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Abstract.

In this paper, we extend bounded sobriety and k-bounded sobriety to the setting of Q-cotopological
spaces, where Q isa commutative and integral quantale. The main results are: (1) The category BSobQ-CTop
of all bounded sober Q-cotopological spaces is a full reflective subcategory of the category SQ-CTop
of all stratified Q-cotopological spaces; (2) We present the relationships among Hausdorff, T;, sobriety,
bounded sobriety and k-bounded sobriety in the setting of Q-cotopological spaces; (3) For a linearly ordered
quantale Q, a topological space X is bounded (resp., k-bounded) sober if and only if the corresponding
Q-cotopological space wq(X) is bounded (resp., k-bounded) sober, where wg : Top — SQ-CTop is the
well-known Lowen functor in fuzzy topology.

1. Introduction

In the classical setting, sobriety of topological spaces can be described in terms of open sets as well as
closed sets. A topological space X is sober if each irreducible closed subset of X is the closure of exactly one
pointin X. Moreover, sobriety of topological spaces can be described via the Papert-Papert-Isbell adjunction
O 4 pt (see |7, 14]) between the category Top of topological spaces and the category Loc of locales (see [8]).
More precisely, a topological space X is sober if nx : X — pt(O(X)) is a bijection, where nx denotes the unit
of the above adjunction.

Extending the theory of sober spaces to the fuzzy setting is an interesting topic in fuzzy topology. In
the fuzzy setting, since the table of truth values is not usually a Boolean algebra, there is no natural way to
switch between open sets and closed sets. So, it makes a difference whether we postulate sobriety of fuzzy
topological spaces in terms of open sets or in terms of closed sets. On one hand, most of the existing works
on sobriety of fuzzy topological spaces extend the frame approach in the classical setting. The main method
is to establish a fuzzy counterpart of the Papert-Papert-Isbell adjunction, please see Rodabaugh (see [20]),
Zhang and Liu (see [29]), Kotzé (see [9, 10]), Srivastava and Khastgir (see [22]), Pultr and Rodabaugh (see
[15-18]), Gutiérrez Garcia, Hohle and de Prada Vicente (see [5]), and Yao (see [24, 25]), etc. On the other
hand, Kotzé (see [9, 10]) studied the irreducible-closed-set approach to sobriety of fuzzy topological space,
when the table of truth values is a frame with an order reversing involution. Recently, for a commutative
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and integral quantale Q, making use of the fuzzy order between closed sets, Zhang (see [28]) established a
theory of sobriety for Q-cotopological spaces based on irreducible closed sets.

In the classical setting, studying generalizations of sobriety is also an interesting topic. Zhao and Fan (see
[31]) introduced a weak notion of sobriety, called bounded sobriety. They proved that the category BSob of
all bounded sober spaces is a full reflective subcategory of the category Top, of all Tj spaces. Furthermore,
motivated by the definition of the Scott topology on posets, Zhao and Ho (see [32]) introduced a method
of deriving a new topology from a given one by using irreducible sets, in a similar way as one derives the
Scott topology on a poset from the Alexandroff topology on the poset. This derived topology leads to a
weak notion of bounded sobriety, called k-bounded sobriety. Following the idea of Zhang, the main aim of
this paper is to extend bounded sobriety and k-bounded sobriety to the setting of Q-cotopological spaces
based on irreducible closed sets.

2. Preliminaries
Throughout the paper, we refer to [1] for category theory, to [21] for quantale theory.

Definition 2.1. ([21]) A commutative and integral quantale is a triple (Q, &, <) such that (Q, <) is a complete
lattice with a bottom element 0 and a top element 1, (Q, &, 1) is a commutative monoid and p&(\/ g;) =
jel

\/](p&qj) forallp € Q and {g;};; € Q.
j€

Since p&_ preserves arbitrary sups, it has a right adjoint, which we shall denote by p —_. Thus
p&g<re=qg<p-rforallpqreQ.

From now on, unless otherwise stated, Q always denotes a commutative and integral quantale. In fact, a
commutative and integral quantale is just a complete residuated lattice (see [2]). Let X be a set. QX denotes
the set of all Q-subsets of X, that is, the set of all maps from X to Q. Clearly, QX is a complete lattice under
the pointwise order.

Proposition 2.2. ([21]) Let Q be a quantale. Then the following statements hold:
M1-p=p
@Qpsqge=l=p—>yg
B)p—(q—1=p&s -7
(4) p&lp = q) <q;
©G) (Vpp)—q=Apj—9);
( jel i€l

6)p = (Aaq) = A — 4))-
j€l j€l

Definition 2.3. ([2, 23]) Let X be aset. Amap R : XX X — Qs called a Q-preorder on X if for all x,y,z € X,

(1) R(x, x) = 1 (reflexivity);

(2) R(x, y)&R(y, z) < R(x, z) (transitivity).

