) = Nc(u') for any two distinct
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vertices u,u’ € V(H) with dg(u) = dg(u’) = 1. Denote R = N¢(u), where u € V(H) with dg(u) = 1, and let
xiyi, 1 <i < { be the (disjoint) edges in H.

Firstly, suppose that R = 0. If [V(H)| > 2r + s, then we can choose an independent set S of H with |S| = r.
Moreover, by |V(H)| = |S U Ny(S)| > 2r + s — 2r = s, Tt is potentially S,,-graphic. If r +s < |V(H)| < 2r +s -1,
thenm > ([§1+2r+s—1)-Q2r+s—1)>[5]and |V(H)| =[5]1+2r+s—1-m. Foreachi=1,..., min{{, m},
we exchange the edges x;y;, v;v;41 for the nonedges v;x;, vii1y;, then let H contain 2¢’ vertices with degree
one and p’ isolated vertices. If £ < m, then ¢’ = 0, by |V(H)| > ¥ + s, we have m — (C,,S;5). Assume
t>2m+1 Thenp' >2m. If p >r,by [VH) -t 2r+s—r =5, thenn — (Cy,5;5). If p’ <r-1, by

y _ IVH)-p [51+2r+s—1-m—p’ @r=2p")+p’' —m
=—7"-2 > 2

> r —p’, then p’ isolated vertices in H along with r — p” vertices
from r —p” edges in H forms an independent set S with |S| = r in G. It follows from [Ny (S)| = r—p’ < r—2m
and [V(H)|=|Ng(S)US| = ([51+2r+s—1-m)—(2r—2m) > s that is potentially S,s-graphic. If [V(H)| < r+s-1,
thenm > ([§1+2r+s—1)— (r+s—1) 2 [5]. By Lemma 2.3(5), dc(x) = [Nc(x)| < 1 for each x € V(H) with
dy(x) = 0. For each i =1,...,min{¢,[ 51}, we can exchange the edges x;y;, v;v;;1 for the nonedges v;x;, vis1y;,
and obtain a realization of 7t in which H contains at least r isolated vertices. Let S be the set of r isolated
vertices in H. Clearly, [Nc(S)| < 7. Then |G| — [SU N¢(S)l = (T51+ 2r +s5—1) — 2r > 5, and so Tt is potentially
S:s-graphic.

Now assume that R # 0. If |V(H)| > 2r + s, then T is potentially S,s-graphic. Assume r +s < |[V(H)| <
2r+s—1. By Lemma 2.3(6), we may assume 2 —2[5]+2p+m —[R| < 2r=2. By 20 +p+m =[]+ 2r+s—1,
wehave 0> 20 -2[51+2p+m—|R| - (2r-=2) > ([531+2r+s-1)-(2r-2)—-(s+ 1) +p— IR 2 [51+p—IR|.
By Lemma 2.3(4), IR| < [ %] < I_"—glj. Thus[5]+p < I_”T_lj, a contradiction.

IfIVH)<r+s-1,thenm>[5]+randr < I_%”J —1. By Lemma 2.3(5), INc(x) \ R| < 1 for each x € V(H)
with dy(x) = 0. Since p < r—1, we have £ > I'%'l. By m > [51+7r IR < [§]and [5] > % > 5, then
m=2Rl 2m-=2%]2[3]2 I'(g;H'I > I'%'I = [51, and hence we can use [%'I edges of C to breakout
f%] edges of H and obtain a realization of 7 in which H contains at least p + 2(%] > r isolated vertices.
Let S be the set of r isolated vertices in H. Clearly, INc(S) < [R| +7 < [F]+7 < [§]1+7r—1. Then
IGI =ISUNc(S)I = ([51+2r+s-1) = ([31+2r—1) > 5, and so 7 is potentially S, s-graphic. O

Proof of Theorem 1.7. Clearly, r > |2 |- [2]+1and r+s > | %] + 1. From Theorem 1.3 we have
7p0t(Cn, Srs) 2 [§1+2r +s—2. Let © = (dy, ..., dx) be a graphic sequence with k = [§] + 27 + s — 2. We now
prove that 1 — (C,, 5;5). If no realization of m contains a cycle, by Lemma 2.1, then d3 < 1. Let G be a
realization of . Then |G| = [5§]+2r +s—2 > 2r + 2. Let vy, v, € V(G) so that dg(v1) = dq and dg(v2) = da.
Then in G, each vertex of V(G) \ {v1, 72} has degree at most one. By |V(G) \ {v1, v2}| = 2r, we can choose an
independent set S C V(G) \ {1, 02} of G with [S| = 7. Then |[Ng(S)| < 7. Since |G| = [SUNg(S)| 2 [§1+5-2 25,
7 is potentially S,s-graphic.

