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Abstract. Dual Fibonacci and dual Lucas numbers are defined with dual Fibonacci and Lucas quaternions
in Nurkan and Giiven [14]. In this study, we define the dual third-order Jacobsthal quaternion and the dual
third-order Jacobsthal-Lucas quaternion. We derive the relations between the dual third-order Jacobsthal
quaternion and dual third-order Jacobsthal-Lucas quaternion which connected the third-order Jacobsthal
and third-order Jacobsthal-Lucas numbers. In addition, we give the generating functions, the Binet and
Cassini formulas for these new types of quaternions.

1. Introduction

A. F. Horadam [11] defined the Jacobsthal numbers J,, by the recurrence relation
Jo=0, 1 =1, Jur1 = Ju+2Ju-1, n2 1. )

Another important sequence is the Jacobsthal-Lucas sequence. This sequence is defined by the recur-
rence relation

j0=2, 1=1, jus1 = ju +2jp1, n 2 1. )

The Jacobsthal numbers have many interesting properties and applications in many fields of science
(see, e.g., [1]). In [5] the Jacobsthal recurrence relation is extended to higher order recurrence relations and
the basic list of identities provided by A. F. Horadam [11] is expanded and extended to several identities

for some of the higher order cases. In particular, the third-order Jacobsthal numbers ] and the third-order
Jacobsthal-Lucas numbers jf) are defined by

19, =19, 419 4219, 19 =0, ]9 =[P =1, n >0, ®)

n+3 n+2 n+1

and

3 3 3 . 3
Juks = Joky + don 4200 0 =2, 0 =1, [ =5,n>0, )
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respectively. Using standard techniques for solving recurrence relations, the auxiliary equation, and its
roots are given by
3 ~1+iV3

W¥-x?—-x-2=0;x=2, andx = >

Note that the latter two are the complex conjugate cube roots of unity. Call them w; and w,, respectively.
Thus the Binet formulas can be written as

®_2 n_ 3+2iV3 o 3-2iV3 . 6)
nT7 21 1 21 2
and
3 8 3+2iV3 3-2iV3
- Lo (22 (2208 0
respectively.

On the other hand, Horadam [9] introduced the n-th Fibonacci and the n-th Lucas quaternion as follow:
Qn =F,+ iFn+1 + an+2 + an+3/ (7)

K,=L,+ iLn+1 + jLn+2 + kLn+3/ (8)

respectively. Here F,, and L, are the n-th Fibonacci and Lucas numbers, respectively. Furthermore, the basis
i, j, k satisface the following rules:

2=pP=k=-1,ijk=-1 9)

Note that the rules (9) imply ij = —ji = k, jk = —kj = i and ki = —ik = j. In general, a quaternion is a
hyper-complex number and is defined by g = qo + i1 + jg2 + kg3, where i, j, k are as in (9). Note that we can
write g = go + u where u = ig1 + jg2 + kg3. The conjugate of the quaternion g is denoted by g = go — u. The
norm of a quaternion ¢ is defined by Nr(q) = qq = g5 + 4% + 43 + 45

Many interesting properties of Fibonacci and Lucas quaternions can be found in [7, 10]. In [8], Halici
investigated complex Fibonacci quaternions. In [10] Horadam mentioned the possibility of introducing Pell
quaternions and generalized Pell quaternions. In [15], the authors defined the Jacobsthal quaternions and
the Jacobsthal-Lucas quaternions. In [3], we defined the third-order Jacobsthal quaternion and third-order
Jacobsthal-Lucas quaternion. Furthermore, we investigated some of their identities. In this paper we need
some of them.

