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Frenet Frame With Respect to Conformable Derivative
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Abstract. Conformable fractional derivative is introduced by the authors Khalil at al in 2014. In this study,
we investigate the frenet frame with respect to conformable fractional derivative. Curvature and torsion
of a conformable curve are defined and the geometric interpretation of these two functions is studied.
Also, fundamental theorem of curves is expressed for the conformable curves and an example of the curve
corresponding to a fractional differential equation is given.

1. Introduction

The differential geometry of curves and surfaces has two aspects. One of them is called classical
differential geometry and the other one is called global differential geometry.The classical geometry is the
study of local properties of curves and surfaces. By local properties we mean those properties which depend
only on the behavior of the curve or surface in the neighbourhood of a point. The methods which have
shown themselves the adequate in the study of such properties are the methods of differential calculus.

Recently, in [9] the authors Khalil at al. introduced a new definition of the fractional derivative called
conformable fractional derivative. Moreover, in that paper, the definition of fractional integral is also
defined. This paper pioneered many new studies. In [11, 13], the authors investigate Lyapunov-type
inequalities in the frame of conformable derivatives. In the papers [4, 12], conformable fractional operators
and semigroup operators are studied. Further studies about conformable derivatives and its applications
are found in [1, 3, 5-8]. In addition to this, conformable fractional derivative for multivariable functions
is given in [1, 3, 8]. These papers give a chance to introduce the notion of conformable curve which is a
generalized form of a curve.

In this study, the classical differential geometry of curves is investigated with respect to conformable
fractional derivative and fractional integral. In this sense, conformable curve is defined and a—Frenet
formulas are given. If a = 1, the theory of conformable curves coincides with the classical theory of curves.
Especially, the fundamental theorem of the local theory of the conformable curves is given. And, for
a—differentiable functions x > 0 and 7, a system of fractional order differential equations is formed, then a
conformable curve is obtained by the solution of this system.
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2. Comformable Fractional Derivative

In this section, we give some basic definitions and properties of conformable fractional derivative
introduced in [8-10].

Definition 2.1. [9] Given a function f : [0,00) — IR. The conformable derivative of the function f of order « is
defined by

fle+hx'™) = f(x)
h

Ta(f)(x) = lim (1)

forallx >0, a € (0,1).
Theorem 2.2. [9] If a function f : [0, c0) — R is a—differentiable at ty > 0, a € (0, 1], then f is continuous at t.
Theorem 2.3. [9] Let @ € (0,1] and f, g be a—differentiable at a point t > 0. Then

(1) Tolaf +bg) = aTy(f) +bTa(g), foralla, b e R

(2) To(tP) = ptr=* forallp € R.

(3) Ty(A) =0, for all constant functions f(t) = A.

4) Ta(fg) = fTa(9) + gTa(f)-

£\ _ 9Tl ~ fTulg)

(5) Ta(=) =
(g) 7

(6) If, in addition, f is differentiable, then T,(f)(t) = tl’“% f(@).

Theorem 2.4. [10] Assume f,g : (0,00) — R be two a—differentiable functions where a € (0,1]. Then g o f is
a—differentiable and for all t with t # 0 and f(t) # 0 we have

Ta(g 0 H)(B) = Tal@)(FOTa(HBFE*. (2)

Definition 2.5. [8] Let f be a vector valued function with n real variables such that f(x1, ..., x,) =
(f1(x1, s X0)s ooy fi(x1, .oy X)) Then we say that f is a—differentiable at a = (as, ...,a,) € R" where each a; > 0, if
there is a linear transformation L : R" — R™ such that

If(ar + may™, ..., an + haay™) = f(ay, ..., a2) = LD
m
-0 |11l

=0 3)

where h = (hy,...,h,) and o € (0,1]. The linear transformation is denoted by D* f(a) and called the conformable
derivative of f of order « at a.

