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Abstract. In the present paper, we introduce Stancu type modification of Jakimovski-Leviatan-Durrmeyer
operators. First, we estimate moments of these operators. Next, we study the problem of simultaneous
approximation by these operators. An upper bound for the approximation to 7" derivative of a function
by these operators is established. Furthermore, we obtain A-statistical approximation properties of these
operators with the help of universal korovkin type statistical approximation theorem.

1. Introduction
In 1950, Szasz [16] introduced the following operators

(1)

)

Sn(f;x) =e™ n

k=0
where x > 0 and f € C[0, o). In 1969, Jakimovski and Leviatan [8] gave a generalization of Szasz operators
by using Appell polynomials. Let g(z) = ). 4,z" be an analytic function in the disk |z| < R,R > 1 and
n=0
g(1) # 0. Appell polynomials p(x) are defined by the generating function

ge™ =Y plat. 2)
k=0
Jakimovski and Leviatan constructed the operators P,(f; x) by
P9 = 0 Y s (4) ®
n\J g(].) T Pk n .
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For g(u) = 1, we obtain the Appell polynomials p(x) = ’,i—k, and from (3) we meet Szdsz operators given by
(1). In [9] Durrmeyer type modification of positive linear operators (3) is defined and their approximation
properties is investigated. For more modifications of Szdsz and Durrmeyer type operators, one can see
[5, 6,10, 12-14, 18, 19].

In this paper, we study simultaneous and statistical approximation properties of Stancu type modifica-
tion of Jakimovski-Leviatan-Durrmeyer operators [17] given by

(9]

e b b t+a
b0 = 5 Yo [ onor(g @
where 0 < a <  are two real parameters and
k
04, () = o S neN, ®

B(k+1,by) (1 + x)brtks1’

(by) is an increasing sequence of positive real numbers, b, — oo as n — oo. It is assumed that by + > 1. If
we take b, = n,a = = 0 then the operators (4) reduces to the operators given by

La(f;x) = !% kzz;‘pk(nx)f(; Oen(t) f()dt. ©6)

2. Moments estimation

To obtain the moments of the operators (4) we need the following lemmas:

Lemma 2.1. By (2), we obtain that

Y pelnx) =e*g(1),

k=0

gk

kpi(nx) =e™[nxg(1) + ¢'(1)],

o~
1]

0

Z Ppi(nx) =™ [n*x*g(1) + nx(2g' (1) + g(1)) + ¢ (1) + ¢ (D].
k

(o)
=0

Lemma 2.2. Let e(x) = x', i = 0,1,2 and L,(.;.) be the sequence of operators given by (6). Then for each x > 0 and
by > 2, the following equalities hold:

1. Ly(eg;x) =1,

2. Ly(ey;x) =

3. Ly(eg; x) =

(b x+g(1)+1)

{b x2+b x(29(1) +4)+g (1)+4g(1) +2}

(bn—l)(bn—z) ® 9(1) 9(1)

Lemma 2.3. Let ¢j(x) = x',i = 0,1,2 and Lu,ap(.;.) be the sequence of operators given by (4). Then for each x > 0
and b, > 2, we have the following equalities:
1. Ln,a,ﬁ(e(); x)=1,

L B b (7D
2. Luaperi®) = gopir + oo (o 1)+

o
(=) +ﬁ)’
. _ bix? b2x g (1)
3. Ly “ﬁ(eZ'x) Bt PO 0r2) T Tt prn 1>{<b,, 2)(2 ) +4)+2“}

+ T {m(%) + 4gg<(11>) +2) + 205 (gm(ll)) +1) +a?).

