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Abstract. We use real-valued functions to give characterizations of some topological spaces in which com-
pact subsets are (regular) G5, such as c-stratifiable spaces, kc-semi-stratifiable spaces. Also, characterizations
of some other spaces such as K-semimetrizable spaces, strongly first countable spaces are obtained.

1. Introduction

Throughout, a space always means a Hausdorff topological space. For a space X, we denote by Cx the
family of all compact subsets of X. 7 and ¢ denote the topology of X and the family of all closed subsets of
X respectively. For a subset A of a space X, we write A (int(A)) for the closure (interior) of A in X. Also, we
use x, to denote the characteristic function of A. The set of all positive integers is denoted by IN.

A real-valued function f on a space X is called lower (upper)semi-continuous [2] if for any real number
r,the set {x € X : f(x) > r} ({x € X : f(x) <r})is open. f is called k-lower semi-continuous [15] if for each
K € Cx, f has a minimum value on K. We write L(X) (U(X), KL(X)) for the set of all lower (upper, k-lower)
semi-continuous functions from X into the unit interval [0, 1]. UKL(X) = U(X) N KL(X). C(X) is the set of all
continuous functions from X into [0, 1]. F(X) is the set of all functions from X into [0, 1].

It is known that many classes of spaces such as stratifiable spaces [5, 6], k-semi-stratifiable space
[8, 15], countably paracompact spaces [9, 16], monotonically countably paracompact spaces [3] can be
characterized with real-valued functions that satisfy certain conditions. In [13], to give characterizations of
some generalized metric spaces, the following conditions were introduced.

Let 7 C F(X). Forx € Xand A c X, denote 7 (x) = {f(x) : f € F} and F(A) = U{f(A) : f € F}. Consider
the following conditions on .

(B) If x ¢ F € 1%, then there exists f € F such that f(x) > 0 and f(F) = {0}.

(D) Foreach x € X and ¥’ C F, if F'(x) C (a,1] for some a > 0, then there exists an open neighborhood
V of x such that ¥'(V) c (0,1].

(E”)Foreachx € X, ¥/ € ¥ and ¢ > 0, if ¥'(x) = {0}, then there exists an open neighborhood V of x
such that 7/(V) c [0, €).

(K) For each K € Cx, F € 1° with KN F = 0, there exist f € ¥ and m € N such that f(K) c (%,1] and
F(F) = 1{0).
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(S) If x ¢ F € 7°, then there exist f € #, an open neighborhood V of x and m € IN such that f(V) C (%, 1]
and f(F) = {0}.

With these conditions, Naimpally and Pareek [13] presented characterizations of a broad class of gen-
eralized metric spaces such as first countable spaces, semi-stratifiable spaces, semi-metrizable spaces,
developable spaces, stratifiable spaces and y-spaces. For example, a space X is first countable if and only
if there exists a family # c F(X) satisfying (B) and (D). X is stratifiable if and only if there exists a family
F C F(X) satisfying (S) and (E”).

In [17], the first author of the present paper introduced another several conditions imposed on real-
valued functions. For example.

Let A, B ¢ X and f4 a real-valued function on X related to A.

(ea) A = £1(0)

(ma) If Ay C Ay, then fa, > fa,.

(iap) f AN B =0, then inf{fa(x) : x € B} > 0.

(i’,5) If AN B = 0, then there exists an open neighborhood V of B such that inf{fa(x) : x € V} > 0.

With these conditions, characterizations of some generalized metric spaces were also obtained. For
example, a space X is first countable if and only if for each x € X, there exists f, € U(X) satisfying (e(}) and
(iiyr) with F € 7°. X is a Nagata space if and only if for each F € ¢, there exists fr € C(X) satisfying (er),
(mp) and (igge):

A g-function for a space X is a map g : IN X X — 7 such that for every x € X and n € N, x € g(n, x) and
g(n+1,x) C g(n,x). For a subset A of X, denote g(n, A) = U{g(n, x) : x € A}.