A Q-preorder R on a set X is called a Q-order on X if for all x,y € X, R(x,y) = R(y,x) = 1 implies x = y
(antisymmetry). The pair (X, R) is called a Q-preordered set (resp., Q-ordered set) if R is a Q-preorder (resp.,
Q-order) on X. For convenience, we often write simply X for a Q-preordered set (X, R) and X(x, y) for R(x, y)
if no confusion would arise.

Let X be a set. The map suby : QX x Q¥ — Q is defined by subx(A, B) = A,ex(A(x) — B(x)). Then subx
is a Q-preorder on QX. In particular, if X is a singleton set, then the Q-preordered set (Q¥, subx) reduces to
the Q-preordered set (Q, eg), where eq(p,q) =p — q. Forallp € Q,A € QX, we write p&A, p — A € QX for
the fuzzy sets given by (p&A)(x) = p&A(x) and (p — A)(x) = p = A(x), respectively.

A fuzzy upper (resp., lower) set in a Q-preordered set X is amap ¢ : X — Q such that X(x, y)&p(x) < @(y)
(resp., X(x, Y)&p(y) < p(x)) forall x, y € X. Amap f : X — Y between Q-preordered sets is order-preserving
if X(x,y) < Y(f(x), f(y)) for all x, y € X. A pair (f, g) of order-preserving maps f: X — Yandg: Y — X



Y. Zhang, K. Wang / Filomat 33:7 (2019), 2095-2106 2097

is called a Q-adjunction (see [23, 26]) between Q-preordered sets X and Y, if Y(f(x), y) = X(x, g(y)) for all
x € X, y € Y. In this case, f is called the left adjoint of g and dually g the right adjoint of f.

Let X, Y be sets and f : X — Y a map. Then the Zadeh forward power set operator f~ : QX — QY and the
Zadeh backward power set operator f< : Q¥ — QX are defined, respectively, by

FPAm=\/ Aw), f(B)=Bof
f=y

forall A € QX,y € Yand B € QY. It can be easily seen that (f~, ) is a Q-adjunction between (Q¥, subx)
and (QY, suby).

Definition 2.4. ([28]) A Q-topology on a set X is a subset 6 of Q¥ such that

(Ol)px eoforallp e Q;

(O2) AANBeoforall A B e o;

(O3) V Aj e o forall {Aj}je € 0.

jel

The pair (X, 0) is called a Q-topological space. Note that a Q-topological space in this paper is also called
a weakly stratified Q-topological space in [6]. A Q-topology 0 on X is stratified (see [6]) if p&A € 0 for all
peEQ,AED.

It is observed in [6, 27] that a Q-topology 0 on a set X is stratified if and only if its corresponding interior
operator K satisfying subx(A, B) < subx(K(A), K(B)) for all A, B € Q¥, where K : QX — QX is defined by
K(A) = V(B €d|B < A}.

Definition 2.5. ([28]) A Q-cotopology on a set X is a subset T of QX such that
(Cl)px etforallp € Q;
(C2)AvBertforallA,Ber;
(C3) NAjetforall {Aj}je C 7.
jel
The pair (X, 7) is called a Q-cotopological space, elements in 7 are called closed sets of (X, ). A Q-cotopology
T is stratified if

(C4)p - Aecrtforallpe Q Acr.

We often write X for a Q-cotopological space (X, 7). Amap f : X — Y between Q-cotopological spaces
is continuous if f~(A) = Ao f is closed in X whenever A is closed in Y. Let SQ-CTop denote the category of
stratified Q-cotopological spaces with continuous maps.

Given a Q-cotopological space (X, 7), its closure operator ~ : QX — QX is defined by

Z:/\{BerlAsB}

for all A € QX. One can check that the following conditions hold:
(cll) px = px forallp € Q;
(cl2) A < Aforall A € Q%;
(cI3) AVB=AVBforall A, B e Q;
(cl4) A = A for all A € QX.

Proposition 2.6. ([28]) Let (X, T) be a Q-cotopological space. The following statements are equivalent:
(1) X is stratified;
(2) p&A < p&A forallp € Qand A € QX;
(3) The closure operator ~ : (QX, subx) — (QX, suby) is order-preserving.
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It follows immediately from Proposition 2.6(3) that if X is a stratified Q-cotopological space and B is a

closed set in X, then subx(A, B) = subx(A, B) for all A € QX.
Let (X, ) be a Q-cotopological space. Define {)(7) : X X X — Q by

Q@) = /\(Ay) = A).

Aet

Then ()(7) is a Q-preorder on X, called the specialization Q-preorder of (X, 7). Clearly, each closed set in (X, 7)
is a fuzzy lower set in the Q-preordered set (X, Q(1)).
We often write ()(X) for the Q-preordered set obtained by equipping X with its specialization Q-preorder.

Proposition 2.7. ([19]) Let X be a stratified Q-cotopological space. Then Q(X)(x,y) = 1_y(x) forallx,y € X.

