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Abstract. In this paper, we generalize Kluvánek-Lewis type set-valued integral to fuzzy number measures
in Banach spaces. Firstly, we introduce the new fuzzy-valued integral with some natural properties. And
then, We establish Vitali type convergence theorem and dominated convergence theorem for this kind of
integral.

1. Introduction

Motivated by the applications in several areas of applied science, such as mathematical economics, fuzzy
optimal, process control and decision theory, much effort has been devoted to the generalization of classical
measure and integral results to the case when outcomes of a random experiment are represented by sets or
fuzzy sets, such as the concepts of set-valued measures and integrals (see, e.g., [3, 5, 9, 14, 16, 19]) and fuzzy-
valued measures and integrals (see, e.g., [4, 7, 8, 10–13, 17, 20, 21]). Among them, as an extension of the
integrals of real-valued functions with respect to vector measures, the integral of real-valued functions with
respect to a set-valued measure was first launched by Papageorgiou [9] who considered the bilinear integral
of Dinculeanu [2]. After that, Kandilakis [5] introduced an integral of a bounded real-valued measurable
function with respect to a set-valued measure using the set of Kluvánek-Knowles type integrals [6]. Wu,
Zhang and Wang [16] introduced the set-valued Bartle integral which is a set of Bartle-Dunford-Schwartz
type integrals [1] of a real-valued function with respect to measure selections of the given set-valued
measure. This type of definition has also been considered by Zhang, Li, Wang and Gao [18]. Recently, Zhou
and Shi [19] introduced set-valued Kluvánek-Lewis type integral which is a Pettis type weak integral of
real-valued functions with respect to a set-valued measure in Banach spaces. When it comes to integrals of
real-valued functions with respect to fuzzy-valued measures, only some approaches can be distinguished.
The integral of real-valued functions with respect to a fuzzy number measure in R was first introduced
by Stojaković [11]. Since then, based on Papageorgiou’s set-valued integral [9], the integral of real-valued
functions with respect to a fuzzy number measure was introduced by M. Stojaković and Z. Stojaković [12],
where the fuzzy number measure takes on values in the family of fuzzy sets with compact convex α-levels
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Research supported by the Natural Science Foundation of China (61572011), Natural Science Foundation of Hebei University

(799207217073), Youth Scientific Research Foundation of Education Department of Hebei Province (QN2015005), and Fund for talent
training inside Hebei university (801260201041)

Email addresses: pumpkinlili@163.com (Cai-Li Zhou), 996628625@qq.com (Xin Chen)



C. Zhou, X. Chen / Filomat 33:7 (2019), 1877–1887 1878

in finite dimensional Banach spaces. Based on the set-valued Bartle integral [16], Park [10] introduced
generalized fuzzy number-valued Bartle integral which is the integration of real-valued functions with
respect to a generalized fuzzy number measure, where the generalized fuzzy number measure takes on
values in the family of fuzzy sets with weakly compact and convexα-levels in an infinite dimensional Banach
space. Zhou and Shi [21] introduced an integral of real-valued functions with respect to a generalized fuzzy
number measure which is different from that of Park and main results are extensions of Zhang, Li, Wang
and Gao’s results [18].

In the present paper, we introduce and study a new fuzzy-valued integral of real-valued functions with
respect to a generalized fuzzy number measure. The result is an extension of set-valued Kluvánek-Lewis
type integral. We investigate some properties and establish convergence theorems for this kind of integral.

The paper is structured as follows. In Section 2, we state some basic concepts and preliminary results
which will be used in the sequel. In Section 3, we first introduce the new integral with some natural
properties. And then, we give Vitali type convergence theorem and dominated convergence theorem for
this kind of integral. Finally, we give an example to illustrate the feasibility of our results.

2. Preliminaries

Throughout this paper, let (Ω,A , µ) be a complete finite measure space where Ω is a nonempty set, A
is a σ-algebra of subsets of Ω and µ is a measure. Let (X, ‖ · ‖) be a real separable Banach space with its dual
space X∗ and R the set of reals. Let

P0(X) = {A ⊂ X : A is a nonempty subset of X},
Pb( f )(c)(X) = {A ∈P0(X) : A is bounded (closed) (convex)},
Pwkc(X) = {A ∈P0(X) : A is weakly compact and convex}.
For A,B ∈P f (X), the Hausdorff metric dH of A and B is defined by

dH(A,B) = max
{

sup
a∈A

d(a,B), sup
b∈B

d(b,A)
}
.

where d(a,B) = infb∈B ‖a− b‖. For A ⊂ X, the number |A| is defined by |A| = dH(A, {0}) = supx∈A ‖x‖.Note that
(Pwkc(X), dH) is a complete metric space. We shall denote by σ(·,A) the support function of the set A ⊂ X
defined by

σ(x∗,A) = sup
x∈A

x∗(x), x∗ ∈ X∗.