Proof. Using (4) and Lemma 2.2, the proof is established. [J
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3. Preliminary results

Let f, f O3 f(z), cee, f(r) be integrable, continuous and bounded functions on [0, ). Now, we have the
following lemmas:

Lemma 3.1. Let

—b,,x

(Dimbm f Veart, rt)l;t:;‘ o) d, )

wherem =0,1,2,---; r=0,1,2,--- and vy, are given by (5), then

Tn,O = 1/ (8)

b5 + (r+ D + 1)) + (@ = )by — 7 —1)
(bn + B)(by — 7 — 1)

Tou1 = L by >r+1 9)

and in general

)(Ba(1 + %) = (@ = B3)) T,

+m(x—L
b, +p
forb, >m+r+1

Proof. Differentiating T}, ,,, we get

’ X bt+0[ "
T = 1)2@*’ e R e

_Mi (0) f ks )2 ”;‘ )m_ldt

9
1 - 0 ; bt +a mdt T
= Z(; k(bux)) | Ukt b, —r( )(m - x) = mMTy 1.
Now,
o= i(k — b)pe(bex) f o (t)(w - x)mdt —mT,
nm g( ) — nX)Pk\On ; k+,b,—r b, y nm—1-
Writing

bt +«

+p

k=bix = ((k+7) = Ba—r+ D)+, +/3)( x)+(1—r)t+(/3x—a—r)

and

=5 ) )

Since

H1 + 1oy, (1) = {k = (bu + Dtfoge, (1),
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which implies that
KL+ 80, (B = ((k+ 1) = (B = 7+ D0k,

Therefore, we have

(1") Zpk(b %) f K1+ Do), r(t)(it:;‘ x)mdt

#0095 Zm(bnx) [ o2 )
: byt m

+(1—r)eg(—1)kz_(;pk(bnx) fo vk+,,bn_,(t)( - : /‘; —x) dt

R - * bt + "
0 L) [ o0 )

!
xTy

+(Px -«

_an,m—l'
Now, substitution for f and integration by parts give

—bx

(D) ipk b x)f H1+ v, r(t)(b t+g —x) dt
B ) e

a b, + B a
_m( by +B x){( by )( by +B x) - 1}T”’m_1’
therefore,

xT,,, = [(m+1){ (b b:ﬁ)(b (1‘8 x) 1} 1—r(bnb:'8)(bniﬁ —x)+(‘6x—oz—r)]Tnm

{ (m+2)( )+(1—r(bn+ﬁ)+(b +5)} -
a

by

_[m(bniﬁ_x){(bb:ﬁ)(bﬁﬁ ) }]Tnm

Rearranging the terms, we get

bnb—:ﬁ(bn -m—r=DTyu = xT,,+ {((m +r+1)+ (a— ﬁx)) +Q2m+r+ 1)(bnb: ﬁ)(x - bni ,B)}Tn'm
+m(x - ﬁ)(bn(l +x)—(a— ﬁx))Tn,m_l.

Putm = 0in (7), we have

T = g(l) Zpk(b D [ s

= g(l)Zpkw x)
= 1,
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and again putting m = 1in (7), we get
et & b t+a
Toy = o) Zpk(b x)f kesr b, r(t) byt f )

e bnx s

= b, +ﬁ g(l) Zpk( nX )f Ok+1,by r(t)tdt+ ﬁ

by et k+r+1 o
" b +ﬁg(1)zpk(”)( ) bip
by et § b,(1+7)
T Gt Pl 1) g(l)zk’”"”)*(b B, —r—1) g(l)ZPkW

b, , b,(1+7) o
= o +ﬁ)(bn—r—1)ﬁ(b”xg(l)+g (1))+ ot P)on—r—1) byt p

b (@'((11; +(r+1)(x+ 1)) + (= x) by —r—1)

(bn +,B) bn_r_l)

O
Remark 3.2. Using (8) and (9) in (7) for m = 1, we have
a by g'(1)
R o s 1Y [{(bn N ﬁ)((r P+ + 9T
o g'(1 ) o
+E(r+3)(bn—r—1)+(bn—Za)(bn—r—l))—ﬁb( P42 T i —r—l))
+((a fr2) - %(r N 3))(bn(1 ) =By —r— 1))}x
+{bl((bn £ B + 4r +3) — 28bu(by + B)(r +2) + ﬁzb,%) (b, + ;3)2}x2
+(gg'((11)) )(bn(a Fra2)—a(r+ 3)) ; a(b+nr_1)(bn(a +r+2) —a(r+3) — aby(b, - a))].
Lemma 3.3. Forr=20,1,2,.
" (0n) (bn — f Y r) but +
L), 75 =l () D L 9 [ o0 (G (10)

