Filomat 33:6 (2019), 1659-1666
https://doi.org/10.2298/FIL1906659X

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Determinants Involving the Numbers of the Stirling-Type

Aimin Xu?

Institute of Mathematics, Zhejiang Wanli University, Ningbo 315100, China

Abstract. By the LU factorization, we evaluate a determinant involving the complete symmetric functions.
From a viewpoint of symmetric functions, some results for the evaluations of the determinants of the
matrices consisting of the numbers of the Stirling-type are given.

1. Introduction

The g-Stirling numbers of the second kind [21] obey the recurrence
Sy(n,k) = g"1S,(n — 1,k = 1) + [k],Sy(n — 1, k), n,k > 1,

with S,(1,0) = 0 and S4(0,k) = 0xo. In 2003, Ehrenborg [9] obtained a beautiful determinant identity
involving the g-analogue of the Stirling numbers:

det(Sy(s +1+ j,5 + ))o<ij<n = q(ﬁgﬂ)*(?) H[s + k]Z, @
k=1

where s and 1 be nonnegative integers. In his paper, Ehrenborg gave two nice proofs of this result, one
bijective and one based upon factoring the matrix.

Let gq (n, k) = q_@Sq(n, k) be the g-Stirling numbers of the second kind due to Carlitz [4, 5, 27]. Recently,
Cai, Ehrenborg and Readdy [3] proved the following identity by using RG-words:

n

det(gq(s +i4 5+ )osijn = H[S + k]’;. @

k=1

These interesting works motivate us to evaluate the determinants involving the numbers of the Stirling-
type. The purpose of this paper is to use the method of LU factorization to evaluate a determinant involving
the complete symmetric functions. By the connections between the complete symmetric functions and the
Striling numbers and their generalizations, we obtain some evaluations of the determinants involving the
numbers of the Stirling-type including the above results in a unified approach.

2010 Mathematics Subject Classification. Primary 05E05; Secondary 15A15, 15A23

Keywords. Complete symmetric function, Determinant, LU factorization, Stirling number

Received: 16 February 2018; Accepted: 29 April 2019

Communicated by Dragana Cvetkovi¢ Ili¢

Research supported by the Natural Science Foundation of Zhejiang Province (LY18A010001), the National Natural Science
Foundation of China (11201430) and the Ningbo Natural Science Foundation (2017A610140).

Email address: xuaimin1009@hotmail . com (Aimin Xu)



A. Xu /Filomat 33:6 (2019), 1659-1666 1660

2. A determinant involving complete symmetric functions

Let nbe a positive integer. Fork =0, 1,2, ..., the complete symmetric function of degree k in n variables
X1,X2,...,%, is the sum of all monomials of total degree k in the variables. Namely,

he(x1, %2, ..., X)) = E Xiy Xi, + Xiy,

which can also be alternatively written as

i i
I (xq,x2, .-, %p) = Z XXX

i1+ip+-+iy=k
1'/'20

In particular, the first few cases are

ho(xl,XQ,. . .,xn) = 1,

n

h(x1, %2, %) = zxi,
i=1
ha(xq, x2, ..., Xn) = Z XiXj,

1<i<j<n

ha(x1,x2, ..., %) = Z XiX Xk

1<i<j<ksn

The complete symmetric functions can be characterized by the following identity:

n

H(l —xt) = Z hie(xq, %2, . ..,x,,)tk.

i=1 k>0

It is easy to check that for n > k > 1 the following recurrence holds
hyie (1, %2, Xi) = hyi(X1, X2, -, Xee1) + X (X1, X2, - -, Xk), ®3)

with initial conditions hy(x1, X2, ..., xx) = 1 and hy,_k(x1,x2,...,x¢) = 0if n < k.