Theorem 2.6. [8] Let f be a vector valued function with n variables. If f is a—differentiable at a = (a4, ...,a,) € R",
each a; > 0, then there is a unique linear transformation L : R" — R™ such that

If(a1 + may™, ..., ay + huay™) = f(ar, ..., a,) = LI
s il =0

Theorem 2.7. [8] If a vector valued function f with n variables is a—differentiable at a = (ay, ...,a,) € R", each
a; > 0, then f is continuous at a € R".
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Theorem 2.8. [8] (Chain Rule) Let x € R", y € R™. If f(x) = (f1(x), ..., fu(x)) is a—differentiable at a = (a1, ..., a,) €

R", each a; > 0 such that a € (0,1] and g(y) = (91(y), ..., gp(v)) is a—differentiable at f(a) € R™, all fi(a) > 0 such
that o € (0,1]. Then the composition g o f is a—differentiable at a and

D*(g o f)(@) = D*g(f(@)) o f(a)*" o D" f(a) (4)

where f(a)*~! is the linear transformation from R™ to R™ defined by
f@* 1, ey ) = (1 i@, ey X fin (@)1

Theorem 2.9. [8] Let f be a vector valued function with n variables such that f(xy, ..., x,) =

(f1(x1, oo X0), ey fin(X1, .., X4)). Then f is a—differentiable at a = (a4, ..., a,) € R", each a; > 0 if and only if each f; is,
and

D% f(a) = (D“f1(a), ..., D* fu(a)).

3. Conformable Curves
In this section, we are going to introduce conformable curves and their basic properties.
Definition 3.1. The function y : (0, c0) — R is called a conformable curve in R? if y is a—differentiable.
Notation: Along the work, for a conformable curve y(t) = (y1(t), y2(t), y3(t)), we use the notation
D*(t) = Tay(t) = (Tay1(8), Tay2(t), Taya(t).
Definition 3.2. Let y : (0, 00) = R3 be a conformable curve. Velocity vector of y is determined by

Tay(t)
fl-a ’ (5)

forall t € (0, o).

Definition 3.3. Let y : (0, 00) — R3 be a conformable curve. If the function h : (0, 00) — (0, %) is a—differentiable,
the conformable curve B = y(h) : (0,00) — R> is called the reparametrization of y with h.

Definition 3.4. Let y : (0, 00) — RR® be a conformable curve. Then the velocity function v of y is defined by

Ty
o) = 10 ©

forall t € (0, ).
Definition 3.5. Let y : (0, 00) — R3 be a conformable curve. The arc length function s of y is defined by

s(t) = RITay ()l (7)
forallt € (0,00). Ifv(t) = 1 for all t € (0, 00), it's said that y has unit speed.
Lemma 3.6. Let the function f : (0, 00) — R be continuous and increasing (or decreasing) on (0, 00). If the
function f is a—differentiable for all x € (0, c0) and T, f(x) # 0, then the inverse function f~: (f(0), f(b7)) —» R
(or f71: (f(b7), £(0%)) = R) is a—differentiable at y = f(x) where b € (0, ). Furthermore,

(xy)l—a
Taf(x)

(Tof ) =
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Proof. Since x,x + hx'™* € (0,00), @ € (0,1), y = f(x) and f(x + hx'"*) = y + Hy'~*, it's clear that x = f~(y)
and x + hx!™® = f~1(y + Hy'™®). Since the function f is increasing (or decreasing),

_ flr+ ) - ()

H PR # 0 forall i # 0. Hence, for H — 0, h — 0. Therefore, we have
i G EY @) Gt
H—0 H =0 f(x + hx'™®) — f(x)
h
(xy)lfa B (xy)lfa
o+t — fx)  Taf(®)’

lirnh—)O

h

Definition 3.7. Let y be a conformable curve. If T,y (t) # 0 for all t € (0, o), y is called a conformable regular
curove.