Proof. Differentiating (4) r-times, we have

L0 © . o byt +
LD (fix)= (1);@ pi(byx)) fovkb(t)f(b+ﬁ)t

By Leibnitz theorem, we get

® _ 1l vy
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Again by Leibnitz theorem, we have

. (b —1)! v
U;H)—r,bn—r(t) = =71 Z (r)( 1)/ 0k, (B)-

Hence,

T (bn) (by — 1 = el O ’ byt +
Linp 30 ===, (DZmbx)f el Of +ﬁ)

Further, integrating by parts r-times, we have

I R R T Pt~ i ta
e +ﬁ) g(1)ZPk(b x>f uian, - 0F (G it

4. Main results

Theorem 4.1. If f is integrable in [0, o), admits its (r + 1) and (r + 2)" derivatives, which are bounded on [0, o),
and f7(x) = O(x%) (& is a positive integer>2) as x — oo, then
g (1)

Sy O DE D+ ﬁx))f(”l)(x 22 Fr (),

lim (b, +B)(LY, S0 = fO ) = (

Proof. By Taylor’s formula, we can write

fr)(b nt + a) f(r)( ) = (bntj )f(”l)(x) (b:# ) f(”z)(x) (btj x)zn(w,x),

b, + B b, + B b, + B by + B
where

R e e L L

n(b +p’ ) 1(m_x)2 ’
2\ BB
if Zt:g # x, and 7n(x,x) = 0. Also, for an arbitrary ¢ >0, A >0 3 a 6 > 0 such that n(b ﬂg, ) < ¢ for
bbt—:g —x| <6, x <A.
Since
(bn)’((bbnn_—lr)!— 1)!(b b:ﬁ) L), 59 - 1w = 5 Z”k(b x)f Pesrrl (”(bbt:;?) ),

using Taylor’s formula, we have

(b, — 1) b, +p ; .
(bn) (b =7 = 1)!( b, )L() S0 -0 =

~

(-
+3Ln ﬁ((ﬁf—jg - x)z;x)f<f+2><x>
1

R ((bnt+a_x)2 (bnt+a x)‘x)
2P\ b, + B N, +577)

1
= Tua fO000) + 5Tua fO2 () + Eny,
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where

E _lL ((bnt+a_x)2 (b"t+ax)'x)
n,r—2 n,a,p bn+ﬁ T] bn+ﬁ’ y A

We shall show that (b, + B)E,, — 0asn — co. Let

by + B et bt + 2 (bt +a
Ry =5 s Zpkwnx) v PO =)

Tntp % <6

and

Rura z i nX O+, —rt(n——x) ( - ,X)dt/
" =0 Pl Il’b%;;—x\zb ket by + B 1 by, + B

then (b, + B)En;r = Rys1 + Ryr2. We have

by + p e~bnx bat+a  \?
< ¢ z -
|Rn,r,1| s € 2 9(1) pk( nX f;,;”*g| 6vk+rb r(t)( b, +ﬁ x) dt

< ¢

N

3
as n — oo. It is assumed that f0(t) = O[(bbt:g ) ] for some & > 2 ast — oo, f0*D and f+?) are bounded on

[0, o), we have

by + B et & but + o\
Ry = ( (Dnx Vktr t( )dt)
2 2 g(1) kZ_: ) PTG -5+ 5
b, + B e~bn* &= £ bt +a e
- o P X [l e BN )2
i=0 "

byt+a

3
= O(bn;ﬂ(;(bln; i (Z X)f Uksrb, r(t)M(i(f)(g—:g —x)ix‘g")dt)

by + B et S\ btra TP
= o5y L [ o )y B e )
Hence
b, V .
Ryrp = O( 2;-3‘8 ; (?)xy_lTn,H?,)
1
= o)
Therefore, (b, + B)Esr = Ryr1 + Ryr2 — 0and
O + 8L o5 - )] - (% FOHDE D)+ @O0 + %f“ﬂ(x)

asn — oo. []
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Theorem 4.2. Let f € C'*1[0,a] and let w(f'**;.) be the modulus of continuity of f"*1. Then for r=1,2,...,

b, =Dt (bt By ” 1 g()
e ==l ) st = 10| < gt + 0+ 00 )

