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On the Existence of Solutions for Stochastic Differential Equations
Driven by Fractional Brownian Motion
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?School of Information and Mathematics, Yangtze University, Jingzhou, Hubei 434023, P.R. China.

Abstract. In this paper, we are concerned with a class of stochastic differential equations driven by
fractional Brownian motion with Hurst parameter 1/2 < H < 1, and a discontinuous drift. By approximation
arguments and a comparison theorem, we prove the existence of solutions to this kind of equations under
the linear growth condition.

1. Introduction

Consider the following stochastic differential equation:
t t
X; = Xo + f (s, Xs)dBH + f b(X,)ds tel0,T], (1)
0 0

where 0 : [0,T] X R - Rand b : R — R are two Borel functions, the integral fot o(s, Xs)dBH is pathwise

Riemann-Stieltjes integral, and B = {Bfl ,t € [0, T]} is a fractional Brownian motion with Hurst parameter
H € (0,1). That is, B is a centered Gaussian process with covariance

1
Ryu(t,s) = E(BFBI) = E(tZH + 520 | — 5P,

In the case H = 3, the process B is the standard Brownian motion and the existence of a weak solution
to (1) is well-known by the results of Zvonkin [9] and Veretennikov [8], assuming only that the coefficient
b(x) satisfies the following linear growth in x

Ib(x)l < C(1 + [x]). ()

In the singular case H < %, Nualart and Ouknine [5] established the existence of a strong solution to (1)

with ¢ = 1, also assuming only that the coefficient b(x) has linear growth in x. In the regular case H > 1,
Boufoussi and Ouknine [1] proved that (1) with ¢ = 1 has a strong solution if the coefficient b is continuous

2010 Mathematics Subject Classification. 60H15; 60G15

Keywords. Fractional Brownian motion; Comparison theorem; Discontinuous drift

Received: 12 March 2018; Accepted: 10 September 2018

Communicated by Miljana Jovanovi¢

This research is partially supported by the NNSF of China (N0.11901058), Natural Science Foundation of Hubei Province
(No0.2016CFB479) and China postdoctoral fund (No. 2017M610216)

Email address: 1izhi_csu@126.com (Zhi Li)



Z. Li/Filomat 33:6 (2019), 1695-1700 1696

and has the linear growth and Li et al. [3] proved that (1) has a weak solution when the coefficient b has
only the linear growth.

In [6], Nualart and Rédscanu established the existence and uniqueness of solution to (1) when b was local
Lipschitz continuity and the linear growth and o satisfied some suitable conditions. The main motivation of
our work is to seek an answer to the following interesting question: when H > 1, is there a strong solution
to (1), assuming only that the coefficient b(x) has linear growth in x but may be discontinuous? In this
paper, by approximation arguments and a comparison theorem we will prove the existence of the strong
solution to (1) when b(x) has linear growth and is left-continuous and lower semi-continuous in x.

The rest of this paper is organized as follows. In Section 2, we introduce some necessary notations and
preliminaries. In Section 3, we present and prove our main results.

2. Preliminaries

Let % <H<1l,1-H<a< % Denote by Wg’m([O, T1; R) the space of measurable functions f : [0,T] — R

such that ) — fo)
t)— f(s
1 lleo = ;E%(wm o R e URL

and for any A > 0 a equivalent norm is defined by

t -—
Iflla2 == sup e‘“(|f(t)| + Mds) ‘o

te[0,T] o (t—s)rtt

For any 0 < a < 1, denote by C*%([0, T]; R) the space of a-Holder continuous functions f : [0,T] — R,

equipped with the norm
[f(8) = fO)l
1l = lflo + sup TOTON
oss<t<T (£ =9)

where ||flle = SUPe(o,1] [f(t)]. We have, forall0 < ¢ < a
C*([0, T; R) € Wy™([0, T R) c C*7*([0, T]; R).

Fix a parameter 0 < a < % Denote by W;fa’“([o, T1]; R) the space of measurable functions g : [0, T] = R
such that ,
9() — g6)l l9(y) = g6)l
Wlhi-aeor = sup (T—+ | o2 @
gl 0§5<ET (t - S)l_a s (}/ - S)Z—a )
Clearly,
CI¢([0, T; R) € Wi ([0, TL;R) € C'*([0, TL;R), Ve > 0.
Now, let us consider the following assumptions on the coefficients of (1).
(H1) o(t, x) is differentiable in x, and there exist some constants My > 0, 0 < 5,0 < 1 and for every N > 0
there exists My > 0 such that the following properties hold:
i) Lipschitz continuity
|O_(t/ x) - O-(t/ y)' < M()lx - ]/|; vxr y € IR/ Vte [0/ T]r
if) Local Holder continuity
10x0(t, x) = dyo(t, y)l < Mnlx = yl°, Vixl,lyl <N, Vt € [0, T],
iif) Holder continuity in time
lo(t, x) — o(s, x)| + dxa(t, x) — dy0(s, x)| < Mot - s|f, Vx e, Vt,s €0, T].
(H2) There exists a constant Ly > 0 such that the following properties hold:

(Ho) :

i) b(*) is left-continuous and lower semi-continuous, i.e., for each xy € R
lim,,,-b(x) = b(x), and liminfy,b(x) > b(xo),

if) Linear growth
|b(x)| < Lo(1 + |x]), VYxelR.