Theorem 3.8. Ify is a conformable regular curve, there is a reparametrization p of y such that p has unit speed.
Proof. Leta € (0, o) be fixed. Consider the arc length function
s(t) = LI Tay @Il

Since y is conformable regular, T,s(t) = [T,y (t)ll # 0. By Lemma (3.6), s(t) has an inverse function ¢ = #(s)
and t = {(s) is also differentiable. On the other hand, § is a reparametrization of y such that p(s) = y(t(s)).
Let us show that $ has unit speed: We know that T,8(s) = (Ta))(#(s)) Tat(s)t(s)* by Theorem (2.8).
Therefore,

ITapON _ ITa))EETat($)Hs)* ™

gl-a gl-a

_ (Tas) () Tat(s)Hs)* ™! Tals(t() _ Tas _ 1

- gl-a T gla T glla
This completes the proof. [J
4. a—Frenet Formulas
4.1. Conformable Curves With Unit Speed

. Tl Topf(s) .

Let $ be a unit speed conformable curve, so T =1 for each s € (0, o0). Then Eq(s) = T s called

the unit tangent vector field on . Since E; has constant length 1, we call T,E; the curvature vector field of
B. a—differentiation of E; - E; = 1 gives 2T,E; - E; = 0, so T,E; is always orthogonal to Ej, that is, normal to

The length of the curvature vector field T,E; gives a numerical measurement of the turning of . The real
valued function x such that x(s) = ||T,E1(s)|| for all s € (0, o) is called the curvature function of f. Let x > 0.

The unit vector field E, = —2—1

on f is called the principal normal vector field of f. The unit vector field

E; = E1 X E; on B is called binormal vector field of 8. Therefore the orthonormal system of the vector fields
{E1, Ez, E3} on B is called the a—frenet frame.

Remark 4.1. Now we express the terms TyE1, ToEp, ToEs in terms of E1, Ez, E3. Since E1 = T8, we have

ToE1 = kEs. Let us consider ToE3. Since E3 - E3 = 1, Ty E3 is orthogonal to Es. On the other hand, since Ez - E; = 0,
ToEs - E1+ E3 - T4E1 = 0. Hence, we have ToE3 - Ey = —E3 - T,Eq = —E3 - kE; = 0, that is, T,E3 is orthogonal to
Ey. Finally, since TEj3 is orthogonal to both Eq and E3, TyE3 is, at each point, a scalar multiple of E,. Thus,

TE3 = —1E,, where the real valued function 1 is called the torsion function of the conformable curve .
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Theorem 4.2. If § is a unit speed conformable curve with curvature x > 0 and torsion T then,

TaEl = KE2
T.E, = —xE; +7E3.
TaEg; = —TEz

Proof. By Remark (4.1) first and third formulas are essentially just the definitions of curvature and torsion.
For second equation, let use orthonormal expansion to express T,E; in terms of Ey, Ey, Es:

ToEx = (ToEy - E1)Eq + (TREz - E2)Ey + (ToEy - E3)Es.

a—differentiating of E; - E; = 0 gives T,E» - E1 = —E» - ToE1 = —Ej - kE» = —x. As usual, T,E> - E; = 0, since
E, is a unit vector field.
Fmally, TaEQ . E3 = —E2 . TaEg, = —E2 . —’L’Ez =7.

Remark 4.3. The equations obtained in Theorem 4.2 are the same as the equations in Theorem 3.2 in [2].

4.2. Conformable Curves With Arbitrary Speed

Remark 4.4. Let y be a conformable regular curve with arbitrary speed and B be the unit speed reparametrization of
y. If s is an arc length function for y as in Theorem (3.8), then y(t) = B(s(t)) for all t € (0, 0). If P > 0, P,

Ef, Eg, E’; are defined for B as in Subsection 4.1, we define for y the curvature function as x = xP(s), torsion function
as T = 1P(s), unit tangent vector field as E; = Ef (s), principal normal vector field as E; = Eg(s) and binormal vector

field as E3 = Eﬁ(s).