3. Bounded Sober Q-Cotopological Spaces

Let X be a topological space. A closed set F in X is irreducible if it is non-empty and for all closed sets
A,Bin X, F C AU B implies either F C A or F C B. The specialization preorder < on X is defined by x < y if
and only if x € cl({y}), where cl({y}) denotes the closure of {y}. If X is T, then < is a partial order, called the
specialization order. A closed set F in X is bounded if there exists x € X such that F C cI({x}). A topological
space is bounded sober if each bounded irreducible closed set in it is the closure of exactly one point. Bounded
sobriety is an interesting property in non-Hausdorff topology and domain theory. Now we hope to extend
the theory of bounded sober spaces to the setting of Q-cotopological spaces.

Definition 3.1. ([28]) Let X be a Q-cotopological space. A closed set F in X is irreducible if \/ ,cx F(x) = 1 and
subx(F, A V B) = subx(F, A) V subx(F, B) for all closed sets A, B in X.

Definition 3.2. Let X be a Q-cotopological space. An irreducible closed set F in X is bounded if there exists
x € X such that F < 1,.

Example 3.3. Let X be a stratified Q-cotopological space. Then 1, is a bounded irreducible closed set for
each x € X.

Definition 3.4. A stratified Q-cotopological space X is called bounded sober if every bounded irreducible
closed set in X is the closure of 1, for a unique x € X.

A stratified Q-cotopological space X is called sober if every irreducible closed set in X is the closure of
1, for a unique 2 € X. A Q-cotopological space X is said to be Ty if x # y implies 1, # 1, forallx,y € X. A
Q-cotopological space X is called T if 1, =1, foreach x € X.

Remark 3.5. (1) Every bounded sober Q-cotopological space is T.

(2) Every sober Q-cotopological space is clearly bounded sober, but the converse may not be true, please
see Example 3.14.

(3) A sober Q-cotopological space may not be T;. For example, let Q = ([0, 1], &) with & being the
Lukasiewicz t-norm. The Alexandroff Q-cotopology T4 on the Q-preordered set ([0,1],dg) is the Q-
cotopology consisting of all its fuzzy lower sets, where dr(x, y) = y — x for all x, y € [0, 1]. Then ([0, 1], Tar)
is sober (see Proposition 4.3 in [28]), but not T;. In fact, for each x € X, since 1, = x — id (see (F2) of Section
4 in [28]), we have that 1_x(y) =x - yforall y € [0,1]. Whenx < y, 1_x(y) =1, but 1,(y) = 0. Then 1 # 1y,
and thus ([0, 1], T4r) is not Tj.

Proposition 3.6. Let X be a stratified T1 Q-cotopological space. Then it is bounded sober.

Proof. Suppose that F is a bounded irreducible closed set in X. Then there exists x € X such that F < 1, = 1,.
Forall y € X, if y # x, then F(y) < 1«(y) = 0. Since F is irreducible, \/ cx F(y) = F(x) = 1. Thus,

F=1,=1,. O
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A Q-cotopological space X is Hausdorff if the diagonal A : X X X — Q, given by

1, x=y,

is a closed set in the product space X x X. If Q is a linearly ordered quantale, then every stratified Hausdorff
Q-cotopological space is sober (see Proposition 3.11 in [28]) and T;.

Let BSobQ-CTop denote the category of bounded sober Q-cotopological spaces with continuous maps.
Given a stratified Q-cotopological space X, let B(X) denote the set of all bounded irreducible closed sets in
X. For each closed set F in X, define a map Kr : B(X) — Q by

Ke(A) = subx(A, F).

Lemma 3.7. Let (X, 1) be a stratified Q-cotopological space. Then the following statements hold:
(1) Ky (A) = pforallp € Qand A € B(X);
2) K}:1 \Y KFz KF] VE, fOT all F1,F, € 1;

(
3) /\]Kp =KuF, forall {Fj}je; € 1;
je jel
(4)K,r=p > Kpforallp e Qandall F € T;
(5) Subx(Fl,Fz) = SMbB(X)(KF],KFZ)fOT all F,F, €.

Proof. (1) Ky (A) = subx(A,px) = )\ (AG) = px(@) =1~ p=p.

(2) Kpl\/pz(A) = Subx(A Fi v Fz) = Subx(A Fl) \Y Subx(A Fz) Kpl (A) \Y KFZ(A)
3) K/\Ip (A) = subx(A, /\]F D)= /\]subX(A Fj) = /\]Kpl
je ]G ]E ]E
(4) Ky—r(A) = subx(A,p = F) = /\ (A(x) = (p = F(x))) = p = Kr(A).
(

5) On one hand, since subx(A, Fl)&subX(Fl,Fz) < subx(A, Fy),

subx(F1,F2) <\ (subx(A, F1) = subx(A, F2)) = subpx)(Ke,, Kr,).