Definition 1.1. A space X is called a c-stratifiable [7] (c-semi-stratifiable [10]) space if there is a g-function
g for X such that for each K € Cx, (,,en 91, K) = K (M,en (1, K) = K).

Definition 1.2. ([12]) A space X is called kc-semi-stratifiable if there is a g-function for X such thatif K, H € Cx
and KN H =0, then KN g(m, H) = 0 for some m € IN.

c-stratifiable (kc-semi-stratifiable, c-semi-stratifiable) spaces are nature generalizations of stratifiable
(k-semi-stratifiable, semi-stratifiable) spaces in which compact subsets are (regular) Gs-sets. The main
purpose of this paper is to give characterizations of these spaces with real-valued functions that satisfy
some conditions listed above. Moreover, characterizations of some other spaces such as K-semimetrizable
spaces, strongly first countable spaces are obtained.

2. The First Kind of Characterizations

In this section, we shall present characterizations of c-stratifiable spaces, kc-semi-stratifiable spaces with
conditions (e4), (m4) and (i4p) listed in section 1.

Theorem 2.1. For a space X, the following are equivalent.

(a) X is a c-stratifiable space.

(b) For each K € Cx, there exist fx € L(X), hx € UKL(X) with fx < hx such that fx, hx satisfy (ex) and hg
satisfies ().

(c) For each K € Cx, there exist fx € L(X), hx € U(X) with fx < hg such that fy, hg satisfy (ex) and hg satisfies
(mx).

Proof. (a) = (b) Let g be the g-function for a c-stratifiable space. For each K € Cy, let

(o]

1 1
fe=1=) 5k B= 1=} 5k
n=1

n=1

Then fx € L(X), hx € U(X) and fx < hk. It is clear that if K; C Ky, then hg, > hg,. One readily sees that for
each K € Cx, fx(x) = 0if and only if x € K if and only if fig(x) = 0. Thatis, f'(0) = K = I'(0).
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To show that hg € KL(X). Let H € Cx.

Case 1. HN K # (. Choose xg € KN H. Then hg(xy) = 0 and thus hg(x) > hx(xo) for each x € H.

Case 2. HNK = 0. Then HN (N, 9(n, K) = 0. Since H is compact, it follows that H N g(n, K) = 0 for
somen € N. Let m = min{n € N: Hng(n,K) = 0}. If m =1, then H N g(1,K) = 0 from which it follows
that hg(x) = 1 foreachx € H. If m > 1, then H N g(m — 1,K) # 0 and H N g(n, K) = 0 for each n > m. Choose

x0 € HN g(m —1,K). Then hg(xo) = 2”}—_1 Let x € H and ky = min{n € IN : x ¢ g(n, K)}. Then k, < m. Thus

&1 1 1
he() = 1= ) 50 = o 2 2y = ().
n=1

(b) = (c) is clear.

(c) = (a) Foreachx € Xand n € N, let g(n,x) = {y € X : hiny(y) < %}. Since hyy € U(X) and hyy(x) = 0,
it follows that g(n, x) is open and x € g(n,x). It is clear that g(n + 1,x) C g(n,x). Thus g is a g-function
for X. For each K € Cx and n € N, let F(n,K) = {y € X : fx(y) < 1y For each x € K and y € g(n,x),

n

fx(y) < hx(y) < hiy(y) < L which implies that g(1,x) C F(n,K) and thus g(n,K) C F(n,K). Since F(n,K) is

closed, we have that g(n, K) C F(n, K).
Let K € Cx. If x € MN,en 9(n, K), then x € g(n, K) C F(n, K) and thus fx(x) < % for each n € IN. It follows
that fx(x) = 0. Hence, x € K. This implies that (N 9(n1, K) C K. Since it is clear that K C [,,en 9(11, K), we

have that (N,en (1, K) = K. By Definition 1.1, X is a c-stratifiable space. [

Theorem 2.2. For a space X, the following are equivalent.
(a) X is a c-stratifiable space.
(b) For each K € Cx, there exists fx € U(X) satisfying (ex), (mk) and (i},,) with H € Cx.
(c) For each K € Cx, there exists fx € U(X) satisfying (ex), (mx) and (i;({x]).