Lemma 4.5. Ify is a conformable regular curve in R with x > 0 then

T.E1 = KT)AliaEz
T,Ex = —xvAl™@E; +70AE,
TyE3 = —TZ)Al_aEz
where A = *
s

Proof. Let f be a unit speed reparametrization of y, then by Remark 4.4 E; = Ef (s), where s is an arc length
function for y. The a—chain rule as applied to differentiation of vector fields gives

ToEi(t) = Ta(ES(s()) = (TLED)(s(D) Tas(B)s(t)*
= 1P (s(£) Eb (s(t))ot' s (t)* !
tl—a

s wAE,

= k() Ea(t)o

where A = L
s(t)

The formulas for T,E, and T,E3 are derived in the same way. [
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Theorem 4.6. Let y be a conformable curve in R®. Then

B = 1
ITayll
E, = Tay X T2y
ITay X ToN
Ery =E3XE;
x = (Ly-e ITay x T2yl
A TP
= (i)l—a (Tay X Toy) - Ty
N ey x T20P
Proof. Since T,y = vt'=*E;, we have E; = v];fzx We know v = ”Z}ii”, then E; = ”?g”.

T2y(t) = Ta(0t'"E1) = (#To0 + (1 = )t *0)Ey + k0*(tA)' " Ez.
So we have
Tyy X Tiy = Utl—aEl % [(tl—aTav +(1- a)tl—Zav)El 4 sz(t/\)l_aEz]
= Utl_a(tl_aTaU + (1 _ a)tl_z"‘v)El X El + sz(t/\)l_“El X EZ
— Kv3(At2)1—aE3‘
If we take norms, we get ||T,y X T2y| = k03 (A2)1 -,
Then,
Tay X T2y
ITay x Tayll’

On the other hand,

Ty XTI Ty X T2

t
(A2)1-a =(3

1-a ”Ta)/ X Tﬁ'}/”
1 _—.

ITayIP

= )
(Utl—a)l’y(%)l—a

Now we need only to find E5 component of T3y. Then,
T3y(t) = kv*(A*t)97E3 + ...
Consequently,

(Tay X T2y) - Toy = k200 (At)* -7,

Thus,
_ (TayxToy)-Toy _ (Tay XT2y) - Toy e
- K206 (A1)301-a) - (kv3(Af2)1-@)2 ¢
— (i)l—a (T“y X Tﬁy) ) T?vy
A ITay X TaylI?

1546

Remark 4.7. Although the equations in the case of unit speed conformable curves are structurally identical with

usual Frenet equations , arbitrary speed curves are different equations from usual case.
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Example 4.8. We compute the a—Frenet apparatus of the conformable curve

y(t) = (3 cos(g),?) sin(g),élg).

The a—derivatives are
. ta t(X
Toy(t) = (—3 sm(;), 3 cos(;), 4)
5 1 1
Toy@) = (—3 cos(;), -3 s1n(;), O)
.t t
Tey(t) = (3 sm(E), -3 cos(;), 0) .
Then, ||T,y )|l = 5. Applying the definition of cross product yields
Ty x Tay() = (125in(5), ~12.c05(=),9).
Hence, ||Tyy(t) X T2yt = 15. The expression above for T,y (t) X T2y (t) and T3y (t) yield

(Tay(t) x Toy(1) - Toy(t) = 6.

By Theorem 4.6,
3. t* 3 v 4
El(t) = (_5 Sll’l(;), 5 COS(E)/ 5)
AR o
Ex(9) = (- cos(5), —sin(5),0)

12 12 * 9
E3(t) —(E sm(;),—ﬁ COS(E), E)

() = ()

(t) = (1)

5. Fundamental Theorem of the Local Theory of Conformable Curves

Theorem 5.1. Given a—differentiable functions x(s) > 0 and 1(s), s € (0, 00), there exists a conformable reqular
parametrized curve y : (0, 00) — R such that s is the arc length, k(s) is the curvature and (s) is the torsion of y.