2—i—j+2k if n=0 (mod 3)

%(jQ(n?’)—ALjQS’_)Z): -1-i+2j—k if n=1 (mod3) , (10)
-1+2i—j—k if n=2 (mod 3)

3109 + jQP = 2(1 + 2i + 4] + 8K), (11
1-i+k if n=0 (mod 3)
QY —1QP =4 -1+j-k if n=1 (mod3) , (12)

i—j if n=2 (mod 3)

]Q(3>1 +(1—4i- 5] -7k)y if n=0 (mod 3)
Z jQ® = L —21+2i+j+5k) if n=1 (mod3) , (13)
33 - (Q2+i+5j+10k) if n=2 (mod 3)

n+1
2-3i+j+2k if n=0 (mod 3)

0P —4)Q® =! 3+i+2j-3k if n=1 (mod3) , (14)
1+2i-3j+k if n=2 (mod 3)
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jQ + 1 =31Q.%, (15)
and
| [ 340-2*"—64-2"+18 if n=0 (mod 3)
NGJQ¥) = 19 34027 +68:2"+23 if n=1 (mod3) . (16)
340221 —4.2"+15 if n=2 (mod 3)

Here ]Qf) and ]'fo) are the n-th third-order Jacobsthal quaternion and the n-th third-order Jacobsthal-Lucas
quaternion, respectively.

Our main purpose in this paper is on the dual third-order Jacobsthal quaternions as an applied algebra. It
is arranged as follows. In the next section we introduce dual third-order Jacobsthal quaternions and we give
a brief survey of the basic properties of these quaternions. In the final section we give our results, making
some comments on the application of dual quaternions to the dual third-order Jacobsthal quaternions in
general quaternion algebra.

2. Dual Third-Order Jacobsthal Quaternions

The dual number invented by Clifford [4] is of the form D = a + ¢b, where a,b € R and ¢ is known as the
dual unit and it has the following properties:

e#0, 0e=¢e0=0, le=el=¢, & =0.

The real numbers a and b are called the real and dual parts of the number D, respectively. We notice that
the dual numbers are extension of the real numbers. The set of dual numbers can be denoted by ID or R[¢].
The set of dual numbers is a commutative ring having the b as divisors of zero, is not a field.

Let H = R[4, j, k] the algebra of quaternions. A dual quaternion / can be defined in a similar way to the
dual numbers, that is & = p + eg, where p, g € IH. The addition, multiplication and product with a scalar «
can be defined as

hi+hy =(p1+eq)+ (p2+eq2) = (1 +p2) + (g1 + 92),
hihy = (p1 + eq1)(p2 + €q92) = p1p2 + €(p192 + q1p2)

and
ahy = a(pr + eq1) = apr + eaq,

respectively, where p;,q; € H (s = 1,2). Thus, the set of dual quaternions forms noncommutative but
associative algebra over the real numbers. Therefore it can be called as algebra of dual quaternions.
Furthermore, we can write

h= Dy +D1i+D2j+D3k, D, € D(S = 0,1,2,3),

where D; = a; + €b;. Hence any dual quaternion % is constructed from eight real parameters. The dual
quaternion h consist of a scalar part S, = Dy and a vector part Vj, = D1i + Dyj + Dsk.

In [14], the authors we defined the dual Fibonacci quaternions and dual Lucas quaternions, they derived
the relations between the dual Fibonacci and the classic fibonacci numbers. Motivated by this work, we
can define the following type of numbers.

Definition 2.1. The n-th dual third-order Jacobsthal quaternion and n-th dual third-order Jacobsthal-Lucas quater-
nions are defined as

DY =1 +¢JQP), n >0, (17)
and
DY = jQY +€jQ®, n >0, (18)

respectively. Here ]fo) = ,(43) + i](3) +j ](3) + k]fiz3 is the n-th third-order Jacobsthal quaternion and jQ,(f) =

n+1 n+2
j£,3) +1i jf’ll +j jflz + k]’fffs is the n-th third-order Jacobsthal-Lucas quaternion.
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In this sense, if we denote the n-th dual third-order Jacobsthal number A(S) (3) +¢ I( 111, the dual
third-order Jacobsthal quaternion JD® can be represented as
©G) _ 73) TIOJES) 703)
]D +1 n+1 ]n+2 + k]n+3 (19)

The conjugate of the dual third-order Jacobsthal quaternion | DE,S), or briefly ]_Df), is defined by