Proof. (a) = (b) Let g be the g-function for a c-stratifiable space. For each K € Cy, let

- 1
fK =1- Z 2_nXg(n,I<)’
n=1

Then fx € U(X) satisfies (ex) and (k).
Let K,H € Cx and KN H = 0, then H N g(m,K) = @ for some m € N. Let V = X\ g(m, K). Then V is an

open neighborhood of H. For each x € V, x ¢ g(n, K) D g(n,K) for all n > m. Thus

m—1 1 m—1 1 1
fk(x)=1- Z z_nXﬂ(ﬂJ()(x) >1- Z TR T=E
n=1 n=1

This implies that inf{fx(x) : x € V} > 0.
(b) = (c) is clear.
(c) => (a) Foreach x € X and n € N, let g(n,x) = {y € X : fig(y) < %}. Then g is a g-function for

X. Let K € Cx. If x ¢ K, then by (i), there exist an open neighborhood V of x and m € N such

that fx(y) > + for each y € V. This implies that x ¢ {y € X : fx(y) < +}. For each z € K, we have that
gm,z) ={y € X: fiy(y) < L} c {y € X : fu(y) < ). Thus g(m,K) c {y € X : fx(y) < 1} and so x ¢ g(m, K).
This implies that (), 9(1, K) € K and thus (), (1, K) = K. Therefore, X is a c-stratifiable space. [

Theorem 2.3. For a space X, the following are equivalent.
(a) X is a kc-semi-stratifiable space.
(b) For each K € Cx, there exists fx € UKL(X) satisfying (ex) and (mg).
(c) for each K € Cx, there exists fx € U(X) satisfying (ex), (mx) and (ixy) with H € Cx.
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Proof. (a) = (b) Let g be the g-function for a kc-semi-stratifiable space. For each K € Cx, let

> 1
fK = ]' - Z ?Xg(u,K)'
n=1

Then fx € U(X) satisfies (mx). It is clear that K ¢ f1(0). If x ¢ K, then {x} N g(n,K) = 0 for some n € N. It
follows that fi(x) > 0 and thus f'(0) c K. Consequently, K = f'(0).

With a similar argument to that in the proof of (a) = (b) of Theorem 2.1, we can show that fx € KL(X).

(b) = (c) Assume (b). It suffices to show that fx satisfies (ixy). Let H € Cx and KNH = 0. Since fx € KL(X),
there exists xp € H such that fx(x) > fx(xo) for each x € H. It follows that inf{fx(x) : x € H} > fx(x0) > 0.

(c) = (a) Foreachx € Xand n € N, let g(n,x) = {y € X : fiy(y) < } Then g is a g-function for X. Let
K, H € Cx and KNH = (. By (ixy), there exists m € IN such that fx(x) > . 1 for each x € H. Then for each yeK
and x € H, f,)(x) > fx(x) > % from which it follows that x ¢ g(m, y). Thus H N g(mn, K) = 0. By Definition
1.2, X is a kc-semi-stratifiable space. [

Analogous to Theorem 2.3, we have the following result for c-semi-stratifiable spaces.

Proposition 2.4. A space X is c-semi-stratifiable if and only if for each K € Cx, there exists fx € U(X) satisfying
(ex) and (mg).

3. Another Kind of Characterizations

In this section, we introduce the following conditions (Bk), (K) and (Sk) as generalizations of conditions
(B), (K) and (S) listed in section 1 with which we present another several characterizations of c-stratifiable
spaces, kc-semi-stratifiable spaces.

Let ¥ C F(X). Consider the following conditions on ¥ .