AeB(X)
On the other hand,
subp)(Kr,, Kp,) = A (Kp,(A) = Kpy(A))
AeB(X)
= A (subx(A,F1) — subx(A, F2))
A€B(X)

< /\ (subx(1y,F1) — subx(1x, F2))
= /\ (subx(1y,F1) — subx(1y,F>))
= /\ (F1(x) = Fa(x))
= Subx(Fl,Fz)

This completes the proof. O

By the above lemma, {Kr | F is a closed set in X} is a stratified Q-cotopology on B(X). We write B(X) for
the resulting Q-cotopological space.

Theorem 3.8. Let X be a stratified Q-cotopological space. Then B(X) is bounded sober.

Proof. Suppose that Kr is a bounded irreducible closed set in B(X). Since K is the closure of 1r in B(X), it
suffices to prove that F € B(X). We prove this conclusion in three steps.
(1) Since Kr is a bounded irreducible closed set in B(X), then

\/ Ke(A) = \/ subx(A,F) = 1.

AeB(X) AeB(X)
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For each A € B(X),x € X,

A(x)&subx (A, F) = A(x)& /\(A(z) — F(2)) < F(x),

zeX

it follows that

\VEw=2\/ \/ A@esubxA,F)= \/ subx(A,F)=1.

xeX xeX AeB(X) AeB(X)
(2) For all closed sets B, C in X, since Kr is a bounded irreducible closed set in B(X), then

subx(F,BV C) = subpx)(Kr,Kpvc)
= subB(X)(KF, Kp V K¢)
= subpx)(Kr, Kp) V subpx)(Kr, Kc)
= subx(F,B) V subx(F,C).

(3) Since K is a bounded irreducibE closed set in B(X), there exists A € B(X) such that K < 14 Tt
follows from Proposition 2.7 that K4 = 14. By Lemma 3.7(5), we conclude that

subx(F, A) = subp(x)(Kr, Ka) = subp(Ke, 1a) = 1.
So F < A. Since A is bounded, it follows that F is bounded. Thus F € B(X) and Kr = 1. O
Proposition 3.9. Let X be a stratified Q-cotopological space. Define
x: X — B(X)

by x(x) = 1,. Then

(1) x : X — B(X) is continuous;

(2) X is bounded sober if and only if « is a homeomorphism.
Proof. (1) Let F be a closed set in X. For all x € X,

1~ (Kp)(@) = Kp(1y) = subx(Ly, F) = subx(1x, F) = F(x).

Then «(Kg) = F, and thus « is continuous.
(2) Sufficiency. By Theorem 3.8, it is clear.

Then « is a bijection. Let F be a closed set in X. For all x € X, we have that
CET) = \/ Fy) = FE) = Ke(L).
K(y)=1x

This shows that « is a continuous closed bijection, hence a homeomorphism. [J

Lemma 3.10. Let X, Y be stratified Q-cotopological spaces, f : X — Y be a continuous map. Then f=(A) € B(Y)
forall A € B(X).

Proof. Let F1, F, be closed setsin Y.

suby(f~(A),F1 V F3) suby(f~(A),F1 V F3)
subx(A, f(F1 V F))
subx(A, f~(F1)) V subx(A, f~(F2))

= suby(f~(A),F1) V suby(f~(A), F).
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Since A is bounded, there exists x € X such that A < 1,. As f is continuous, it preserves the specialization
Q-preorder. For all y € Y, by Proposition 2.7, we conclude that

FAW) V A()

f@=y

V' 1i(2)

f@=y

=V QX)(zx)
f@)=y

< f(\)/ QY)(f(2), f(x))
2)=y

= QY)(y, f(x)

= lwn(y).

IA

This means f~(A) < 5. Then f~(A) < 1), and thus f~(A) € B(Y). D
Theorem 3.11. BSobQ-CTop is a full reflective subcategory of SQ-CTop.

Proof. Let X be a stratified Q-cotopological space. We shall prove that x : X — B(X) is universal. Suppose
that Y is a bounded sober Q-cotopological space and f : X — Y is a continuous map. We need to prove
that there exists a unique continuous map f* : B(X) — Y, such that f = f* o .

(1) Existence. Forall A € B(X), by Lemma 3.10, f~(A) € B(Y). Since Y is bounded sober, there is a unique
y € Y such that f~(A) = 1,. Define f* : B(X) — Y by

fA)=y.

Clearly, f* is well defined. For each closed set B in Y, since f is continuous, f(B) is a closed set in X. We
conclude that

Kfﬁ(B)(A) = Subx(A, f(_(B))
= suby(f~(A),B)
= suby(f~(A),B)

Suby(lf*(A), B)

B(f*(A))

= (/)7 (B)A).