DY =8 0= Ve =10 =i, - I, K, (20)

) — Vip® = In n+l n+2

where (S]Df”V]DE,S)) = ]n ,I’f(B) + ]’]T3) + k’j(s) )

n+1 n+2 n+3

Also the norm of | D,(f’) can be given as Nr(J D,(f’)) =] D,(f’) -]_Df). Then, we get

3
3 3 3
Nr(IDP) = Y (U7 + 26]050,1) (21)
5=0

Dual third-order Jacobsthal quaternion ]Df’)

Jacobsthal quaternion. Now, let N r(]D(B)) # 0, then the inverse of a dual third-order Jacobsthal quaternion

with norm unity can be called the unit dual third-order

=)
J D( is also a dual third-order Jacobsthal quaternion, and it can be defined as (JD 3)) I = %
Now, we use the notation
Aa)‘;z_ng a lf n=0 (mod 3)
H,(a,b) = ——= = b if n=1 (mod 3) , (22)
w1 @2 —(a+b) if n=2 (mod 3)

where A =b—aw; and B = b — aw;, in which w; and w, are the complex conjugate cube roots of unity (i.e.

a)“;’ = a)2 = 1). Furthermore, note that for all n > 0 we have

Hn+2(a/ b) = _Hn+1(a/ b) - Hn(ﬂ, b)/ (23)

where Hy(a,b) = a and Hy(a,b) = .
From the Binet formulas (5), (6) and Eq. (22), we have

3
19 =

(271 - v) and ) = 5 (22 +3V), (24)

N| -
\1|H

where V,(f’) = H,(2,-3).
Lemma 2.2. Forn >0,

2243 _ g+l _ g if n=0 (mod 3)
29(J9 79 )= 223 45.2%1 -3 if n=1 (mod3) . )
22n+3 _ g4 . on+l 4 o if n=2 (mod 3)

Proof. To obtain formula (25), it suffices to take the Binet’s formula of ]5,3). Leta=1+ Z’T\@ andb=1- %3,
then

49 (](3) ]n+1) (2n+1 _ V’(q3))(2n+2 V§,3+1)

= D2n+3 _ (Vy(—le + 2V;3))2n+1 V(3) V(3

n+1’
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where V¢ = awy + bwy. Tt is easy to see that
2 if n=0 (mod 3)
VO =) -3 if n=1 (mod3) , (26)
1 if n=2 (mod 3)

since w1 and w, are the complex conjugate cube roots of unity. Then, if n = O(mod 3) we can write

V’(i)l +2V? = 1and V¥ foz] = —6. The other identities are clear from equation (26). Thus, the proof is
completed. [

Theorem 2.3. Let n > 0 integer. Then,
fon + (18 — 26€) — (32 + 30€)2"" if n=0 (mod 3)
49 -Nr(JD®) = { t., + (23— 20€) + (34 + 66€)2"1 if n=1 (mod 3) ,
+ (15— 10€) — (2 + 36€)2"  if n=2 (mod 3)
where t. , = 85(1 + 4€)22+D),

Proof. To prove the above equation, we can use the definition
3 3 3) /3
Nr(JDY) = Nr(JQ)Y) + 2¢ (2 I ,iﬁm], (27)

where | Q( ) is the n-th third-order Jacobsthal quaternion. Moreover, if n = 0 (mod 3), by the lemma 2.2 we
have ](3) ](3) — %(22n+3 —on+l _ 6), ](3) O _ o245 | 5 on+2 _ 3 and ]n+2 ](3) =02m+7 _ 4. 9m43 4 3 then

n+1 n+2 n+3

n+s+1

1 1
3 _ 2n+3 _ pn+l _ 2n+5 Cont2 _
SEOIHS] ——49(2 2 6)+—49(2 +5-2 3)

1 2n+7 n+3 2n+9 n+4 _
49(2 —4.2 +2)+49(2 -2 6)