It is well known that determinants of matrices whose entries are symmetric functions have a rich, very
developed theory. In his famous book of enumerative combinatorics, Stanley [26, Theorem 2.7.1] obtained
a very general determinant identity involving the complete symmetric functions by using the method of
lattice path. As a useful and simple consequence, in this paper the following evaluation of a determinant
involving the complete symmetric functions is recovered by using the LU factorization method.

Proposition 2.1. Let s and n be nonnegative integers. Then the following identity holds:

n

det(t(xo, %1, ..., X+ Dosijen = | [ s 4)
k=1
This proposition plays a central role in our paper. As an example, we let (}) and [Z]q be the binomial

coefficients and their g-analogues, respectively. Both of them are specializations of the complete symmetric
functions [12], that is

hk(1,1,...,1)=(”+;§_1),
[ ——

_ n+k-1
h(,q,...,9" 1):[ P ] .
q
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Thus, the following identities are special cases of Proposition 2.1, namely,

det ((S o + ])) =1,
S+ 7 Jo<ij<n

det (

where s and 7 be the nonnegative integers.

S+i+j
s+j

) _ q%n(n+1)(2n+l)+s(";1)
- 7
9/0<i,j<n

As further applications of Proposition 2.1, some results for the evaluations of the determinants of the
matrices consisting of the numbers of the Stirling-type including the Stirling numbers of the second kind,
the r-Whitney numbers of the second kind and their generalizations will be given in the third section.
Our main idea follows from Merca’s interesting works [12, 16]. Recently, Merca [12, 16] obtained some
convolution formulas for the complete and elementary symmetric functions. By the convolutions, he
discovered and proved many combinatorial identities involving r-Whitney numbers, Stirling numbers,
binomial coefficients, Bernoulli numbers and some of their generalizations.

In order to prove Proposition 2.1, we need the following lemmas.

Lemma 2.1. Let p, q and t be nonnegative integers. There holds

min({t,p}

hp-H]—t(xO/ X1ye00y xt) = Z hp—k(x()r X1/eeny xk)hq—t+k(xk/ Xitlreves xt)- (5)
k=max{0,f—q}

Proof. First of all, we claim that if n > 0, then

n k=1
= ; Myi(X0, X1, - ., Xi) [O[(x - x)). 6)

We proceed by induction on n. Obviously, the equality holds for n = 0,1. Assume that the equality holds
for n, and let us prove it for n + 1.

n k-1
=20 ) (e, 0 | [ G- x0)
k=0 i=0

n k n k-1
= Z hy—i(xo0, X1, - . ., Xx) H(x - x) + Z Xl (x0, X1, . . ., Xk) H(x - X;)
k=0 i=0 =0 i=0

n+l

k-1 n k-1
= Z hys1-k(xo, X1, - -, Xk—1) H(x —xj) + Z Xichy—i(x0, X1, - ., Xx) H(X - Xi)
=1 i=0 =0 i=0

n k-1 n
= ol (¥0) + ) wsrkCxo, 21,0 | [ =) + oo, x1, ) [ [ = ),
i=0

k=1 i=0

The last equality holds because of (3). Since h,,.1(x0) = xohu(x0) and ho(xo, x1, . .., Xn) = ho(xo, X1, ..., Xn41) = 1,
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(6) is true. Thus we have

p k-1
xPH = x4 Z hyi(xo, X1, .., Xk) H(x - X
k=0 i=0
p k-1 q j-1
= Z hy_x(xo, X1, ..., Xx) H(x - Xj) Z By j (X, Xkt - -+ s Xkt ) H(x = Xk+i)
=0 i=0 =0 i=0
P4 k+j-1
= By (X0, 21, - -+, XiDhg—j Xk, Xk, + + - X ) H (x = xi).
=0 j=0 i=0