Proof. The starting point is to observe that a—Frenet equations

TaEl = KE2
T.E, = —xE; +7TE3 (8)
To.E3 = —TE>

may be considered as a system of fractional differential equations in (0, c0) X R?,
Tapi(s) = fa(s, p1, s p9)

: , ©)

Tap9(5) = f9(5/P1/--~/P9)

where (p1, p2, p3) = E1, (p4, p5, Ps) = E2, (07, ps, po) = E3, and f;,i =1, ...,9 are linear functions (with
coefficients that depend on s) of the coordinates p;.
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Given initial conditions sy € (0, o), p1(so), ..., po(s0), there exists an open interval I C (0, c0) containing sg
and a unique a—differentiable mapping y : I — R?, with y(so) = (p1(s0), ---, pa(s0)) and Ty (s) = (f1, ---, fo),
where each f;,i = 1,...,9 is calculated in (s, y(s)) € I X R’. Furthermore, if the system is linear, I = (0, o).

It follows that given an orthonormal, positively oriented trihedron {E1(so), E2(s0), E3(S0)} in R? and a value
so € (0, 00), there exists a family of trihedrons {E;(s), Ex(s), Es(s)}, s € (0, o).

We shall first show that the family {E1(s), Ex(s), E3(s)} thus obtained remains orthonormal for every

s € (0, 0). By using the system (8) to express the a—derivatives relative to s of the six quantities

Ey-E;, Ei-Es, E;-E; Ei-Ei, Ey-Ey, Es;-Ej
as functions of these same quantities, we obtain that the system of a—differential equations
To(Ex(s) - Ex(s)) = x(5)Ea(s) - Ea(s) = x()Ex(s) - Ex(s) + T(s)E1(s) - Es(s),
To(Eq(s) - E3(s)) = x(s)Ex(s) - Ea(s) = T(s)Ea(s) - Ea(s),
) - E3(s)) = —k(s)E(s) - E3(s) + T(s)E3(s) - Ea(s) = T(s)Ea(s) - Eals),
Ta(El s) - E1(s)) = 2K(s)Ex(s) - Ex(s),
To(Ex(s) - Ea(s)) = =2x(s)Ex(s) - E3(s) + 21(s)Es(s) - Es(s),
) - E3(s)) = 27(s)E3(s) - Ea(s).
It is easily checked that
El'EZZO, El'E3:0, EZ'E3:0, El'Elzl, EZ'E2=1, E3‘E3=1

is a solution of above system with initial conditions 0,0, 0, 1,1, 1. By uniqueness, the family
{E1(s), E2(s), E3(s)} is orthonormal for every s € (0, o), as we claimed.
From the family {Ei(s), Ex(s), E3(s)} it is possible to obtain a conformable curve by setting

7(s) = IEq(s).
O

Example 5.2. Let a—differentiable functions x(s) = 3 and 1(s) = 4. Then the associated fractional differential
equations are

T,E; = 3E,
TaE2 = =-3E; +4E3.
T,E; = _4E,

Let T,Eq = (e(l"l‘), ey, e (“)) T,E, = (321 , ;‘;), (“)) and T,E3 = (e(;{), é‘?, )where e ) is the a— differentials of the

coordinate functions of the a—Frenet apparatus.
For simplicity, we choose a = 1/2. Hence,

e/ (s) =3ean (s)

e (s) =3ex(s)

(1/2)(5) =3e23(s)

e$l1P(s) = = Beni (s) + 4esi (5)

el (s) = - Bera(s) + dex(s) (10)
(1/2)(5) — 3e13(s) + 4ez3(s)

e{/?(s) = - dex(s)

e (s) = - dex(s)

e/ (s) = — dexs(s),
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and given initial conditions

2
Ei(1:-) =(1,0,0)

400
Ez(m) =(0,1,0) (11)
Es( 400) =(0,0,1).

Then the solutions of the system of a—differential equations (10) are

Eq(s) (— sin10 Vs + 22 ?cole\/_ 51n10\/_+—)
Ex(s) =(§ cos 10 /s, sin 10 \/5,—— cos 10«/5