= —(85-2%%3 —15.2M1 —13).
49( )
Furthermore, Nr(] qu3)) can be write as
Nr(JDP) = o 9 [ 85222 _ 642" +18) + 2¢(85 - 22"+ — 15. 21 — 13)]
=5 [(85 +340£)22"2 — (32 + 306)2"* + (18 — 26¢)| .
The other identities are clear from equation (25). [
By using the equations (17) and (20), we can compute
—0)
DY +]D, =20 + €]\ = 2],
Then, we obtain the result by using the equation given in Theorem 2.3 as
(DY = PPy - 7D,

—2/pQ T - IDPID;
=2/D® . T® _ Nr(JDY).
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Theorem 2.4. Let n > 0 integer. Then,
3JDY) + DY = 2" (1 + 2¢)(1 + 2i + 4] + 8K). (28)

Proof. Let ]qu3) =] Qf) + s]Q(B) and jDﬁ,S) = jQ,(f) +é jQS:l. Then, we have

n+1

31DY + DY =3(JQP + eJQ% ) + (jOP + £jQ%)
= 3JQY + Q) +e3/Q%, + Q%)

Using Eq. (11), we obtain that

3;DY + ]'D§.3) = (21 +2i + 4] + 8k)) + e(2"2(1 + 2i + 4] + 8k))
=21 + 2¢)(1 + 2i + 4j + 8k).
Thus, the proof is completed. [J

Theorem 2.5. Let n > 2 integer. Then, we have

1 R-e)-Q+ei-(1-28)j+2-8k i n=0 (mod 3)
(DY - 4DV )= —(1+e)-(1-2e)i+Q2-¢)j—(1+ek if n=1 (mod3) . (29)
3 (-1+2e)+2—e)i—(1+e)j—(1-2e)k if n=2 (mod 3)

Proof To prove this theorem, we need the Eq. (10). For definition, we have jD,, ® = ]Q(3) +¢ ]Qn ., and
(3) = ]Q + E]Qi?_)l. Then,
]D(3) 4]D(3) _ ]Q(3) + ‘(']Qn+1 4(]Q(3 + é]Q(3)
= (jQ - 4jQY,) + e(iQY), - 4jQ7,
Using the equation
1 2—i—j+2k if n=0 (mod 3)
5(]'fo’ —4jQY) =1 ~1-i+2j—k if n=1(mod3) ,
-1+2i—-j—k if n=2 (mod 3)
if n =0 (mod 3) we obtain
D —4jD® =3[(2 =i j+2Kk) + e(=1— i +2j — k)]
=3[2-¢)-A+e)i—(1-28)j+ (22— el
In a similar way, the other cases. [
Using the Egs. (12), (14) and (15) one can easily prove the Theorems 2.6 and 2.7.
Theorem 2.6. Let n > 0 integer. Then,
2-3e)-B-¢)i+(1+2e)j+(2-3e)k if n=0 (mod 3)
iDP —4D® = ! (=3+¢&)+(1+26)i+(2-3e)j—(B3-¢e)k if n=1 (mod3) , (30)
1+2e)+(2-3e)i—CB—¢)j+(1+2e)k if n=2 (mod 3)
and
iD® + ;DY =31D%.. (31)
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Theorem 2.7. Let n > 0 integer. Then,
I-¢e)—i+ej+(A -8k if n=0 (mod 3)

DY —D®) = ~l+ei+(1-¢)j-k if n=1 (mod3) .
e+(1—e)i—j+ek if n=2 (mod 3)

The following is a result for the sum of dual third-order Jacobsthal-Lucas quaternions.

Theorem 2.8. Let n > 0 integer. Then,

n ey +b:(1-4i=5j-7k) if n=0 (mod 3)
Y iDP =1 4 =26 (1+2i+j+5k) if n=1 (mod3)
= Aen —be(2+1+5j+10k) if n=2 (mod 3)

where a,, = (1 + 25)]'Q(3) - sz(O3) and b, =1+ ¢.

n+1

Proof. Using the equation (13), we have

Q¥ +(1-4i-5j-7k) if n=0 (mod 3)

. . ~3) _ (551_ .o . _
jQs = 21+2i+j+5k) if n=1 (mod3) .