Then (f*)~(B) = K¢~(), and thus f* is continuous. For all x € X, since 1) < f"(E) < f7(1y) = %, it

follows that 1y = f~(1). Then f = f* o k.
(2) Uniqueness. If g : B(X) — Y is a continuous map such that f = g o x. For all A € B(X), it suffices to
prove that f~(A) = 1,4). On one hand, for all x € X,

subx(1y, A)
Q(B(X))(x(x), A)
Q(Y)(g(x(x)), g(A))
QY)(f(x), 9(A))
Ty (f(x)),

Then f~(A) < 144, and thus f~(A) < 1j4). On the other hand, we first show that ¥~ (A) = K4. Since
K~ (A) < K4, we have that k7 (A) < K4. Conversely, since k~(A) is a closed set in B(X), there is a closed set
Fin X such that k~(A) = K. For each x € X,

A(x)

A 1l

A(x) < k7 (A) (L) < Ke(1y) = F(),
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Then K4 < Kr = k7 (A). It follows that

f2(A)G(A) = g7 ok (A)(9(A)) = g7 (Ka)(g(A)) = Ka(A) = 1.

Then f~(A) > 144), and thus f~(A) = 1yn). O

In [28], Zhang proved that the category SobQ-CTop of all sober Q-cotopological spaces is a full reflective
subcategory of SQ-CTop. Obviously, SobQ-CTop is a full subcategory of BSobQ-CTop. By Theorem 3.11,
we can easily obtain that SobQ-CTop is a full reflective subcategory of BSobQ-CTop.

An element 4 in a lattice L is a coprime if for all b,c € L, a < b V c implies that eithera < bora <c. A
complete lattice L is said to be have enough coprimes if each element in L can be written as the join of a set
of coprimes. Clearly, every linearly ordered quantale has enough coprimes. We say that a quantale Q has
enough coprimes if the complete lattice Q has enough coprimes.

Let Q be a quantale and X be a topological space. We say that a map A : X — Q is upper semicontinuous
if forallp € Q, Ajp) = {x € X | A(x) > p}is a closed set in X. If Q is a quantale with enough coprimes, then for
each topological space X, the set of upper semicontinuous maps X — Q forms a stratified Q-cotopology
on X(see [28]). We write wq(X) for the resulting stratified Q-cotopological space.

Let X be a topological space. For each closed set A € X, 14 : X — Qis obviously upper semicontinuous.
Then every closed set in X is also a closed set in wo(X). Moreover, for each A C X, 14 = 1a(4;, where cl{A} is
the closure of A in X. The following example illustrates that a stratified Ty Q-cotopological space may not
be sober.

Example 3.12. Let Q be a linearly ordered quantale and X be an infinite set. If (X, 77) is a finite complement
space, then (X, 7") is a T1 space, but not a sober space. Thus the stratified Q-cotopological space wg(X) is
T1, but not sober.

The correspondence X +— wq(X) defines an embedding functor wg : Top — SQ-CTop. This functor is
one of the well-known Lowen functors in fuzzy topology (see [13]). The following proposition presents
that for a linearly ordered quantale Q, the notion of bounded sobriety for Q-cotopological spaces is a good
extension in the sense of Lowen.

Proposition 3.13. Let Q be a linearly ordered quantale. Then a topological space X is bounded sober if and only if
the stratified Q-cotopological space wo(X) is bounded sober.

Proof. Sufficiency. Let K be a bounded irreducible closed set in X. Then 1k is a bounded irreducible closed
set in wp(X). In fact, by the proof of Proposition 3.14 in [28], 1k is an irreducible closed set in wg(X). It
suffices to prove that 1k is bounded. Since K is bounded, there exists x € X such that K € cI({x}). Thus
1x < 1yap = 1,. Since w(X) is bounded sober, there is a unique z € X such that 1x = 1_Z = 1. Hence
K = cl({z}).

Necessity. Let A be a bounded irreducible closed set in wo(X). By the proof of Proposition 3.14 in [28],
we have that A = 1 for some irreducible closed set K in X. Since A is bounded, there is x € X such that
A <1y = 1ygxp. Then K C cl({x}), and thus K is a bounded irreducible closed set in X. Since X is bounded

sober, there is a unique t € X such that K = cl({t}). Hence A = 1x = 14y = 1. O

Example 3.14. Let Q be a linearly ordered quantale and IN be the set of natural numbers. The Alexandroff
topology Y(IN) on IN is the topology consisting of all its upper subsets. Then (IN, Y(IN)) is a bounded sober
space (see Proposition 2 in [31]). By Proposition 3.13, the stratified Q-cotopological space w(IN) is bounded
sober. We can check that a map f : IN — Q is upper semicontinuous if and only if it is antitone. Define a
map g : IN — Q by g(x) = 1. Then g is an irreducible closed set in wg(IN), but it is not the closure of 1, for
anya € N.
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4. k-Bounded Sober Q-Cotopological Spaces

A topological space X is called k-bounded sober if for every irreducible closed set F whose supremum
exists, there is a unique point x € X such that F = cl({x}). It is weaker than bounded sobriety. k-bounded
sobriety plays an important role in non-Hausdorff topology and domain theory, for instance, for each poset
P, upper topology on P is k-bounded sober. The aim of this section is to generalize k-bounded sobriety to
the setting of Q-cotopological spaces.