Suppose that there is a realization G of 7 containing a cycle C = vy - - - vy—1 With m > n, and amongst
all such realizations let m be minimum. If m = n then we are done, so further assume that m > n + 1. Then
Cis induced by Lemma 2.2(1).

Assume first that m = n + 1. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in V(G) \ V(C), i.e,,

G=CUK,, |z} 3 where C = Cyy1. Ifr=1,thenn =4, |V(C)| =5 and |G| = s + 2 is even, implying that

[V(Ky4s-2-3)l 2 1, and 7 is potentially Sy s-graphic. Assumer >2and4 <n<6. Ifr+s2 L% ] +2, then
2r+s—|%]-3>r-1,and hence v; in C along with r — 1 vertices in K,, +s-2)-3 forms an independent
set S with |S| = 7 in G and there are |G| — (r +2) = ([31+2r +5—2) = (r +2) = [5] +r+5—4 > s vertices
which are not adjacent to each vertex in S, 7 is potentially S,,-graphic. If r > 3, by r + s > I_%”J + 1, then
2r+s—[%] -3 >r-2,and hence {1, v3} in C along with r — 2 vertices in K,, +5-| 23 forms an independent
set Swith |S| = 7in G and there are |G| — (r+3) = ([31+2r+5-2) = (r +3) = [§] +7r+5—5 > s vertices which
are not adjacent to each vertex in S, 7 is potentially S,s-graphic. For the case of r = 2 and r +s = [ %] + 1,
if n =4, thenr+s =3 and s = 1, a contradiction; if n = 5, then (n,7,5) = (5,2,2), a contradiction; if n = 6,
then r +s = 5 and s = 3, a contradiction. Assumer >2andn > 7. By 2r +s — L%”J -3>r-2,{v,v3}
in C along with r — 2 vertices in Ky, 2 3 forms an independent set S with |S| = 7 in G and there are
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|Gl = (r+3) = ([51+2r+s-2)—(r+3) =[3]+7r+s—5 > s vertices which are not adjacent to each vertex in
S, T is potentially S, ,-graphic.

Suppose that m = n + 2. By Lemma 2.2(2), we have dg(x) = 0 for each vertex in V(G) \ V(C), i.e,
G=CuU Kooy 2)oar where C = Cpip. If r = 1, thenn = 4, |[V(C)| = 6 and |G| = s + 2. In this case,
if s = 4, then (n,1,5) = (4,1,4), a contradiction; if s > 6, then |V(K,, ool 1-)l = 1, and T is potentially
Sis-graphic. Assumer >2and4 <n <6. If r+s > L%"J + 3, then 2r + s — L%"J —4 > r—1, and hence
01 in C along with r — 1 vertices in Ky, ), forms an independent set S with |S| = 7 in G and there are
IGl=(r+2)=(51+2r+s—-2)—(r+2) =[5]+r+s—42>s vertices which are not adjacent to each vertex
in S, 7 is potentially S,s-graphic. If r +s = L%”J +2and r > 3, then 2r + s — L%”J —4 = r -2, and hence
{v1,v3} in C along with r — 2 vertices in Ky, ;|2 , forms an independent set S with |S| = 7 in G and there
are |G| — (r+3) = ([51+2r+s—2)—(r+3) = [5§]+r+s—5 > s vertices which are not adjacent to each vertex
in S, T is potentially S,s-graphic. For the case of r +5 = L%”J +2and r =2, if n = 4, then (n,7,s) = (4,2,2), a
contradiction; if n = 5, then r +s = 5 and s = 3, a contradiction; if n = 6, thenr+s=6,s =4 and |G| = m = 8§,
implying that G = Cg and 7t = (28). It is easy to see that © — (Ce, S24). For the case of r +s = | %] + 1, by
|G| = [%'l +2r+s—-2>m=n+2,wehaver > 3and r+s > 5, implying that (n,7,s) = (6, 3,2), a contradiction.
Assume r > 2and n > 7. If r = 2, then there are |G| -5 = ([§] +s+2) -5 =[] +s — 3 2 s vertices which
are not adjacent to v; and v3, T is potentially S, s-graphic. If r > 3, then 2r + 5 — I_%”J —4 > r -3, and hence
{v1,v3, 05} in C along with r — 3 vertices in K,, s 24 forms an independent set S with |S| = 7 in G and there
are |G| - (r+4) = ([31+2r+s—2)—(r+4) = [§]+7r+s—6 > s vertices which are not adjacent to each vertex
in S, 7 is potentially S, s-graphic.