+(a + pa)b, —r - 1)}“f7+1” * { VA+ %}

r+1. b”
Xw(f On  BROn —7 Db —7-2) )

where
{(b +ﬁ)((r+1)(r+4)+(r+3)g(( )) bﬁ(r+3)(bn —r 1)+ (by — ) (by —r—1))
+ by (r+2+% ﬂ(b —r—l))+((a+r+2)+;—n(r+3))(bn(1+r)+[3(bn—r—l))}a

+ {l((bn + B)?(r* + 4r + 3) + 2Bby (b, + B)(r +2) + ﬁzbﬁ) + (b, + [3)2}112

N (9 ((1)) a(b, ;nr -1) (

a<r—1,b, >r+2and||| is the supremum norm over [0,a], a > 0.

1+ r))(b (@+7+2) +a(r+ 3)) bo(cr+ 1 +2) + ar +3) + aby(by — a)),

Proof. By Taylor’s formula, we have

f<r>(1; nt : ;31) FO() = (bl:f—:g _ x)f(r+l)(x) N fx’é’iﬁ; (f(,+1>(y) _ f<r+1>(x)) dy. a
Now,
(bn)r((bl;—_ 1r)'_ = (bnb:ﬁ) m s 50— FO0) = (bl) ki Pr(bx) fo ) vk+,,bn_r(t)(f<r>(l; nt :g) £ (x))
=0

Using (11), we get

(b =D (ba+B\ ” (r+1)
i )L - O] < Tulf <x>|+ Zpk(b 9 | o0
bpt+a
bn+p
X f w(frY; Iy—xl)dy‘dt
_hnx 00 00
< |Tn,1||f<f“><x>|+w(f<f+”;6)e—2pk<bnx> [ ot
g(1) p 0
bpt+a
bem (1 |y 'dt
The Cauchy-Schwartz inequality implies
(b = 1)! (bn“'ﬁ)y ® e D) (r+1) ). 1 € N ”
g e EAGE RN IR A ST o DI
X[ n _x' (bt+a )Z]dt
by, +p 20\ b, +f
Ty
< Tuall 060+ () oz + 2.
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Choosing 6 = o +ﬁ)2(b,,—br”—1)(bn—r—2)' using remark (3.2), (9) and taking the supremum norm on [0,a], a > 0, we

get theresult. O

5. Statistical approximation

There is another notion of convergence known as the statistical convergence which was introduced by Fast
[2] and Steinhaus [15]. In approximation theory, the concept of statistical convergence was used in the
year 2002 by Gadjiev and Orhan [4]. They proved the Bohman-Korovkin type approximation theorem for
statistical convergence.

In this section we obtain Korovkin type theorem for A-statistical convergence and weighted A-statistical
convergence of the operators defined in (4). Recently, the statistical approximation properties have also
been investigated for several operators (see [1, 11]).

Let A := (ax,), be an infinite summability matrix. For a given sequence x := (x,), the A-transform of x is

denoted by Ax := ((Ax)y), is given by (Ax), = Y, ax,x, provided the series converges for each n.
n=1
A is said to be regular if lim(Ax), = L whenever limx, = L (see [7]).

If A = (ar,) is a non-negative regular summability matrix, then we say that a sequence x := (x,), is A-
statistically convergent to L provided that for every ¢ > 0

lim Z 4, = 0. (12)

n:|x,—L|>€

In this case we write st4 — limx = L.