Definition 4.1. ([11]) Let X be a Q-preordered set and A € QX. A supremum of A in X is an element sup A
in X such that X(sup A, x) = A (A(y) — X(y,x)) forall x € X.
yeX

Definition 4.2. A stratified Q-cotopological space X is called k-bounded sober, if every irreducible closed set
whose supremum exists in X under the specialization Q-preorder is the closure of 1, for a unique x € X.

Remark 4.3. (1) Every k-bounded sober Q-cotopological space is T.
(2) Every bounded sober Q-cotopological space is clearly k-bounded sober, but the converse may not be
true, please see Example 4.10.

Let X be a Q-preordered set. The stratified Q-cotopology on X generated by {X(—, x) | x € X} is called
the upper Q-cotopology on X, denoted by ,.

Proposition 4.4. For each Q-ordered set X, (X, t,) is k-bounded sober.

Proof. Let F be an irreducible closed set in X with sup F existing. Then subx(F, A) < A(supF) for all A € T,.
In fact, it suffices to prove subx(F, A) < A(sup F) for the case of A = X(—, x) for all x € X. Obviously,

subx(F, X(-,x)) = /\ (F(y) = X(y, %)) = X(sup F,x).
yeX

Since F is an irreducible closed set in X, we have that F(sup F) > subx(F,F) = 1. Then F = lsupr. Assume

that there exists b € X such that F = 1,. Then lsupr = 1,. Since the antisymmetry of the Q-order, sup F = b.
Thus 7, is k-bounded sober. [

Let X be a stratified Q-cotopological space and KB(X) denote the set of all irreducible closed sets in X
whose suprema exist. Clearly, 1, € KB(X). For each closed set F in X, define a map Hr : KB(X) — Q by

HF(A) = Subx(A, F)

Lemma 4.5. Let (X, 1) be a stratified Q-cotopological space. Then the following statements hold:
(1) Hpy (A) = p forall p € Q and A € KB(X);
2) le \ sz = HFIVFZ fOT‘ all F1,F, € 1;
3) /\]Hpj = H/\p].for all {Fj}]'g] cT;
JE

el
4)H, ;r =p — Hg forallp € Qand all F € 1;

(
(
(
(5) Subx(Fl,Fz) = SubKB(X)(HFIIHFz)fOV all Fl,Fz € T.

Proof. Similar to the proof of Lemma 3.7. O

By the above lemma, {Hr | F is a closed set in X} is a stratified Q-cotopology on KB(X). We write KB(X)
for the resulting Q-cotopological space.

Lemma 4.6. Let (X, 7) be a stratified Q-cotopological space and A € KB(X). Then Ha = 1a4.

Proof. For all B € KB(X), by Proposition 2.7,
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Hu(B) subx(B, A)

= A (subx(A,F) — subx(B, F))

Fet

= FAT(HF(A) — HE(B))

= QKB(X))(B,A)
= Ta(B).

This means H4 = 1,. [
Theorem 4.7. Let X be a stratified Q-cotopological space. Then KB(X) is k-bounded sober.

Proof. Suppose that Hr is anirreducible closed set in KB(X), whose supremum exists. Denote this supremum
sup Hr by some E € KB(X). By the proof of Theorem 3.8, F is an irreducible closed set in X. Next we shall
prove that sup E is a supremum of F. On one hand, since sup Hr = E, for all A € KB(X),

Hp(A) < Q(KB(X))(A, E) < Hi(E) = He(A) = He(A).
By Lemma 4.5(5), subx(F, E) = subkgx)(Hr, He) = 1. Then F(x) < E(x) < Q(X)(x,sup E) for all x € X, and thus
QX)(supE, y) £ A (F(x) = Q(X)(x, y)). On the other hand, since sup Hr = E, for all B in KB(X),
xeX
/\ (Hr(A) = Q(KB(X))(A, B)) = Q(KB(X))(E, B).
AeKB(X)

This means A (subx(A,F) — subx(A, B)) = subx(E, B). Then for all y € X,
AeKB(X)

N (F(x) = Q(X)(x, y))

xeX

A (F(x) = T,(x))
xeX

subx(F,1,)
A (subx(A,F) — subx(A,1,))
AeKB(X)
subx(E, 1_y)
A (E(x) = Q(X)(x, y))

xeX

= Q(X)(supE,y).

IAN 1

Thus A (F(x) = QX)(x, v)) = Q(X)(sup E, y). It follows that sup E is a supremum of F. Therefore F € KB(X).
xeX

By Lemma 4.6, Hr = 1r. Let B € KB(X) with Hr = 13. Then subx(B,F) = 1¢(B) = 13(B) = 1 and
subx(F,B) = 15(F) = 15(F) = 1. Thus B=F. [

Proposition 4.8. Let X be a stratified Q-cotopological space. Define
t: X — KB(X)

by 1(x) = 1y. Then 1 : X —> KB(X) is continuous.