Replacing k + j by f yields

min{t,p}

1
(x = x;) hy i (x0, X1, - ) Xi)hg-rek Xk, Xir1, - -+, X2). 7)

p q
i=0 k=max{0,t—q}

=

+q t—
P =

-
Il
o

On the other hand, it follows clearly from (6) that

pHg -1
Pt = Z Bpiq-t(X0, X1, - . -, X¢) H(x - x;). (8)
£=0 i=0
By (7) and (8) we have
ptq -1
Z hp+q—t(x01x1/ ) H(x - X;)
£=0 i=0
p+q t-1 min({t,p}
= (=) Y e, 01, X k(e X, ). ©)
t=0 i=0 k=max{0,t—q}

Equating the coefficients of Hf;(l) (x = x;) on both sides of (9) yields (5). O

By Lemma 2.1 we obtain the LU factorization of the matrix whose entries are the complete symmetric
functions h;(xo, x1, . .., Xs+j)-

Lemma 2.2. Let s and n be nonnegative integers. Then

hO(XO,X1,. -~rx5) hO(x()rxl/- . -/x5+1) ho(x()rxl/- -~rx5+‘rl)

hi(xo,x1,..., %) hi(xo,X1,..., Xsx1) -+ (X0, X1, ..., Xs4n)

hn(x()/xl/--'/xs) hn(x()/xlr'-'/xs+1) hn(x0/x1/-"/xs+n)

ho(xo, X1, -, Xs) 0 0

hi(xo,x1,...,%)  ho(xo,X1,..., Xs41)  *** 0

hn(x()/xl/- "/xs) hn—l(xO/xlr'- ~/xs+1) ho(xOlel' --/xs+n)

ho(xs)  ho(xs, Xs41)  ~+- ho(Xs) Xs41, - -+ Xsn)
0 h1(xs41) s i (Xsa1, Xor2, oo Xotn)
X . . (10)

0 0 e hn (-xs+n)
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Proof. By takingp =s+1i,q=jand t =s+ jin (5) we have

s+min(i, j}

hi(x0/ X1yeeey xs+j) = Z hSJrl'*k(xO/ X1y /xk)hkfs(xk/ Xk+1r++ s xs+j)'
k=s

Replacing k by s + k yields
min(ij}

hi(-XOr X1yeeey xs+j) = Z hi—k(x()/ X1/eeey xs+k)hk(xs+k/ Xstk+1r-++s xS+j)r
k=0

which is equivalent to (10) and this completes the proof. [

It is worth noting that the above lemma will not only serve as a tool to prove Proposition 2.1 but it is also
interesting on its own.

The proof of Proposition 2.1. Since hy(xo,x1,...,%) = 1 for i > 0 and h(xex) = x’;rk for k > 1, by (10) we
obtain Proposition 2.1 directly.

3. Determinants involving the numbers of the Stirling-type

According to Proposition 2.1 we here give some results for the evaluations of the determinants of the
matrices whose entries are the numbers of the Stirling-type.

3.1. Stirling numbers of the second kind and their g-analogue, (p, q)-analogue

Let S(n, k) the Stirling number of the second kind [7]. It is well known that the following relation
holds:

S(n, k) = h,—(0,1,...,k).
Thus, according to Proposition 2.1, we have

Theorem 3.1. Let s and n be nonnegative integers. Then

n

det(S(s +i+ j,s + Nosjen = | [ + 0" (11)
k=1

It is not difficult to obtain the following relation:

Sy(1,k) = Byt (0], [1y, - - -, [K],)-

Thus, by Proposition 2.1 we recover the following determinant identity involving the g-Stirling numbers of
the second kind S,(s +i + j,s + j).

Theorem 3.2 ([9]). Let s and n be nonnegative integers. Then

n

det(Sy(s + i+ j,s + osijen = | s +KIE. (12)
k=1

Since S,(n,k) = q(é)gq(n, k) and (%}') = (**5") = (°}), it is easy to obtain the following:
Theorem 3.3 ([3]). Let s and n be nonnegative integers. Then

det(Sy(s + i+ j,s + osijen = 905 VO [ [ls + k1L (13)
k=1
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Let S, 4(n, k) be the (p, )-Stirling numbers of the second kind [27] which satisfy
Spq(n, k) = p*1S, 0(n — 1,k = 1) + [k, Sp,q(n — 1,K),
where [kl = p*1 + p*2q + -+ + pg=? + ¢*1. Similarly, we have obtain the following relation:

Spa(, k) = pOh, (01,0, [, - - -, [Klpg)-

Therefore, it is clear that Proposition 2.1 allows us to obtain a new identity for the (p, g)-Stirling numbers of
the second kind.