If m > n + 3, then replace the induced C,, in G with a copy of C,—3 U C3, contradicting the choice of m.
Hence, we assume that every realization of m has circumference at most n — 1. Let G be a realization of 7t
containing a longest cycle C = v10; - - - v, withm < n—1 and suppose that G has the maximum circumference
amongst all realizations of . Let H = G \ V(C). Then |V(H)| = |G| - [V(O)| = ([31+2r+s=2)—-(n—-1) > 1.

Claim1 A(H) < 1.

Proof of Claim 1. The proof is similar to that of Claim 1 of Theorem 1.4. O

Claim 2 If A(H) =0, then © — (C,,, S;5).

Proof of Claim 2. Clearly, V(H) is an independent set of G. By Lemma 2.3(7), = — (C,, 5:5). O

Claim 3 If A(H) =1, then = — (Cy, Sr5)-

Proof of Claim 3. Let H contain 2¢ > 2 vertices with degree one and p isolated vertices. If p > r, by
Lemma 2.3(7), then m — (C,, S;5). Assume p < r — 1. By Lemma 2.3(3), Nc(1) = Nc(u') for any two distinct
vertices u,u’ € V(H) with dg(u) = dg(u’) = 1. Denote R = N¢(u), where u € V(H) with dg(u) = 1, and let
xiyi, 1 < i < { be the (disjoint) edges in H.

Firstly, suppose that R = 0. If [V(H)| > 2r + s, then we can choose an independent set S of H with |S| = r.
Moreover, by |V(H)| = |S U Ny(S)| = 2r + s — 2r = s, Tt is potentially S,,-graphic. If r +s < |V(H)| < 2r +s -1,
thenm > ([51+2r+s-2)—(2r+s—1) 2 [3]-1and |[V(H)| =[51+2r+s—2—m. Foreachi =1,..., min{¢, m},
we exchange the edges x;y;, v;vi41 for the nonedges v;x;, vi11y;, then let H contain 2’ vertices with degree
one and p’ isolated vertices. If £ < m, then ¢’ = 0, by |V(H)| 2 v + s, we have 1 — (C,,S;5). Assume
t>2m+1 Thenp >2m. If p 2 r, by [VH) —r 2r+s—r =5, thenn — (Cy,S;5). If p’ <r—-1, by
0 = |V(Hz)|—p’ > [§'|+27+52—2—m—p’ > (2r—2p’2)+p'—m

> r —p’, then p’ isolated vertices in H along with r — p’ vertices
from r — p’ edges in H forms an independent set S with |S| = 7 in G. It follows from |[Ny(S)| = r—p’ <r—2m
and |V(H)|=|Nu(S)US| = ([§1+2r+s—2—m)—(2r—2m) > s that 7w is potentially S, s-graphic. If [V(H)| < r+s-1,
thenm > ([§1+2r+s-2)—(r+s-1)=[3]+r-12[5Tandr < I_ZT”J. By Lemma 2.3(5), dc(x) = [Nc(x)| < 1
for each x € V(H) with dy(x) = 0. For each i = 1,...,min{¢,[57}, we can exchange the edges x;y;, v;vi+1 for
the nonedges v;x;, vis1Yi, and obtain a realization of 7 in which H contains at least r isolated vertices. Let S
be the set of r isolated vertices in H. Clearly, [Nc(S)| < 7. Then |G| = [SUNc(S)| = ([31+2r +s—2) = 2r > s,
and so 7t is potentially S, ;-graphic.