(Bk) If x ¢ K € Cx, then there exists f € ¥ such that f(x) > 0 and f(K) =

(K’) For each pair H,K € Cx with HN K = 0, there exist f € ¥ and m € N such that f(H) C (%,1] and
) =

(SK) If x 95 K € Cx, then there exist f € #, an open neighborhood V of x and m € IN such that f(V) (m, ]
and f(K) =

Remark 3.1. By their definitions, it is clear that (K’) implies (Bx). We can also show that (Sx) implies (K’).
Assume (Sk). Let H K € Cx be such that HN K = (. Then x ¢ K for each x € H. By (Sk), there exist
fx € ¥, an open neighborhood V. of x and m, € IN such that f,(K) = {0}, (V) C (;- L 1]. Since H € Cx and
H c U{V, : x € H}, there exists a finite subset A of H such that H C U{ :x € Al Let f = max{f, : x € A}
and m = max{m, : x € A}. Foreachx € A and y € K, f«(y) = 0 from whlch it follows that f(y) = 0 and so
f(K) = {0}. For each y € H, there is x € A such that y € V. Hence, f(y) > fi(v) > ;- This implies that

fH) < (3,11

)—m

Theorem 3.2. For a space X, the following are equivalent.
(a) X is c-stratifiable.
(b) There exists a family F C L(X) satisfying (Bx) and (E”).
(c) There exists a family ¥ C F(X) satisfying (Sk) and (E”).

Proof. (a) = (b) Let g be the g-function for a c-stratifiable space. For each x € X and K € Cy, if x ¢ K, then
there exists m € IN such that x ¢ g(m, K). Set n,(K) = min{n € N : x ¢ g(n K)}. For each K € Cy, define a
function fx € F(X) by letting fx(x) = 0 whenever x € K and fx(x) = whenever x ¢ K. It is clear that
K = f1(0).

Claim 1. For each n € N, x ¢ g(n, K) if and only if fx(x) > 1.

iy (K)
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Proof of Claim 1. If x §Z g(n K), then n,(K) < n from which it follows that fx(x) = (K) > 31 Conversely, if
fr(x) = n, then fi(x) = 5 (K) from which it follows that 7,(K) < n. Thus x ¢ g(n(K), K) D g(n, K).

Claim 2. For each K € Cx, fx € L(X).

Proof of Claim 2. Leta € [0,1) and fx(x) > a. Then x ¢ K. Set Oy = X \ g(nx(K),K). Then Oy is an
open neighborhood of x. For each y € Oy, y ¢ g(n.(K), K) from which it follows that n,(K) < 1n,(K). Thus
fx(y) = ny(K) nX}K) = fx(x) > a. This implies that fx € L(X).

Now, let ¥ = {fx : K € Cx}. It is clear that ¥ satisfies (Bx). To show that ¥ satisfies (E”), let x € X,
F’ c ¥ and ¢ > 0. Then there exist A ¢ Cx and m € N such that ¥ = {fx : K € A} and L < ¢. Suppose
that 77 (x) = {0}. Then fx(x) = 0 for each K € A from which it follows that x € N\A. Let V = g(m, NA). Then
V is an open neighborhood of x. For each y € V and each K € A, y € g(m, K) and thus fx(y) < < by Claim
1. It follows that fx(V) C [0, ¢) for each K € A and thus 7'(V) C [0, ¢).

(b) = (c) Let ¥ be the family in (b). Then we only need to show that # satisfies (Sk). Letx ¢ K € Cx. By
(Bk), there exists f € ¥ and m € N such that f(K) = {0}, f(x) > L. Set V = {y € X : f(y) > 1}. Since f € L(X),
V is an open neighborhood of x. It is clear that f (V) C (5, 11

(c) = (a) Assume (c). Foreachx € X, let £ = {f € ¥ : f(x) = 0}. By (Sk), Fx # 0. For each n € N and
x € X, let g(n,x) = int(N{f~1([0, %)) 1 f € F}). Since F(x) = {0}, it follows from (E”) that x € g(n,x). It is
clear that g(n + 1, x) C g(n,x). Thus g is a g-function for X.