(Hp) :
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(H2) There exists a constant Ly > 0 and for every N > 0 there exists Ly > 0 such that the following properties
hold:

i) Local Lipschitz continuity

Ib(x) = b(y)l < Lnlx =y, Vixl, [yl <N,
if) Linear growth

|b(x)| < Lo(1 +|x]), Yxe€R.

(Hp) :

Remark 2.1. From i) and iii) of (H1), we can deduce that for all x € Rand t € [0, T]
lo(t, )| < 10(0,0)| + Mo (It + x]) < Mor(1 + |x]),
where Myt = |0(0,0)| + Mo(1 + T). Thus, the assumption (H1) implies that o is the linear growth.

By the Theorem 2.1 of Nualart and Rédscanu [6], we can obtain the conclusion (I) of the following theorem.
Moreover, in view of the Lemma 4.1 of Shevchenko [7], we also have the conclusion (II) of the following
theorem.

Theorem 2.2. Suppose that X is an R-valued random variable and ag = min{1, B, 135}, the coefficients o(t, x) and
b(x) satisfy assumption (H1) and (H2') with > 1—Hand 6 > & — 1. Then

() Ifa € (1 — H, ap), then there exists a unique stochastic process X € LYQ, 7, P; WS"“’([O, T];
IR)) solving the stochastic differential equation (1) and for IP-almost all w € Q

X(w,) € C7([0, TL; R).
(II) Moreover, if o € (1 — H, ap), Xo € L*(Q), F,P; R), then the solution X satisfies

E|IX| o < o0, Vp21.

3. Main results

To treat our main results of this section, we will use the following approximation lemma and the proof
of this lemma we can refer to [2].

Lemma 3.1. Let b(-) satisfies the assumption (H2). Then the sequence of functions

bu(x) = inflb(y) + nlx = yil, )

is well defined for n > Lo and it satisfies

(i) convergence: if x, — x~, then by(x,) — b(x);

(ii) monotonicity in n: ¥x € R, by(x) < bpi1(x);
(iii) Lipschitz condition: ¥x,y € R, |by(x) — bu(y)| < nlx — yl;
(iv) linear growth: Yx € R, |b,(s)| < Lo(1 + |x]).

The following comparison theorem is present in Nie and Rdscanu [4], which plays an important role in our
main results.

Theorem 3.2. Considering the two-dimensional decoupled system
X = Xo+ [y buXo)ds + [ o1(s, Xo)dBE, t€[0,TI,
Yi=Yo+ [ ba(Yods + [ oa(s, YdBY, te[0,T],

where the coefficients o;(t, x) and bi(x), i = 1,2, satisfy assumption (H1) and (H2') with  >1-H, 6 > Il{ —1and
a € (1 — H, ay), then the following two assertions are equivalent:
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(i) Forany t € [0, T] and every Xo < Yo: X; < Yy,
(ii) b1(x) < by(x), 01(t, x) = 02(t, x), YVt € [0, T] and Vx € R.

Let0 < a <1, f e WI([0, TI;R) and g € Wy ([0, T];R). Define

t
@m=£aw@wy

where o satisfy the assumptions (H1) with constant § > a. For the following estimation on G{(f), we can
refer to the Proposition 4.2 of [6].

Proposition 3.3. If f € W™ ([0, T]; R), then
G’(f) € C'*([0, T R) « Wy ([0, T]; R).
Moreover, for all A > 1 and f € Wy™([0, T]; R):

e, <A@ + 110,
i e, =22 1 i,

If f,h € Wy™([0, T; R) such that || fllo < N, [Illec < N, then forall A 2 1,

IG7(F) = G llr < 9D (14 A + AGIF ~ Bl

where

1-a ;
Fa =) SR, (P96 < Fr— 9o

7 _ o
A(f) = sup —If(r) fE) ds

reor)Jo  (r—s)at

Aa(g) :=

and the constant CV, C? and Cy is independent of A, f,h, g and only depends on T, and constants from (H1).

LetO<a< %, we shall give similar estimates on the ordinary Lebesgue integrals

t
FH=| b ds,
() fo (f(s))ds

where b satisfy the assumptions (H2’). For the following estimation on F(f), we can refer to the Proposition
4.4 of [6].

Proposition 3.4. If f € Wy™([0, T;R), then F'(f) € C'*([0, T;R) and Moreover, for all A > 1 and f €
Wy ([0, TL; R):

020 03] c<3><1 +1flle),

G|, < m 1 1l
If f,h € W([0, TL; R) such that ||flle < N, Ilhllc <N, then for all A > 1,

d
IE() = E Ul < 23 1 = Pl

where the constant C®, C® and dy is independent of A, f, h and only depends on T, and constants from (H2').
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Now, we can state and prove our main result in this paper.