If A = C;, the Cesdro matrix of order one then A-statistical convergence reduces to the statistical convergence
(see [2, 3]). Further, If A is the identity matrix, then A-statistical convergence coincide with the ordinary
convergence.

Theorem 5.1. Let A = (a,x) be a non negative regular summability matrix and (b,) an increasing sequence of positive
real numbers, b, — o0 as n — co. Then for every f € C[0,v] C C[0, o), we have

sta = lim [ILap(f;%) = fOO = 0,

uniformly with respect to x € [0, v] with v > 0.

Proof. From [[1],p-191,Th.3], it is enough to show that sty — lim||L; . g(e;; x) — ei(x)|| = 0 where e;(x) = X,
n
i=0,1,2. Using Ly 4p(e0; x) = 1, it is clear that

sta = Him{|Ly,q(e0; ) = ()l = 0.

Now by Lemma 2.3 (2), we have

bglx by (g,(l) )+ a X

On+ B)Br—1) * (bn + B)bn — D\ (D) Gt P

b — B(L— b} bn(% ; 1) +a(by - 1)

S Gt Pln-1 (et Pla-1)

ILn,ap(er;x) —er(0)ll = ’
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For given ¢ > 0, we define the following sets

s :={n Mol ) — e1 ()] > e},

by — B(L = by)x + by (—+1)+a(bn—1)

Sai={n: G+ Plon— 1) > ¢
it is obvious that S; € S, which implies that Y a, < Y., ay = 0 and hence
nes, nesS,
sta — li}gn ILn,a,p(e1; ) — ex(x)l| = 0.
Similarly by Lemma 2.3 (3), we have
. _ bé 2, b2 by, g’ (1)
W plezs2) = e2(o)l- = 'I((bn F By - Dby —2) 1)" (b + P)2(by — 1){(b ~2) (2 g " 4) " 2“}
1 b? g’ g 1) b, (9'1) 2
o +ﬁ)2{(b D, —2)( O ) +2)+2“(b —1)( (D) )+0‘}
b;lz 2 9 (1)
< '(wn PRl DO, 1 <b i@ —2)( TR AL
1 b2 g”(1) (1) (1)
— e *49(1> 2)+ 20 1>(g(1 1)+a}
< g ‘M) + 4) + 2« }

4
“2[((bn+5)2(bf"— 1)(bn - 2) _1) (b +ﬁ (b —1){(b —2( 7(1)
o

RoEH (7 —1};; (50 45 22 G + 1)+

where y? = max{1,v,v%}.
Choose

by
(b + B2 (b — )by —2)
_ b be (,9'Q)
Pr = or + PR = 1>{<bn 52 o ) +2a},
o R ) g
T ﬁ>2{<bn T 1 FORRON 2)

+ %(% + 1) + a2}.

a, =

Hence

”Ln,a,ﬁ(eZ} x) - 62(x)|| < ,’-12(0‘11 + ﬁn + 7/11)
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Now for given € > 0, we define the following four sets
S5 = Mnaglexs) = el > e},
€
S ::{ Tay > —},
4 n:o 3”2
-—_ . S
S5 .—{n (Bu 2 3—!12},

&
Se ZZ{I’Z Yn 2 3—}12}

It is obvious that Sz C S4 U S5 U Sg, which implies that ), ay < Y, ap + Y, e+ ), au = 0 and hence

neSs neSy nesSs neSq

Sta — lirl;n ”Ln,a,ﬁ(eZ/' x) —ex(x)l| = 0.

08r 08

0 0.‘5 i 1.‘5 2 25 é 0 0.‘5 i l.‘5 2‘ 2.‘5 3
(@) (b)
Figure 1: The convergence of L, g(f; x) when a = g = 0, taking g(u) = e* (left) and g(u) = u (right).