Let K € Cx and x ¢ K. By (Sk), there exist f € ¥, an open neighborhood V of x and m € IN such that
f(K) ={0}, f(V) c (%,1]. For each y € K, f(y) = 0 which implies that f € ¥,. By the definition of g(m, y), we
have that gim,y) C f~ 1([0 )). Thus V N g(m, K) = 0 from which it follows that x ¢ g(m, K). Consequently,
MNpen 9(n, K) € K. By Deflnltlon 1.1, X is a c-stratifiable space. [

Theorem 3.3. For a space X, the following are equivalent.
(a) X is kc-semi-stratifiable.
(b) There exists a family ¥ C U(X) satisfying (K') and (E”).
(c) There exists a family ¥ C F(X) satisfying (K) and (E”).

Proof. (a) = (b) Let g be the g-function for a kc-semi-stratifiable space. For each x € X and K € Cx, if x ¢ K,
then there exists m € IN such that x ¢ g(m, K). Set n,(K) = min{n € IN : x ¢ g(n,K)}. For each K € Cx, define
a function fx € F(X) by letting fx(x) = 0 whenever x € K and fK (¥) = ;- whenever x ¢ K. Then K = f10).

Claim 1. For each n € N, x ¢ g(n, K) if and only if fx(x) > ;.

Proof of Claim 1. Analogous to the proof of Claim 1 in the proof of (a) = (b) of Theorem 3.2.

Claim 2. For each K € Cx, fx € U(X).

Proof of Claim 2. Leta > 0 and fx(x) < a.

Case 1. x € K. Then fx(x) = 0 and thus there is m € IN such that % <a. Let V = g(m,K). Then V is an
open neighborhood of x and fx(y) < 2 <a foreach y € V.

Case 2. x ¢ K. Then fx(x) = ﬁ < a. Case 2.1. n(K) = 1. Let V = X. Then fx(y) < 1 < a for each
y € V. Case 2.2. ny(K) > 1. Let V = g(ny(K) — 1,K). Then V is an open neighborhood of x. For each
yeV,if y € K, then fi(y) = 0 <a. If y ¢ K, then n,(K) — 1 < ny(K) and thus n,(K) < n,(K). It follows that

feW) = 5w < wm <

By the above argument, we see that fx € U(X) for each K € Cx.

Now, let # = {fx : K € Cx}. With a similar argument to the proof of (a) = (b) of Theorem 3.2, we can
show that ¥ satisfies (E”). To show that ¥ satisfies (K’), let H,K € Cx with HN K = (. Then fx(K) = {0}.
By definition 1.2, H N g(m, K) = 0 for some m € N. For each x € H, x ¢ g(m, K) from which it follows that
fr(x) = 1 . This implies that fx(H) C (=1, 1].

(b) => (c) is clear.

(c) = (a) Assume (c). Define a g-function g for X as that in the proof of (c) = (a) of Theorem 3.2.
Let H K € Cx with HN K = 0. By (K’), there exist f € ¥ and m € N such that f(H) c (,1] and
f(K) = {0}. For each x € K, f(x) = 0 which implies that f € #,. By the definition of g(m, x), we have that

m+1/
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g(m,x) c f7([0, 1)). Thus g(m,K) c £71([0, 1)) from which it follows that H N g(m,K) = 0. By Definition
1.2, X is a kc-semi-stratifiable space. [

The proof of the following result for c-semi-stratifiable spaces is similar to the proof of Theorem 3.3.

Proposition 3.4. For a space X, the following are equivalent.
(a) X is c-semi-stratifiable.
(b) There exists a family ¥ c U(X) satisfying (Bx) and (E"”).
(c) There exists a family ¥ C F(X) satisfying (Bx) and (E").

4. Some Other Spaces

In this section, we introduce another several conditions such as (D’) and (wB) so as to obtain charac-
terizations of some generalized metric spaces other than those in [13]. First, we give a characterization of
stratifiable spaces which improves a corresponding result for stratifiable spaces in [13].

Lemma 4.1. ([1]) A space X is stratifiable if and only if for each F € ¢, there exists fr € C(X) satisfying (er) and
(me).