Theorem 3.5. Suppose that X is an R-valued random variable and ag = min{3, B, 135}, the coefficients o(t, x) and
b(x) satisfy assumption (H1) and (H2) with p>1—Hand 6 > & — 1. Then

(D) Ifa € (1—H, ayp), then there exists a stochastic process X € L(Q, F, IP; WS‘""’([O, T1; R)) solving the stochastic
differential equation (1) and for P-almost all @ € Q

X(w,") € C([0, T; R).
(1) Moreover, if o € (1 — H, o), Xo € L*(Q, F,P;R), then the solution X satisfies
E|IX| o <o, Vp2>1.

Proof. For any n > Ly, let b, be as in Lemma 3.1. Consider the following stochastic differential equation

t t
X' = Xo + f o(s, X")dBH + f by (X)ds. (4)
0 0

Since by, is Lipschitz and linear growth and o satisfies the assumption (H1), by the results in the Theorem
2.1 we know

(I) If @ € (1 — H, a), then there exists a unique stochastic process X" € LYQ,F,P; Wg"x’
([0, T]; R)) solving the stochastic differential equation (4) and for IP-almost all w € Q)

X"(w,) € C'([0, T R).
(Il) Moreover, if a € (1 — H, ap), Xo € L*(Q, ¥, IP;R), then the solution X" satisfies
E|IX"|l} 0 < 00, Vp=1.

Notice that the Theorem 3.1 implies that {X"},;»1 is a.s nondecreasing. Moreover, by the Lemma 4.1 of [7],
we have

IX"llg,0 < C1exp(C2GT7) 1= N, )

where C; and C; are two constants depending only T and «, and

G= sup [(D{Z*Bi)(s)|

(1 - a) geseier

with

o (=1 f(x) f) = )
D f(x 1_'(1 a) (b x)a f x‘“l) )]I(a,b)(x)-

Note that o satisfies the assumption of the Proposition 3.1 and bn satisfies the assumption of the Proposition
3.2. Then, by the Proposition 3.1 and 3.2 and (4), there exists a constant C which is only depends on C%,
C® and X, such that

IX"lh-a < ClIX"[la,c0 < CN™.

It means that X" converges to X in the space C#([0, T]; R) for all B<l-a.Sincea <1/2andforall0<e<a
C*([0, T]; R) € Wy™([0, T R) c C*7*([0, T]; R),

we can deduce from Ascoli-Arzela theorem and the monotonicity of the sequence {X"},>1 that X" converges
uniformly to X € Wg"x’([O, T, R), IXllgeo < Nand forall A > 1,

(IX" = X|lop = 0, as n — oo. (6)



Z. Li/Filomat 33:6 (2019), 1695-1700 1700

Next, we will prove that X is the solution to the equation (1). On the one hand, we have forall A > 1,

Hﬁuawkf‘xm Wf WW—mema
+” fo bu(Xs)ds — fo B(Xo)ds )

=5 + L.

’

”

By the Proposition 3.2 and (6), we easily know [; — 0, as n — oo. Since {X"},»1 converges uniformly to X,
we get that I, — 0, as n — oo by using (i) in the Lemma 3.1. Thus, we have forall A > 1,

lim ” f b(X")ds — f b(X.)ds
n—oo 0 0 a

On the other hand, note that the fBm BY admits a version whose sample paths are almost surely Holder
continuous of order strictly less than H, then using the Proposition 3.1 we have

‘ ny JpH ‘ H Au(B H)CN
o(s, X7)dB,' — U(S,Xs)st < —
0 a,A Al-
Since oy = mm{z,ﬁ, I +é} and a € (1 - H, ap), we know that A(X") and A(X) are bounded. Then, letting
n — oo we have

lim || f o(s, X")dBH — f ofs, X)aBll|
0 0 a

n—o0

= 0. 7)

’

1+ AX") + AIX" = Xla,a-

=0. (8)

Thus, combining (7) and (8), using the equivalence of || - * |la,00 we get that X satisfies (1).
Moreover, by the proof of the Theorem 5.1 of [6] we know that if X € W*([0, T]; R) is a solution of (1),
then X € C'7%([0, T]; R). Hence, the proof of the first assertion is complete.
Lastly, by (5), we have forallp > 1

ElIX" |00 < CiEexp(pCaGTe) < o0 ©)

provided L~ < 2. Noticing that 0 < a < 1/2, we obtain easily that {1~ < 2. This implies that the second
assertion holds. The proof is complete. [

Remark 3.6. In the same way as in the Theorem 3.2 and the Theorem 3.3, by replacing (3) in the Lemma 3.1 with
bu(x) = SupyeIR{b(]/) —nlx—yl}, (10)

we can also prove the results of the Theorem 3.2 when b is right-continuous and upper semi-continuous, i.e., for each
x0 € R,
limy,:b(x) = b(xo), and liminf,_,-b(x) < b(xo).
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