Now assume that R # 0. If |[V(H)| > 2r + s, then 7 is potentially S,s-graphic. Assume r +s < |[V(H)| <
2r+s—1. By Lemma 2.3(6), we may assume 2£ —2[31+2p+m—|R| < 2r=2. By 2 +p+m = [§]+2r+s—2and
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siseven, wehave 0 > 2( - 2[31+2p+m—[R|=(2r—=2) = ([5]1+2r+s-2)—=(2r=2)=s+p—IR| 2 [31+p—IR|.
By Lemma 2.3(4), IR| < | %] < L%J. Thus [§7+p < L”T_lj, a contradiction.
If V(H)| <r+s-1,thenm = |G| - [V(H)| > [§]1+7—1, and hence r < %”J (by m < n-1). By

[274+r-1

L
IRl < |5] and Lemma 2.3(5), we have m = 2|R| > m = 23] 2 [§] 2 [“5—1 2= [5] and |[Nc(x) \ R| < 1
for each x € V(H) with dy(x) = 0. We now consider the following two cases according to the value of
Rl < 5] < I_%J =[31-1 IfIR <[51-2,by (> r%'l, then we can use I'%'I edges of C to breakout
I'%'l edges of H to obtain a realization of 7 in which H contains at least p + 2[%1 > risolated vertices. Let
S be the set of r isolated vertices in H. Clearly, INc(S)| < [R| +r < |5]+ 7 < [5]+r — 2. This implies that
|Gl = ISUNc(S)| = (T51+2r +s5—-2) = ([5]+2r—2) = s, and so 7t is potentially S,s-graphic. If |[R| = [5§] -1,
then |[R| = [ 3] =[5]— 1. In this case, if r = 1, thenn = 4 and m = 3. Since [V(H)| = |G|-m =s-12>1is
odd, we have p > 1 = r, a contradiction. Assume r > 2. If m # O(mod 3), by [R| = | §] and Lemma 2.3(4),
C has three consecutive vertices, say v1, v, v3, so that v1,v;,v3 ¢ R; moreover, vy € R or v, € R. Without
loss of generality, we let vs € R. If v1v3 € E(G), then we exchange the edges x111,v1v3 for the nonedges
v1X1, U3} to obtain a realization of 7 containing a cycle v1v,03Y174 - - - U, v1 Of length m + 1, a contradiction.
If v1v3 ¢ E(G), then we first exchange the edges x1y1, v10, v,03 for the nonedges vyx1, V211, V173 to obtain a
realization of 7 containing a cycle v1v3v4 - - - v, 01 of length m — 1, then by (m — 1) - 2IR| > [5] -1, we can use

f%] — 1 edges of v1v3v4 - - - v, v1 to breakout [%] — 1 edges of H to obtain a realization of 7t in which H has
2+p+ 2((%] — 1) > risolated vertices. Let S be the set of r isolated vertices in H and x1,y; € S. Clearly,
INcOI < R[+r=1=[F]+r-1=[5]1+r-2,andso |G| - |SUNc(S)| = ([31+2r+s-2)—([5]1+2r-2)=s
and 7 is potentially S,-graphic. Assume m = 0(mod 3). If p > 1, we let x € V(H) with dy(x) = 0. In this
case, if Nc(x) \ R # 0, we let v € N¢(x) \ R, by m = O(mod 3), |R| = | 5| and Lemma 2.3(4), then v = v;;; or
vi—1 for some v; € R. Without loss of generality, we let v = v;,1, then exchange the edges x111, v;1x for the
nonedges vj;1X1, Xy to obtain a realization of 7 containing a cycle v1v; - - - viX 041 - - - U1 Of length m + 1,
a contradiction. Hence N¢(x) \ R = 0. By m — 2|R| > [5], we can use f%'l edges of C to breakout f%'l
edges of H to obtain a realization of 7 in which H contains at least p + 2[5£] > r isolated vertices. Let S
be the set of r isolated vertices in H and x € S. Clearly, INc(S)| < [R|+7r—-1=[F]+r—-1=[3]+7r-2,
and so |G| = [SUNc(S)| = ([51+2r +s—2) — ([51+ 2r — 2) = s and 7 is potentially S,s-graphic. If p = 0, by
m = 0(mod 3) and |R| = | 5| = 5, we have that |G| - [R| = [V(C)| = [R[+ [V(H)| = m — 5 +2( = %’” +2{ is even.
On the other hand, by [R| = [5§] -1, we have that |G| = |R| =[]+ 2r+5s-2—([§1-1) =2r+s—1isodd, a
contradiction. O