Theorem 4.2. For a space X, the following are equivalent.
(a) X is stratifiable.
(b) There exists a family F C C(X) satisfying (S) and (E”).
(c) There exists a family ¥ C C(X) satisfying (K) and (E”).
(d) There exists a family ¥ C L(X) satisfying (B) and (E").

Proof. (a) = (b) Since X is stratifiable, by Lemma 4.1, for each F € 1¢, there exists fr € C(X) satisfying (er)
and (mp). Let ¥ = {fr : F € t°}. To show that ¥ satisfies (S), let x ¢ F € t°. By (er), fr(F) = {0} and fr(x) > 0.
Then there exists m € N such that fp(x) > L. Let V = {y € X : fr(y) > L}. Then V is an open neighborhood
of x and it is clear that fr(V) C (%, 1].

To show that ¥ satisfies (E”), letx € X, ¥’ € ¥ and ¢ > 0. Then there exist A C 7° and m € N such that
F'={fr: Fe Aland % < &. Suppose that 7'(x) = {0}. Then fr(x) = 0 for each F € A from which it follows
thatx € NA € 1°. Let V = {y € X : fna(y) < 1). Then V is an open neighborhood of x. By (), for each
y € Vandeach F € A, fr(y) < faa(y) < +. This implies that fr(V) c [0, ) c [0, ¢) for each F € A and thus
F'(V) C[0,e¢).

(b) = (c) We only need to show that (S) implies (K). This can be done with a similar argument to that in
Remark 3.1.

(c) = (d) is clear.

(d) = (a) Foreachx € X, let Fx = {f € ¥ : f(x) = 0}. By (B), #x # 0. For eachn € N and x € X, let
g(n,x) = int(N{ ([0, %)) : f € F4}). Then g is a g-function for X.

Let F € 7° and x ¢ F. By (B), there exist f € # and m € IN such that f(x) > % and f(F) = {0}. Set
V={yeX: f(y) > 1} Since f € L(X), V is an open neighborhood of x. For each y € V, f(y) = 0 which
implies that f € F,. By the definition of g(m, y), we have that g(m, y) c £ ([0, 1)). Thus VN g(m, F) = 0 from

which it follows that x ¢ g(m, F). Consequently, (,en g(11, F) C F. Therefore, X is a stratifiable space. [J

A function d : X x X — [0, 0) is called a symmetric on X if (1) d(x,y) = 0 if and only if x = y; (2)
d(x,y) = d(y,x) for all x, y € X. A space X is called semi-metrizable [14] if there is a symmetric on X such
that for each x € X, {B(x,r) : r > 0} is a neighborhood base of x, where B(x,7) = {y € X : d(x,y) < r}. Xis
called K-semimetrizable [11] if there is a semi-metric d on X such that d(H, K) > 0 for every disjoint pair
H, K of nonempty compact subsets of X. It was shown that [13] X is semi-metrizable space if and only if
there exists a family ¥ C F(X) satisfying (B), (D) and (E”). As for K-semimetrizable spaces, we have the
following.
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Theorem 4.3. A space X is K-semimetrizable if and only if there exists a family & C F(X) satisfying (B), (D), (E”)
and (K”).

Proof. Let d be a K-semimetric on X which is bounded by 1. For each F € 1¢, define a function fr € F(X) by
letting fr(x) = d(x, F) for each x € X. Itis clear that F = f1(0). Let ¥ = {fr : F € 1°}. Then ¥ C F(X) satisfies
(B).

Letx € X, ¥’ € ¥ and suppose that ¥'(x) C (4, 1] for some a > 0. Then there exist A C t° and n € N
such that ¥ = {fr : F € A} and % < a. Thus fr(x) > % for each F € A. Let V = int(B(x, %)). Then V is an
open neighborhood of x. For each y € V and F € A, d(x,y) < + from which it follows that y ¢ F (If y € F,
then fr(x) =d(x,F) <d(x,y) < %, a contradiction) and so fr(y) > 0. This implies that #'(V) c (0, 1]. Hence,
F satisfies (D).