1
(55 -(2+i+5j+10k) if n=2 (mod 3)

Furthermore, if n = 0 (mod 3), we can write

Y oY =Y QP +e) Q)
s=0 5=0 §=0
n
=1+ Y QP +e(iQ, - Q)
5=0
= (1+0)(jQL, + (1~ 4i =51~ 70) + e, - Q)

= (1+2¢)jQY, - £jQY + (1 + £)(1 - 4i — 5] - 7K).

n+1

If n=1 (mod 3), we have Y/ jQP = jQ®) —2(1 + 2i + j + 5k), then

n+1

Z DY = (1 +26)jQY, - &jQY - 2(1 + £)(1 + 2i + j + 5k).

The proof is similar to case n = 2 (mod 3). Thus, the proof is completed. [

3. Generating Function for Dual Third-Order Jacobsthal Quaternions

1871

(32)

(33)

Let ]Df) = ]fo) + ¢ ]le be the n-th dual third-order Jacobsthal quaternion. Then, the function

G(t) = Yoo ]D,(f’)t” is called the generating function for the sequence { ]Df)},,zo. In [3], the author found a
generating function for third-order Jacobsthal quaternions. In the following theorem, we established the

generating function for dual third-order Jacobsthal quaternions.

Theorem 3.1. The generating function for the dual third-order Jacobsthal quaternion { JD,s0 is

(o)

— — 213 +22(ei + (1 + €)j + (1 + 2e)k)

Z]D(S)t”— 1 e+(1+e)i+(1+28)j+2+5e)k+t(1+ei+(1+3e)j+ (B+4e)k)
1
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Proof. Assuming that the generating function of the quaternion {J Df)}nzo has the form G(t) = }.,", ]DS’) ",
we obtain that

(1—t—-28G(t)
= (DY + DVt + ) = DOt + DV + ) -
=Dy + (D}’ - DY) + (DY - DY - IDFY),

since ]D,(f’) = ]Df_)1 +] D;B’_)Z +2] DS’_)S, n > 3 and the coefficients of " for n > 3 are equal to zero. In equivalent
form is

(A -t=£-20) DY = DY + (DY - D) + (DY - [0 - DY)

= (]QEJS) + EIQ?)) + t(ﬁ']Qf) +(1- e)]Q(13) _ IQE)S))
+REIQ +(1-9JQ5 - (1 +aQY - JQP).

Then,
Z DO = 1 (JQ$>+61Q§3>+t(eJQ<3>+<1—e)IQ‘3’ JQ“))
1-t-£2-28 +t2(efQ§f’>+<1—e>1@j>—(1+e>JQ§3) o) )

Thus, the proof is completed. [J

The Binet formula for | fo) can be given in the following theorem.

Theorem 3.2. If ] fo) = ]QE?) + €] Q’(i)l be the n-th dual third-order Jacobsthal quaternion, then

1 2i 2i 1
o = g o (1252 et 1257 oy 7 e vt o

where w1, wy are the solutions of the equation t* + t + 1 = 0, and
a=(1+2i+4j+8k)(1+2¢),
p=@1+awi+ wij+ k)1 + wie),
y = (1 + @i + w3 + k)(1 + wae)

and
vDY =vQY +evQ® , vl = v + v i+ v i+ VO k.

n+3

Proof. In [3], the author gave the Binet formula for third-order ]acobsthal quaternion by

10 = Hrta (1+ 202 agp- 1- 228 gy, ©9)

where w1, w; are the solutions of # +t+1 =0, and @ = 1+2i+4j+8k f = 1+ wii + @}j +k and
y =1+ wzi + w}j + k. Thus it can be written