Proof of Theorem 1.8. (1) By (2% -» (C3,S12), we have 7pot(C3,S1,2) 2 5. Let m = (dy, ..., d5) be a graphic
sequence. If 7t is not potentially C3-graphic, by Lemma 2.1, then d3 < 1 or @ = (2°) or = (24,0), implying
that d; = 4 —ds > 2, and so 7 is potentially S »-graphic. Thus 7,,:(C3, S1,2) = 5. By (2%) -» (C3, S13), we have
7pot(C3,513) 2 6. Let m = (dy,...,ds) be a graphic sequence. If 7t is not potentially Cs-graphic, by Lemma
2.1, thends < 1orm = (250) or m = (2%,0%), thus d; =5 — dg > 3, and so T is potentially S 3-graphic. Hence
7pot(C3, $13) = 6. For s > 4, by Theorem 1.3, 70¢(C3, S15) = s + 2. Let m = (dy, ..., dss2) be a graphic sequence
with s > 4. If 7 is not potentially S;s-graphic, thend; <s—1,and henceds.p =s+1-dy >2,bys+22>6
and Lemma 2.1, 7t is potentially C3-graphic. Thus 7,0¢(C3, S15) = s + 2 for s > 4.

(2) Letr >22,s > 1be odd and (r,s) # (2,1). By Theorem 1.3, 7,0:(C3, Sys) = 2r +s. Let @ = (dy, ..., darss)
be a graphic sequence. If s = 1, by Theorem 1.2(1), then r,0:(C3, S;,1) = 2r + 1. Assume s > 3. If 7 is not
potentially Cs-graphic, by Lemma 2.1, then d3 < 1 or @ = (24,0%7*%) or = = (25,0%+7°). If d3 < 1, then
Arss 2 doprs—o =2r+5—1—dz > 2r + s — 2, by Lemma 2.4, 7t is potentially S, -graphic. If = = (2%,0%+57%) or
= (2°,0%+579), by 2r +s—4 > 2r + s — 5 > r, then every realization of 7 contains at least r isolated vertices,
and so 7 is potentially S, -graphic.

(3) Letr > 2,s > 2beeven and (r,s) # (2,2). By Theorem 1.3, r,:(C3,S,s) = 2r +s—1. Let =
(d1,...,d2+s-1) be a graphic sequence. If 7 is not potentially Cs-graphic, by Lemma 2.1, then d3 < 1 or
7= (24,07 or 1w = (2°,0%*576). If T = (2%, 0%*575), by r+s > 5, then every realization of 7t contains at least
2r+s—5 > risolated vertices, and so T is potentially S, s-graphic. Assume 1t = (2°,0%*57°). If r + s > 6, then
every realization of 7 contains at least 2r + s — 6 > r isolated vertices, and so 7 is potentially S,s-graphic. If
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r+s=>5thenr=3,s=2and 7 = (6%,4°), by Lemma 2.4, 7t is potentially S3,-graphic. Assume d3 < 1. Let
G be a realization of 7w with vertex set V(G) = {v1,0s,...,024s-1} so that dg(v;) = d; for each i. If d; > 3, let
0,0 € Ng(v1) \ {2}, by A(G[V(G) \ {v1,v2,v,7'}]) £ 1and |G[V(G) \ {v1,v2,0,0'}]| = |G| -4 = 2r+5-5 > 2(r-2),
then we can find an independent set of G[V(G) \ {v1, v, v, v’}] with order at least r — 2, thus {v, v’} along with
r —2 vertices in V(G) \ {v1,v2, v, v’} forms an independent set S of G with |S| = 7, and by |S U Ng(S)| < 2r -1,

there are at least (2r + s — 1) — (2r — 1) = s vertices which are not adjacent to each vertex in S, implying that T
2r+s—1 J—
is potentially S,s-graphic. If dy = d, = 2, thendyys-1 =0asd; <land ), d;iseven. Clearly, d; =2r+s-2,
i=1
Arys1 = dopys3 = 2r+s—3and ﬂ > dyrs—2 = 2r + 5 —4 > r. By Lemma 2.4, 7t is potentially S, -graphic. If
di =2and d, =1, letv,v" € Ng(v1), by IG[V(G) \ {v1,v,v'}]| = |G| = 3 = 2r + s — 4 > 2(r — 2), then {7, v} along
with r — 2 vertices in V(G) \ {v1, 0,7’} forms an independent set S of G with |S| = r, and there are at least

(2r+s—1) — (2r — 1) = s vertices which are not adjacent to each vertex in S, thus 7 is potentially S,s-graphic.
2r+s—1

Ifdy <1,thendy,s_1 =0as E d;is even and 2r +s—1is odd. Clearly, Z =2r+s—2and dys_1 = 2r+s—3.
By Lemma 2.4, 7t is po‘[entiallly1 Sys-graphic. Thus 7,01(C3, S;5) = 2r +5 — 1.