Letx € X, ¥’ ¢ ¥ and ¢ > 0. Then there exist A C 7° and m € N such that ¥’ = {fr : F € A} and - <.
Suppose that ¥/(x) = {0}. Thenx € Fforeach F € A. Let V = int(B(x l)) Then V is an open nelghborhood
of x. For each y € V and each F € A, fr(y) = d(y, F) < d(x,y) < 1. This implies that fr(V) C [0, 1) C [0, ¢) for
each F € A and thus ¥/(V) C [0, €). Hence, ¥ satisfies (E”).

Now, let K,H € Cx and KN H = 0. Then d(K, H) > 0 from which it follows that there exists m € IN such
that d(x,y) > L for each x € Kand y € H. Thus fx(y) = d(y,K) >  for each y € H which implies that
fx(H) c (m+1, 1]. Clearly, fx(K) = {fx(x) : x € K} = {0}. This shows that # satisfies (K’).

Conversely, foreach x € X, let ¥ = {f € ¥ : f(x) = 0}). Foreachn € N and x € X, let h(n,x) =
int(N f‘l([O 1)) : f € F4}). By (E”), his a g-function for X. For eachn € Nand x € X, let G,x = {f € F :
flx) = = Then let e(n,x) = X whenever G, = 0 and e(n,x) = int(N{f~1((0,1]) : f € Gux}) otherwise. Then
x € e(n, x) by (D). Let g(n, x) = h(n, x) N Ni<ue(i, x). Then g is a g-function for X.

By (B), for each x,y € X with x # y, there is f € ¥ and m € N such that f(x) > L and f(y) = 0. Then
e(m,x) € £71((0,1]) and thus y ¢ e(m,x) D g(m,x). Also, h(m,y) c ([0, %)) and thus x ¢ h(m, y) D g(m, y).
Let m(x,y) = min{n € N : y ¢ g(n,x) and x & g(n,y)}. Define a function d : X X X — [0, ) by letting
d(x,y) = 0 whenever x = yand d(x, y) = whenever x # y. Itis easy to verify that y € B(x, 2) if and only
ifx e g(n,y)oryeghn,x).

Claim 1. B(x,r) is a neighborhood of x for each x € X and r > 0.

Proof of Claim 1. Let r > 0 and choose m € IN such that l < r. Then g(m,x) C B(x, m) C B(x,r). This
implies that B(x, r) is a neighborhood of x.

Claim 2. {B(x, r) : r > 0} is a neighborhood base of x for each x € X.

Proof of Claim 2. Letx € U € 7. By (B), there exist f € ¥ and m € N such that f(x) > L and f(y) = 0 for
each y € X\ U. Then h(m,y) c f~([0, =) and thus x ¢ h(m, y) > g(m, y). Also, e(m,x) C f7((0,1]) and thus
y ¢ e(m,x) D g(m,x). As aresult, y ¢ B(x, m) This implies that B(x, ) cu.

By Claim 1 and Claim 2, d is a semi-metric on X.

Now, let K H e Cx and KNH = 0. By (K’), there exist f € ¥ and m € N such that f(K) = {0} and
f(H) c (+,1]. Thus f(x) = 0 and f(y) > L for each x € K, y € H. It follows that x ¢ e(m,y) > g(m, y) and
y & h(m,x) D g(m x). Hence, d(x, y) = m(x 5 > L This implies that d(K, H) > 0.

Consequently, X is a K-semimetrizable space. O

m(r Y)

A space X is called strongly first countable [4] if there exists a g-function g for X such that for each x € X,
{g(n, x) : n € N}is aneighborhood base of x and if y € g(n, x), then g(n, y) C g(n, x). To give a characterization
of strongly first countable spaces, we introduce the following condition.

(D)) Foreachxe X, F' c ¥ andn € N, if F’(x) C [%, 1], then there exists an open neighborhood V of x
such that #/(V) c [£,1].

Theorem 4.4. A space X is strongly first countable if and only if there exists a family F satisfying (B) and (D’).