Theorem 3.4. Let s and n be nonnegative integers. Then
det(Spq(s +i+ s + Mosijen = pC 7O T Is + k- (14)

3.2. Legendre-Stirling numbers and Jacobi-Stirling numbers of the second kind

Let ]Sg{)(z) be the Jacobi-Stirling numbers of the second kind [2, 10, 15, 22]. It was shown that the
] Si,k) (z) are determined by the recurrence

18P(z) = 1S“ V@) + k(k + 2)]SY. (2),
with initial conditions
1$9@) =1s¥@) =0, sV =1.

Equivalently, they are determined by the identity

n k-1
X" = Z 159 (z) H(x —i(i + 2)).
k=0 i=0

Mongelli [23] has shown that the Jacobi-Stirling numbers of the second kind are specializations of the
complete symmetric functions, that is

159@) = 1y (0,1 + 2., k(k + 2)).
Using the above relation, we have

Theorem 3.5. Let s and n be nonnegative integers. Then
det ]sfjlf](z) = H(s + K + K+ 2)F. (15)

In particular, when z = 1, the Jacobi-Stirling numbers of the second kind ]S,(f )(z) reduce to the Legendre-

Stirling numbers of the second kind [1] denoted by PS®. Therefore, it is natural that we have the following
theorem.

Theorem 3.6. Let s and n be nonnegative integers. Then

det (PSE1) ) =(s+n+1)" H(s + k)%, (16)

s+it]
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3.3. r-Whitney numbers of the second kind and their (p, q)-analogue

Let W(n, k; m, r) be the r-Whitney numbers of the second kind [6, 8, 13, 14, 17-20, 28]. Then we have
the following identity [16]:

W, k;m,r) =h,(rrm+r,...,mk+v).

This relation leads to a determinant identity involving the »~-Whitney numbers of the second kind due to
Xu and Zhou [28].

Theorem 3.7 ([28]). Let s and n be nonnegative integers. Then

det(W(s+i+js+j;m, ”))09‘,]'91 = H(m(s +k) + 1)k, (17)
k=1

In particular, when r = 1, we can easily obtain the evaluations of the similar determinants involving the
Whitney numbers of second kind.

Let W, 4(n,k; m,7) be a (p, q)-generalization of the r~-Whitney numbers of the second kind [11, 24, 25]. It
was shown in [11] that the W), ,(1, k; m, r) are determined by the identity

(mx+ [],)" = ) m* Wi q(n, ks m, )T,
k=0

where the falling factorial

R !

Equivalently, they are determined by the generating function

Xk

, k>0,
(1= ([rlp + m[0]p)x) - - - (1 = ([r],, + m[k]g)x)

Z W,q(n, k;m, r)x" =

n>k
which leads to an explicit formula for the W), ,(n, k; m, r):

Wyl ki, 1) = —e Z(—l)qu@“k”|k.] (mljly + [1],)".
Q'jzo J q

It is easy to obtain the following relation:
Woq(n, k;m, 1) = by gl ([rp, m[1g + [rp, ..., mIKly + [1]p)- (18)

By (18) and Proposition 2.1, a determinant identity involving the (p, )-generalization of the r-Whitney
numbers of the second kind can be derived.

Theorem 3.8. Let s and n be nonnegative integers. Then

n

det(Wy (s + i+ j,s+ j;m,1))osij<n = H(m[s +k]; + [r]p)k. (19)
k=1
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