(4) By Theorem 1.2, 7,0+(C3, S2,1) = 6. By (2°) -» (C3,S22), we have 7pot(C3, S22) 2 6. Let = (dy, ..., ds)
be a graphic sequence. If 7t is not potentially Cs-graphic, by Lemma 2.1, then d3 < 1 or © = (25,0) or
= (24,0%), implying thatd; = 5—ds > 4and dy = 5 — d3 > 3. By Lemma 2.4, @ is potentially S, ,-graphic.
Thus r,,ot(C3, 52,2) =6. O

Proof of Theorem 1.9. (1) If s < [J]-1and r+s < |'%”'|+ﬁ,by Theorem 1.3, then 7o4(Py, Sy5) = n+r—1.
Moreover, s < [2]1—-1< [4]and r+s < [2]+ =2 < |20 4 2D 49 If 7 +5 < | 2], by Theorem 1.4,
then rp0(Cp, Sps) =n+r—1.If r+s = L%"J + 1, then s is even and [%”] = L%”J + 1, by Theorem 1.7, we also
have 7,01(Cy, Sps) = [51+2r +s =2 =[5+ I_%"J +7r—=1=n+r-1. It follows from 76:(Py, Sys) < 7pot(C, Sr.5)
that 7,0i(Pn, Sps) =n+r—1.

(2) Ifs>[5]andr < I'%”'I -[51+ 71+£71)5,by a(P,) = [5]and Theorem 1.3, then 7ot (P, Sy6) 2 |5 | +7+s—1.
Moreover,s > [5] > [5]and 7 < I'%"'I =157+ ﬁ < I_%”J =151+ y +1. Ifr< I_%"J —151, by Theorem 1.5,
then 7,01(Cyy, Sps) = [51+r+s—1. Ifr = I_%”J —151+1, thensis even and |'2§”'| -[31= I_%"J —151+1, by Theorem
1.7, we also have 7,t(Cy, Sps) = [51+2r +s -2 =[5]+ L%”J —[3]+r+s-1=[5]+r+s—1. Wenow consider
the following two cases in terms of the parity of n. If niseven, by [57] = | ], then 7,5+(Py, Ss) < 7pot(Cy, Srs) =
L51+7+s—=1. Thus r0:(Py, Sis) = L 5] +7+s—1. Assume that nis odd. If I'%”'I -[31+ # < L@J - L%J,
by s > [3] 2 I_"Z;lj and Theorem 1.5, we have 7,,(Cy-1, S5) = [”T‘l'l +r+s—1. If [2?”] -[31+ w >
|2 |~ |21+ 1, thensisevenand r = [2]- 4] = [222 |~ | 21|+ 1, by s > [4] > | 2] and Theorem 1.7,
we also have ryo(Cot, Sre) = [0 1+ 2r +5 =2 = [551] + |20 | - |20 |4y 45— 1 = [%1] + 7 +5 - 1. Let
1 = (dy,...,dx) beagraphic sequence with k = L§J+r+s—1. It follows from L%J = [%'l thatk = rr,gt(Cn_l, Sis)-
Assume that 77 is not potentially S, ;-graphic. Then 7 has a realization G containing C,,_;. If there exists one
edge between V(G) \ V(C,—1) and V(C,—1), then 7 is potentially P,-graphic. Assume that there is no edge
between V(G) \ V(C,-1) and V(C,—1). If there exists one edge xy € E(G\ V(C,-1)), let v, v’ be two consecutive
vertices on C,_1, then exchange the edges vv’, xy with the non-edges vx, v'y, we obtain a realization of ©
which contains P,. If there isno edge in G\ V(C,-1), by [ 5] +7+s—1~(n~-1) > 7, then G contains S;s, that
is, 7T is potentially S, s-graphic, a contradiction. Hence 74(Py, Srs) = 5] +7+s— 1.

(3) Ifs <[2]-land r+s > [27+ L 4 1orifs > [41and r > [27-T21+ 5 + 1, by a®(P,) = [2]
and Theorem 1.3, then r,(P,,S,5) > L4] +2r + 5 + =07
>8] -T87+ # + 1. Assume (n,7,5) # (6,3,2).