Proof. Let g be the g-function for a strongly first countable space. Let x € X and F € t°. If x ¢ F, then there
exists m € IN such that g(m,x) N F = (. Set n,(F) = min{n € IN : g(n,x) N F = 0}. For each F € 1¢, define a
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function fr € F(X) by letting fr(x) = 0 whenever x € F and fr(x) = %(F) whenever x ¢ F. Then F = f; 1(0). Tt
is easy to verify that for each n € IN, g(n, x) N F = 0 if and only if fr(x) > %

Let 7 = {fr : F € t°). Then ¥ satisfies (B). To show that ¥ satisfies (D’),letx € X, ¥’ C ¥ and n € IN.
Then there exists A C 7° such that ¥’ = {f¢ : F € A}. Suppose that F'(x) C [1,1]. Then fr(x) > % and thus
g(n,x) NF = 0 for each F € A. Let V = g(n,x). Then for each y € V, g(n, y) C g(n, x) from which it follows
that g(n, y) N F = @ and thus fr(y) > % for each F € A. This implies that 7' (V) C [}1, 1].

Conversely, foreachn e Nandx € X, let Gy = {f € F : f(x) 2 %}. Then let h(n,x) = X whenever
Gux = 0 and h(n,x) = int(m{f‘l([%, 1]) : f € Guxl) otherwise. Then x € h(n,x) by (D’). Now, for each n € IN
and x € X, let g(n, x) = Ni<,h(i, x). Then g is a g-function for X.

Let x € U € 7. By (B), there exists f € ¥ and m € N such that f(x) > L and f71((0,1]) c U. Then f € Gy
and thus g(m, x) € h(m,x) c f7([Z,1]) c £71((0,1]) c U.

Now, let y € g(n,x) = Ni<,h(i,x). For each i < n, if h(i,x) = X, then h(i,y) C h(i,x). If h(i,x) =
int(N{f ’1([%, 1]) : f € Gir}), from y € h(i, x) it follows that G;x C Giy and thus (i, y) C h(i, x). This implies that
g(n,y) C g(n,x). Consequently, X is strongly first countable. [J

A space X is called an a-spaces [4] if there exists a g-function g for X such that {x} = (N (1, x) for each
x € Xand if y € g(n, x), then g(n, y) C g(n, x).
(wB) If x # a, then there exists f € F such that f(x) > 0 and f(a) = 0.

Theorem 4.5. A space X is an a-space if and only if there exists a family F satisfying (wB) and (D’).

Proof. Let g be the g-function for an a-space. Let x,a € X. If x # a, then there exists m € IN such that
a ¢ g(m,x). Set ny(a) = min{n € N : a ¢ g(n,x)}. For each a € X, define a function f, € F(X) by letting

fa(x) = 0 whenever x = a and f,(x) = nxl(g) whenever x # a. Then {a} = £, 1(0). It is easy to verify that for each

n €N, a ¢ g(n,x) if and only if f,(x) > %

Let ¥ = {f, : a € X}. Then ¥ satisfies (wB). To show that ¥ satisfies (D’),letx € X, ¥’ ¢ ¥ and n € N.
Then there exists A € X such that ' = {f, : a € A}. Suppose that 7'(x) C [%, 1]. Then fy(x) > % for each
a € A. It follows that a ¢ g(n, x) for each a € A. Let V = g(n,x). Then for each y € V, g(n,y) C g(n,x)
from which it follows that a ¢ g(n,y) for each a € A. Thus f,(y) > 1 for each a € A. This implies that
F(V)c [%,1].

Conversely, define a g-function g for X as that in the proof of Theorem 4.4.

Let x,a € X and x # a. By (wB), there exists f € ¥ and m € IN such that f(x) > % and f(a) = 0. Then
f € Gy and thus g(m, x) C h(m, x) C f‘l([%,l]). It follows that a ¢ g(m, x).

With a similar argument to that in the proof of Theorem 4.4, we can show that if y € g(n,x), then
g(n,y) C g(n,x). Consequently, X is an a-space. O
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