For g(u) = ¢" and g(u) = u, the convergence of L, .4(f; x) defined by (1.5) to f(x) = 4xe~?* is illustrated

in Figure 1 and Figure 2, respectively, where b, = v/n and n = 4(blue), 16(red), 256(pink), the function f(x) is
plotted with dashed line.
A real function p is called a weight function if it is continuous on R and ‘llim p(x) = oo, p(x) > 1 for

all x € R. Let B,(R) be the weighted space of real-valued functions f defined on R with the property
|f(x)] < Mfp(x) for all x € R, where M is a constant depending on the functions f. Introduce

Co(R) = {f € B,(R) : f is continuous on IR}.

Lf@)l
px)

Clearly, C,(RR) is a subspace of B,(R). Note that B,(R) and C,(IR) are Banach spaces with ||f||, = sup
xeR
LfG)l

T+x2°

In case of weight function p(x) = 1 + x?, we have ||f]l, = sup In the following result we prove a
xR

weighted Korovkin theorem via A-statistical convergence.
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08 08
=
0.7 // <
] N\
\
06r / / \
/ \
| \
05 S
f N\
| \Y
04 \
\,
|
03 2
[ N
| N
0.2F N
} N
I S
0.1 S~
I T~ T ~—
0 . . . ) 0 . .
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3

(a)
Figure 2: The convergence of L, 4(f; x) to f(x) when @ = 2, 8 = 3, taking g(u) = ¢ (left) and g(u) = u (right).

Theorem 5.2. Let A = (ayx) be a non negative reqular summability matrix and (b,) an increasing sequence of positive
real numbers, b, — oo as n — oo. Then for every f € C[0, o) we have

StA - hrIl‘rl ”Ln,a,ﬁ(f; x) - f(x)“P = O

where p(x) = 1+ x2.

Proof. Lete;(t) = #, wherei=0,1,2. Using Ly 4 p(e0; x) = 1, it is clear that
sta — lizn IIL,a,5(e0; X) = eo(X)ll, = 0.

Now by Lemma 2.3 (2), we have

su b, - ﬁ(l —by) X + by, (1 gl(l) a(b, - 1)) 1

o G+ BB -1 T+ 2 G+ Pla-D\ g T b, v
bn - .8(1 - bn) bn g,(l) Of(bn - 1)

Gn 4 B)Br—1) * (bn + P) by — 1>(1 O )

hzn ”Ln,a,ﬁ(el;x) - el(x)”p

Let

u ::{n Moo ) = e1 ()l > e},

(1-b,)+ bn(‘l;l((ll)) ; 1) + a(by - 1)) > e}.

el el

Then we obtain U; € U, which implies that ), a4 < Y, a4, = 0 and hence
nell nell,

sta — li;n ILn,ap(e1; %) = e1(X)ll, = 0.
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Similarly by Lemma 2.3 (3), we have

1 ( b 1)x2 . b2x
su — [
ceomy T+ 2 \(b, + BR2(by — )b, - 2) (bn + B0y — 1)

><{ bn (29,(1) +4)+2a} ! {( b (g"(l) +4gl(1) +2)

ILn,ap(e2; X) = e2()lly

@ -2\ 2 D) Yo R\ D=2\ g T
by (7(D)
+2a(bn - 1)( e + 1) + az}
bt b; be (9D
((bn PO, -2 1)+ G0+ PRy = 1>{(bn ) k o )+ 2af

1 b; 7' g be (9D 2
3 (oo o L M S Ao o P e A

Now, for given ¢ > 0, we define the following sets:

Us ::{n Moo plez; 1) — el > e},

b €
U ::{” Ot PR - D02 5}’
2 /
Us ::{” “(on + ﬁ)bzn(bn -1) [(bnbf 2) (Zgg((f)) " 4) i 2“] = g}
2 7 /
Us ‘Z{” " (n 1 B)> [(bn - &bn -2) (gg((ll)) i]((ll; " 2)

+ ain (b, — 1)({7/((11)) + 1) + az] > %}

Itis clear that U3 C Uy U Us U Ug, which implies that Y, 4, < ), 4+ )Y, 4+ ), ay = 0 and hence

nells nelly nels nellg

sta —lim ||Ly,qp(e2; %) — e2(x)llp = 0

which completes the proof. [
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