Ifs<[51-1(<[5)andr+s> I_%”J +lorifs >3] (= [5))andr > I_%"J —|%]+1,by Theorems 1.6 and 1.7,
then 7,01(Cy, Sp) = [21+2r + 5 + 50 implying that r,er(Pu, Srs) < fpor(Ca, Sps) = [2] 42 +5 + —HCU
If n = 0(mod 3), by [31 = 5], then r,0:(Pn,S;s) = 5] +2r +s+ #_1)71 Assume n # O(mod 3). Let
—3+(=1)"!

2

. Moreover, r + s > I'%”'l + % +1 and

. Clearly, r +5 > I_%”J + 1 and

7 = (dy,...,dy) be a graphic sequence with k = [3] + 2r + s +



J. Du, J. Yin / Filomat 33:6 (2019), 1605-1617 1616

P2 -2+ 1 Byk > [52142r s+ 00T ks (B4 (2] - (B4 1) 4ras+ EUT
)5—1

r§]+r+s+%’l)571 >822 4 r+s—Tand k> [2]+ (1 2]+ 1) +r+ 200 > n+r+ﬁ >n-2)+r-1,
we have k > max{l'”T‘z'l +2r+s+ #_DH, [”T‘z'l +r+s—=1,(n—-2)+r—1} = rpot(Cy-2,Srs) (by Theorem
1.4-1.7). Assume that 7 is not potentially S;,-graphic. Then m has a realization G containing C,—,. Let
H = G\V(Cyo). Ttfollows from r+s > [27+ =2 41 that |H| = [GI-[V(Cyos)l = [ 2]+ 2r+s+ 20 _(n-2) >
L8]+ 2]+ 25 )b 2CUT (i —2) > 4122, TEA(H) = 0, we let S € V(H) with [S| = r. If
Ne(S) < 2] -1, by r > 2] -[27+ 252 41 then |G- [SUNC(S)| > 4] +2r+5+ =2 (2] 47-1) >
L5]+ (|'2§”'| -151+ % +1)+r+s+ %_DH —(l5] +r—=1) = s, and 7 is potentially S,s-graphic, a
contradiction. Hence |[Nc(S)| > 3] (= I_”T_ZJ + 1). This implies that there are two consecutive vertices (say
v1,02) on C,—p and two vertices x,x’ € S so that vix, vox” € E(G). If x # ¥/, then 7 is potentially P,-graphic.
Assume x = x’. If there is one vertex y € V(H) \ {x} and one vertex v € V(C,_;) so that vy € E(G), then 7 is
potentially P,-graphic; if dc(y) = O foreach y € V(H)\{x}, then T is potentially S,s-graphic, a contradiction. If
A(H) > 1, let xy € E(H), then either there exists one edge between {x, y} and V(C,-,) (and so  is potentially
P,-graphic), or we take vv’ € E(C,—,) and then exchange the edges vv’, xy with the non-edges vx, vy to

_ _1)s-1
obtain a realization of T which contains P,,. Hence rpot(Py, Sr,s) = 5] +2r + 5+ MTD

Ifs<[8]-1(<[2)and [27+ 2 41 <r+5< |2 thensisodd and r +s = [2] = [ Z]. Then
Tpot(Pn, Srs) = 151+ 2r+s—1 = n+r—1. It follows from Theorem 1.4 that 7,6t(Py, Srs) < 7pot(Cp, Sys) = n+r—1.
Hence 7y01(Py, Srs) = L3] +2r +s— 1.

Assume s > [5] (= |7]) and I'%”'l -[51+ # +1<r< I_%”J —|5]. Then we only have the following
three cases: s is odd and [%”] —[51<sr= I_%”J —15);sis odd and (%"] —[5l=r= I_%”J —15]-1;sisevenand
(21 -5+ 1=r=12]-14)