Proof. Similar to the proof of Proposition 3.9(1). O

The following proposition presents that for a linearly ordered quantale Q, the notion of k-bounded
sobriety for Q-cotopological spaces is a good extension in the sense of Lowen.

Proposition 4.9. Let Q be a linearly ordered quantale. Then a topological space X is k-bounded sober if and only if
the stratified Q-cotopological space wo(X) is k-bounded sober.
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Proof. Sufficiency. Let K be an irreducible closed set whose supremum exists under the specialization
preorder of X. By Proposition 3.13, we have that 1¢ is a bounded irreducible closed set in wg(X). Next, we
shall prove thatsup1x = \V K. Forall y € X,

/\ (1 = QX)) y)
/\ Qwo(X))(x, y)
Q(wQ(X))(\/ K y).

/E\X (1k(x) = Qwo(X)(x, y))

Then sup 1x = V K, and thus 1k is an irreducible closed set whose supremum exists in wo(X). Since wq(X)
is k-bounded sober, there is a unique x € X such that 1x = 1, = 1axy). Hence K = cl({x}).

Necessity. Let A be an irreducible closed set in wg(X), whose supremum exists. By the proof of
Proposition 3.13, we have that A = 1¢ for some bounded irreducible closed set K in X. Next, we shall prove
that \/ K = sup A. Since A(x) < Q@(X))(x,5up A) = Teup (%) = Legsupap(®) for all x € X, A = 1g < Tgppp =
Leisup ap- Then K C cl({sup A}). Let a be a upper bound of K. Then K C cl({a}), and thus A = 1x < 1) = 1.
It follows that sup A < a. Therefore K is an irreducible closed set in X, whose supremum exists. Since X is
k-bounded sober, there is a unique t € X such that K = cl({t}). Hence A = 1x = 1yqy) = 1;. O

Example 4.10. Let Q be a linearly ordered quantale and Q be the poset of all rational numbers with the
conventional order. The upper topology v(Q) on Q is the topology generated by sets of the form X— | x for
x € Q,where | x = {2 € Q| a < x}. Then (Q, v(Q)) is k-bounded sober, but not bounded sober (see Example
4.14 in [32]). By Proposition 3.13 and 4.9, the stratified Q-cotopological space wg(Q) is k-bounded sober,
but not bounded sober.

The following diagram indicates the relationships of Hausdorff, T, Ty, sobriety, bounded sobriety, and
k-bounded sobriety in the setting of Q-cotopological spaces.

o&e@a sobriety
- \_\“‘:ag\‘: \
a” >]< ’5( bounded sobriety k-bounded sobriety —— To

s!m:'a.r!_v Ordereg stratified T
o

stratified Hausdorff

5. Concluding Remarks

In this paper, we prove that BSobQ-CTop is a full reflective subcategory of SQ-CTop. Let KBSobQ-
CTop denote the category of k-bounded sober Q-cotopological spaces with continuous maps. A natural
question raised here is that whether KBSobQ-CTop is a full reflective subcategory of SQ-CTop. In fact,
in the classical setting, the above corresponding problem is also unsolved, that is, whether the category
KBSob of k-bounded sober spaces is a full reflective subcategory of Topy. In the concluding remarks of
[32], Zhao and Ho asked whether KB(X) (the set of all closed irreducible sets of a Tj space X whose suprema
exist) is the canonical k-bounded sobrification of X in the sense of Keimel and Lawson with respect to the
map x +— cl({x}). Zhao, Lu and Wang (see [30]) constructed a counterexample to illustrate that (KB(X), cl)
is not the canonical k-bounded sobrification of a Ty space X in the sense of Keimel and Lawson. Although
we possess no answer on the above question, we know that (KB(X), 1) is not universal with respect to I,
where I : KBSobQ-CTop— SQ-CTop is the inclusion functor.



Y. Zhang, K. Wang / Filomat 33:7 (2019), 2095-2106 2106

Acknowledgement

The authors would like to thank the Section Editor, Professor Ljubisa Ko¢inac, and two anonymous

reviewers for their valuable comments and suggestions.

References

(1]
[2]
[3]
[4]

(5]
(6]

[7]
(8]
[
[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]

J. Addmek, H. Herrlich, G.E. Strecker, Abstract and Concrete Categories: The Joy of Cats, Wiley, New York, 1990.

R. Bélohlavek, Fuzzy Relational Systems: Foundations and Principles, Kluwer Academic Publishers, Dordrecht, 2002.

R. Engelking, General Topology, Polish Scientific Publishers, Warszawa, 1977.

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, D.S. Scott, Continuous Lattices and Domains, Encyclopedia of
Mathematics and its Applications, vol. 93, Cambridge University Press, Cambridge, 2003.