7-1DY =70Q; +€JQ))
= [Z”Hcv - (aw'p + ba)g’)/)] +e [2”+20¢ — (a1 B + bw””y)]
= 2" (1 + 2¢) — aw!B(1 + wi€) — baly(l + wse€),

wherea = 1+ ¥ ‘f andb=1- 3\6 Taking a = a(1 +2¢), f = (1 + w1¢) and y = y(1 + w»¢) in last equation,
then the proof is completed. O - -
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Theorem 3.3. If ij’) = jQ,(f) +e€ jQ’(fll be the n-th dual third-order Jacobsthal-Lucas quaternion, then we have

. 1 ‘ . 1

iD® = = [2"9a + (3 +2i V3)wip + (3 - 2i V3)w)y| = = [2°a+3vDY], (36)
where wy, wy are the solutions of the equation t*> + t + 1 = 0; a, B and y as before.

Based on the Binet’s formulas given in (34) and (36) for the dual third-order Jacobsthal and dual third-
order Jacobsthal-Lucas quaternions, now we give some quadratic identities for these quaternions.

Theorem 3.4. For every nonnegative integer number n we get

2 3
(/DY) +31D%), - DY), = 4737 + - (2% - vDY - VDY - ), (37)

n+3
where ¢ = a(1 +2¢€), a =1+ 2i + 4j + 8k and

2-3e)+(-3+¢)i+(1+2)j+(2-3¢)k if n=0 (mod 3)
VDY =1 (-3+e)+(1+2)i+2-3e)j+(-3+e)k if n=1 (mod 3)
(1+2e)+(2-3¢e)i+(-3+¢e)j+(1+2)k if n=2 (mod 3)

Proof. Let a = a(1 + 2¢). Using the relation in (34) and (36) for the dual third-order Jacobsthal and dual
third-order Jacobsthal-Lucas quaternions, the left side of equality (37) can be written as

n+3 n+3 — n+3 n+3

(jD‘f))z +3p9 . ip®_ = (; (273 + 3VD§13>))2 Jno,(;(zmg _vp® ))(; (2*%a +3vD®) ))

2
= % (22n+622 +3- 2n+3(g, VDS) + VDS) @) +9 (VDS)) )
2
+ % (22n+10g2 + 2n+4(3g, VD513J23 _ 4VD$13:3 ‘a)-3 (VfojS) ),
where
’ 2iN3) 2V3)
VD;):(1+T a)1E+ l_—3 W)y
(2-3e)+(-3+e)i+(1+26)j+(2-3e)k i n=0 (mod 3) (38)

= (B3+e)+(1+2)i+(2-3¢)j+(-83+¢e)k if n=1 (mod 3)
1+2e)+2-3)i+(-3+¢)j+(1+2e)k if n=2 (mod 3)

Note that VDY = VDS’lS for all n > 0, which can be simplified as

2 3
(]'Df)) + 3]D513:3 . jD;S-i)-S — 22n+622 + = (2n+3(6_¥ . VD1(13) _ VD;S) . Q))
Thus, we get the required result in (37). O

Theorem 3.5. For every nonnegative integer number n we get
('[)(3))2 @y _ 2", ©) 3)
D) =9(JDY) = =—-@a* +3(a- VD + VD}Y - ), (39)

where a = a(1 + 2¢) and VDY gs in (38).

The proofs of quadratic identities for the dual third-order Jacobsthal and dual third-order Jacobsthal-
Lucas quaternions in this theorem are similar to the proof of the identity (37) of Theorem 3.4, and are
omitted here.

Using the notation in Eq. (34), we investigated a type of identities for the dual third-order Jacobsthal
quaternions.
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Theorem 3.6. For m > n > 0 integers:

1
DYDY~ DY DY = 7( 21up®?, —27up? | + wp), ) (40)
and
1
(102, - 1D, D¢ = - ( 21@auDf), - uDf) @ + WDy ), (41)
where UDY = UQY +eUQ®) , uQY = ud + u®,i+ u®,j+ u® kand U = H,(0,1).
Proof. For m > n:
3y pn+2 ®
3 1) ® e _ L[ @"a-VD,)2"?a-VD
D IDn+1 _]Derl]D” 4_( (2m+2a VD(3) )(2n+1a VD83)
+1
1 —2m+10éVD(3) 2”+2VD(3)a+2m+2aVD(3) +2n+1VD(3) a
=1 ARG A O = “2)
49 +vDPvDY. —vD® vDf