Ifsisodd and [2]-[2] < r = |2 |-| %], by Theorem 1.5, then #o¢(Py, Sys) < 7pot(Cn, Sps) = [41+7+5—1 =
[51+2r+s=1. Ifn = O(mod 3), then r,,t(Py, S15) = | 51+2r+s—1. If n # O(mod 3), letw = (dy, . .., dx) be a graphic
sequence withk = | 5 ]+2r+s—1. Itis easy to check thatk > max{l'”3;2'|+2r+s—1, I'%'l +r+s—1,(n-2)+r—1} =
Tpot(Cu—2, S15). Assume that 77 is not potentially S,s-graphic. Then 7 has a realization G containing C,,_». Let
H = G\ V(Cy-2). If A(H) = 0, we have |[H| = |G| -|V(Cy2)| 2 r+1,let S C V(H) with [S| = 7. If Nc(S) < | 5]-1,
by |G| = |S U Nc(S)| = s, then 7t is potentially S,s-graphic, a contradiction. Hence [N¢(S)| = [5]. Then there
are two consecutive vertices (say v1,v2) on C,_ and two vertices x,x” € S so that v1x, v,x” € E(G). If x # &/,
then 7t is potentially P,-graphic. If x = x’, and if there is one vertex y € V(H) \ {x} and one vertex v € V(C,—p)
so that vy € E(G), then 7 is potentially P,-graphic; if dc(y) = 0 for each y € V(H) \ {x}, then T is potentially
S:s-graphic, a contradiction. If A(H) > 1, let xy € E(H), then either there exists one edge between {x, y} and
V(C,-2) (and so m is potentially P,-graphic), or we take vv" € E(C,—,) and then exchange the edges vv’, xy
with the non-edges vx, v"y to obtain a realization of  which contains P,,. Hence ry(Py, Sys) = L%J +2r+s—1.

If s is odd and I'%”'I -[31=r= I_%”J — 5] -1orif s is even and I'%”'I -[31+1=r= I_%”J - 5], then
n=3(mod6)and r = 2727+ 2 41 = | 2] - 2]+ =2 and hence

Fpot(Pu,Srs) 2 L8]+ 27 +5+ 2E
e I (e I ) R I R e (*)
[5]+7r+s—1

Now by s > [2] > |4],7 < [%]|-|%]and Theorem 1.5, we have | 2|+ 7 +5 — 1 < 7o1(Py, Srs) < Tpot(Cir, Srs) =
[51+7r+s—1.Ifsisodd, bys>[5]2> L”T_lj, r= L%"J -15]-1< LZ("T_DJ — L%J and Theorem 1.5, we have
7p0t(Cn-1, Srs) = I'%'l+r+s—1; ifsiseven,bys > [7] > I_%J,r = I_%”J—I_%J = L%"T_DJ—L"T_H+1 and Theorem
1.7, we also have 7,1 (Cy-1, Srs) = 1252+ 27 +5 -2 = [0+ [ 28D | |20 |4 p 45— 1= [21] 4 r 45— 1. Let
7 = (dy,...,dy) beagraphic sequence withk = | 5 |[+7+s—1. It follows from | 7] = [”T_l] thatk = 7p0/(Cyi—1, Sr,6)-
Assume that 7 is not potentially S, ;-graphic. Then 7 has a realization G containing C,,—;. If there exists one
edge between V(G) \ V(C,-1) and V(C,_1), then  is potentially P,-graphic. Assume that there is no edge
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between V(G) \ V(C,-1) and V(C,-1). If there exists one edge xy € E(G\ V(C,-1)), let v, v’ be two consecutive
vertices on C,_1, then exchange the edges vv’, xy with the non-edges vx, v'y, we obtain a realization of n

which contains P,. If there is no edge in G\ V(C,-1), by [ 5] +7+s—1—(n~-1) > r, then G contains S;s, that
is, 7 is potentially S,-graphic, a contradiction. Hence rpo¢(Py, Sr,s) < |5] + 7+ 5 — 1. It follows from (x) that

Foot(Pa, Sre) = L 2] +2r 45+ 0T

If (n,1,5) = (6,3,2), then r,0:(P¢, S32) > 8. Let = (dy, ..., ds) be a graphic sequence. Assume that 7 is not
potentially S;,-graphic. By Theorem 1.7, we have 7,,(Cs, S32) = 8, and so 7 has a realization G containing
Cs. If there exists one edge between V(G) \ V(Cs) and V(Cs), then 7 is potentially Ps-graphic. Assume
that there is no edge between V(G) \ V(Cs) and V(Cs). If there exists one edge xy € E(G \ V(Cs)), let v,v
be two consecutive vertices on Cs, then exchange the edges vv’, xy with the non-edges vx, v'y, we obtain a

realization of 7= which contains Pg. If there is no edge in G \ V(Cs), by |G| — 5 = 3, then G contains S3», that
is, T is potentially S3,-graphic, a contradiction. O
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