J. Gutiérrez Garcia, U. Hohle, M.A. de Prada Vicente, On lattice-valued frames: the completely distributive case, Fuzzy Sets Syst.
161 (2010) 1022-1030.

U. Hohle, A.P. Sostak, Axiomatic foundations of fixed-basis fuzzy topology, Chapter 3 in: U. Hohle, S.E. Rodabaugh (Eds.),
Mathematics of Fuzzy Sets: Logic, Topology, and Measure Theory, in: The Handbooks of Fuzzy Sets Series, Vol. 3, Kluwer
Academic Publishers, Boston, Dordrecht, London, 1999, pp. 123-272.

J.R. Isbell, Atomless parts of spaces, Math. Scandinavica 31 (1972) 5-32.

P.T. Johnstone, Stone Spaces, Cambridge University Press, Cambridge, 1982.

W. Kotzé, Fuzzy sobriety and fuzzy Hausdorff, Quaest. Math. 20 (1997) 415-422.

W. Kotzé, Sobriety and semi-sobriety of L-topological spaces, Quaest. Math. 24 (2001) 549-554.

H. Lai, D. Zhang, Complete and directed complete Q-categories, Theoretical Computer Sci. 388 (2007) 1-25.

H. Lai, D. Zhang, Fuzzy preorder and fuzzy topology, Fuzzy Sets Syst. 157 (2006) 1865-1885.

R. Lowen, Fuzzy topological spaces and fuzzy compactness, ]. Math. Anal. Appl. 56 (1976) 621-633.

D. Papert, S. Papert, Sur les treillis des ouverts et les paratopologies, In: Séminaire Ehresmann, Topologie et Géométrie
Différenielle, vol.1, 1957/1958, pp. 1-9.

A. Pultr, S.E. Rodabaugh, Lattice-valued frames, functor categories, and classes of sober spaces, In: S.E. Rodabaugh, E.P. Klement
(Eds.), Topological and Algebraic Structures in Fuzzy Sets: a Handbook of Recent Developments in the Mathematics of Fuzzy
Sets, Kluwer Academic Publishers, Dordrecht, Boston, 2003, pp. 153-187.

A. Pultr, S.E. Rodabaugh, Examples for different sobrieties in fixed-basis topology, In: S.E. Rodabaugh, E.P. Klement (Eds.),
Topological and Algebraic Structures in Fuzzy Sets: a Handbook of Recent Developments in the Mathematics of Fuzzy Sets,
Kluwer Academic Publishers, Dordrecht, Boston, 2003, pp. 427—440.

A. Pultr, S.E. Rodabaugh, Categorical theoretic aspects of chain-valued frames: Part I: categorical and presheaf theoretic founda-
tions, Fuzzy Sets Syst. 159 (2008) 501-528.

A. Pultr, S.E. Rodabaugh, Categorical theoretic aspects of chain-valued frames: Part II: applications to lattice-valued topology,
Fuzzy Sets Syst. 159 (2008) 529-558.

J. Qiao, A note on the specialization order of L-cotopological space, Fuzzy Syst. Math. 29:5 (2015) 37-43 (in Chinese).

S.E. Rodabaugh, Point set lattice theoretic topology, Fuzzy Sets Syst. 40 (1991) 297-345.

K.I. Rosenthal, Quantales and their Applications, Longman, Essex, 1990.

A K. Srivastava, A.S. Khastgir, On fuzzy sobriety, Information Sci. 110 (1998) 195-205.

K.R. Wagner, Liminf convergence in Q-categories, Theoretical Computer Sci. 184 (1997) 61-104.

W. Yao, An approach to fuzzy frames via fuzzy posets, Fuzzy Sets Syst. 166 (2011) 75-89.

W. Yao, A survey of fuzzifications of frames, the Papert-Papert-Isbell adjunction and sobriety, Fuzzy Sets Syst. 190 (2012) 63-81.
W. Yao, L.X. Lu, Fuzzy Galois connections on fuzzy posets, Math. Logic Quarterly 55 (2009) 105-112.

W. Yao, B. Zhao, Kernel systems on L-ordered sets, Fuzzy Sets Syst. 182 (2011) 101-109.

D. Zhang, Sobriety of quantale-valued cotopological spaces, Fuzzy Sets Syst. 350 (2018) 1-19.

D. Zhang, Y. Liu, L-fuzzy version of Stone’s representation theorem for distributive lattices, Fuzzy Sets Syst. 76 (1995) 259-270.
B. Zhao, J. Lu, K. Wang, The answer to a problem posed by Zhao and Ho, Acta Math. Sinica, English Series 35 (2019) 438-444.
D. Zhao, T. Fan, Dcpo-completion of posets, Theoretical Computer Sci. 411 (2010) 2167-2173.

D. Zhao, WK. Ho, On topologies defined by irreducible sets, J. Logical Algeb. Methods Programming 84 (2015) 185-195.