12 2
E;5(s) :(_ﬁ sin 10\/§+ 5 Cos 10\/_ sm 10 Vs + —)

Finally, the conformable curve corresponding to fractional system (10) with initial conditions (11) is the curve

1
y(s) = (160\/_—9c0510\/_ 87, —15sin 10 Vs + 15,120 Vs + 12 cos 10 Vs — 6n)

Graph of y

6. Conclusions

In our study, the classical differential geometry of curves is investigated with respect to conformable
fractional derivative and conformable fractional integral. In this sense, a conformable curve is defined and
a—Frenet formulas are given. If @ = 1, the theory of conformable curves coincides with the classical theory
of curves. A conformable curve is a natural generalization of a classical curve. Studying this problem, we
use conformable derivatives because it provides useful properties such as the product rule and chain rule
compared to other fractional derivatives including Caputo and Riemann-Liouville. Thus the fundamental
theorem of the local theory of the conformable curves is given. And, for a—differentiable functions x > 0
and 7, a system of fractional order differential equations is formed, then a conformable curve is obtained
by the solution of this system.



U. Goziitok, H. A. Coban, Y. Sagiroglu / Filomat 33:6 (2019), 1541-1550 1550
Acknowledgements

The authors would like to thank the anonymous reviewers for their helpful and constructive comments
that greatly contributed to improving the final version of the paper. They would also like to thank the
Editors for their generous comments and support during the review process. Finally, the first author
would like to thank TUBITAK(The Scientific and Technological Research Council of Turkey) for their
financial supports during his doctorate studies.

References

[1] A.Atangana, D. Baleanu, A. Alsaedi, New properties of conformable derivative. Open Mathematics, 13 (2015), 889-898.
[2] B. O'Neill, Elementary Differential Geometry, Revised Second Edition, Elsevier, London, 2006.
[3] D.R. Anderson, D.]J. Ulness, Newly defined conformable derivatives. Advances in Dynamical Systems and Applications, 10(2)
(2015), 109-137.
E. Jarad, E. Ugurlu, T. Abdeljawad, D. Baleanu, On a new class of fractional operators. Advances in Difference Equations, 2017:247
(2017).
[5] H. Aminikhah, A R. Sheikhani, H. Rezazadeh, Sub-equation method for the fractional regularized long-wave equations with
conformable fractional derivatives. Scientia Iranica, 23(3) (2016), 1048-1054.
[6] M. Al-Rifae, T. Abdeljawad, Fundamental results of conformable Sturm-Liouville eigenvalue problems. Complexity, 2017 (2017),
1-7.
[7] M. Eslami, H. Rezazadeh, The first integral methods for WuZhang system with conformable time-fractional derivative. Calcolo,
53(3) (2016), 475-485.
[8] N. Yazic1 Goziitok and U. Goziitok, Multivariable Conformable Fractional Calculus. Filomat, 32(1) (2018), 45-53.
[9] R.Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative. Journal of Computational and Applied
Mathematics, 264 (2014), 65-70.
[10] T. Abdeljawad, On conformable fractional calculus. Journal of Computational and Applied Mathematics, 279 (2015), 57-66.
[11] T. Abdeljawad, J. Alzabut, F. Jarad, A generalized Lyapunov-type inequality in the frame of conformable derivatives. Advanced
in Difference Equations, 2017:321 (2017).
[12] T. Abdeljawad, M. Al Horani, R. Khalil, Conformable fractional semigroup operators. Journal of Semigroup Theory and
Applications, 2015(7) (2015).
[13] T. Abdeljawad, R.P. Agarwal, ]. Alzabut, F. Jarad, A. Zbekler, Lyapunov-type inequalities for mixed nonlinear forced differential
equations within conformable derivatives. Journal of Inequalities and Applications, 2018:143 (2018).

[4