1
- ® @ @)
= = ( 2"1auDf), - 21D a + WDS, ),

where UDY), = 1(2vD( - vDP) ), uDY = UQY + ¢UQY), and (w1 — w2)WDS, = 7(} "By — wh~"yp).
Furthermore, if m = n + 1 in Eq. (42), we obtain for n > 0,
1
(102, - 1D, D¢ = = ( 2 @aun®), - unf),a)+ WD ). (43)

O

4. Matrix Representation of Dual Third-Order Jacobsthal Quaternions

The matrix method is very useful method in order to obtain some identities for special sequences. For
example, using matrix methods, the authors obtained some identities for various special sequences (see

[2, 13]). In this case, the generating matrix of the sequence {] DP},50 is given by

11 2 Ioh T2 2
M'=|100]|=|J9 ]f;) +2 ]<3) 2 ]?3’ , (44)
010 ]51321 ]3) + 2](3) ]3)
for all n > 0. We define for convenience ](_31) ](3) 5 1 and ](332 = —}1.

Now, let us define the following matrix as

IQ;) JQY +21QF 2]QF
R= 3) ]Q<3)+2]Q<3) 21Q% |. (45)
?3> Q<3> +27QP 2700

This matrix can be called the third-order Jacobsthal quaternion matrix. Then, we can give the next theorem by
the dual third-order Jacobsthal quaternions.

Theorem 4.1. If JDY be the n-th dual third-order Jacobsthal quaternion. Then, for n > 0:

® ® ® ®
¥, D +2]D i 2JD

n G &°
R-M"-S, = ]D@)3 ]Dné)2 +2 ]D 5 2 ]D@)z , (46)
]Dn+2 ]Dn+1 + ZID” 2]Dn+1
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1+e ¢ 2¢
where S, = € 1 0
0 e 1

Proof. (By induction on n) If n = 0, then the result is obvious. Now, we suppose it is true for n = t, that is

3) 3) 3)
t ]D%)4 ]Dt+3 + 2]D23+)2 ZID%;)3
R-M.S, = ]Dféff ]D(3§ + 2]Dt(§)1 2]D€3)2
]Dt+2 Dt+1 + 2]Dt 2]Dt+1

Using the definition (3), for t > 0, we have ]DEiS ]for)2 + ]DS)1 + 2]D§3). Then, by induction hypothesis
and MS, = S;M we get

RM*- S, = ((R-M')-S.)- M

[ Dy IDi+2/Diy /D |11 12
=| DY, ]D<3)§+2]Dfr)1 ZJDﬁ)Z 10 0
| ID, I +2IDY 2]D) Lo
[ 3) (3) (3) (3) (3)
]D€§4+ ]D(s) +2]D€3)2 ]Dt+4+2]D€§)3 2]D(3)
=| D+ thEszZIDHS.l ]Dt+3+2]Dt+2 2]Dt§—3
[ ]Dt+2+]D§+)1 +2]Dy D, +2]Dy, 2JD;,
[ 1D®. 1D® +2/D®  2]D®
_ t+5 fér)zl 1(53-)3 t+4
]ng4 ]D%ﬁ +2]D€§)2 2]Dt+3
| D} IDg, +2ID% 2Dy,
Hence, the equation (46) holds foralln > 0. O
Corollary 4.2. Forn >0,
DY, =1 +e)JQ%, +eJQY, +2¢]QY. (47)

Proof. The proof can be easily seen by the coefficient in the third row and first column of the matrix (R-M")-S,
and the equation (44). O

Corollary 4.3. Forn >0,

109, = 1Q9T + (JQP + JQPYP) + 27QP T (48)

Proof. The proof can be easily seen by the coefficient in the third row and first column of the matrix R-(M"-S,)
and the equations (44) and (45). O
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