The support function satisfies the properties: σ(x∗,A + B) = σ(x∗,A) + σ(x∗,B) and σ(x∗, λA) = λσ(x∗,A)
for all A,B ∈P0(X), x∗ ∈ X∗ and λ ≥ 0. In particular,

H(A,B) = sup
‖x∗‖≤1

|σ(x∗,A) − σ(x∗,B)|

whenever A,B are two convex sets.
Let ũ : X → [0, 1]. We denote the α-level of ũ by ũα = {x ∈ X : ũ(x) ≥ α} for any α ∈ (0, 1]. ũ is called a

generalized fuzzy number if for each α ∈ (0, 1], ũα ∈Pwkc(X). Let Fwkc(X) denote the set of all generalized
fuzzy numbers on X (cf. [17]).

For ũ, ṽ ∈ Fwkc(X) and λ ∈ R, we define ũ + ṽ and λũ as follows:

(ũ + ṽ)(x) = sup
x=y+z

min{ũ(y), ṽ(z)},

(λũ)(x) =

 ũ
( 1
λx

)
, if λ , 0,

0, if λ = 0.
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Obviously, we have (ũ + ṽ)α = ũα + ṽα and (λũ)α = λũα for each α ∈ (0, 1]. Hence ũ + ṽ, λũ ∈ Fwkc(X) (cf.
[10, 17]). In the set Fwkc(X) we can define the metric d∞H by

d∞H (ũ, ṽ) = sup
α∈(0,1]

dH(ũα, ṽα).

(Fwkc(X), d∞H ) is a metric space (cf. [10]). The norm ‖ũ‖ of ũ ∈ Fwkc(X) is defined by

‖ũ‖ = d∞H (ũ, 0̃) = sup
α∈(0,1]

|ũα|,

where 0̃ is indicator function of {0}.

Theorem 2.1. [15] If ũ ∈ Fwkc(X), then
(1) ũα ∈Pwkc(X) for all α ∈ (0, 1];
(2) ũα ⊇ ũβ for 0 < α ≤ β ≤ 1;
(3) if {αn}n∈N is a nondecreasing sequence in [0, 1] converging to α ∈ (0, 1], then ũα =

⋂
∞

n=1 ũαn .
Conversely, if {Aα : α ∈ (0, 1]} ⊆P0(X) satisfies (1)-(3) above, then there exists a ũ ∈ Fwkc(X) such that ũα = Aα

for each α ∈ (0, 1].

Definition 2.2. [3] Let (Ω,A ) be a measurable space. The mappingM : A →P0(X) is called a set-valued
measure if it satisfies the following two conditions:

(1)M(∅) = {0};
(2) if A1,A2, . . . are in A , with Ai ∩ A j = ∅ for i , j, then

M

 ∞⋃
i=1

Ai

 =

∞∑
i=1

M(Ai),

where
∑
∞

i=1M(Ai) =
{
x ∈ X : x =

∑
∞

i=1 xi unc. conv.), xi ∈ M(Ai), i ≥ 1
}
.

As for single-valued measures, we have the notion of total variation |M| ofM. For A ∈ A we define
|M|(A) = sup

∑n
i=1 |M(Ai)|, where the supremum is taken over all finite measurable partitions {A1, . . . ,An}

of A. If |M|(Ω) < ∞, then we say that M is of bounded variation. We say that M is µ-continuous if for
arbitrary A ∈ A , µ(A) = 0, thenM(A) = {0}.

Definition 2.3. [17] Let (Ω,A ) be a measurable space. The mapping M̃ : A → Fwkc(X) is called a
generalized fuzzy number measure if it satisfies the following two conditions:

(1) M̃(∅) = 0̃;
(2) if A1,A2, . . . are in A , with Ai ∩ A j = ∅ for i , j, then

M̃

 ∞⋃
i=1

Ai

 =

∞∑
i=1

M̃(Ai)

where (
∑
∞

i=1 M̃(Ai))(x) = sup{
∧
∞

i=1 M̃(Ai)(xi) : x =
∑
∞

i=1 xi (unc. conv.) }.

We say that M̃ is µ-continuous if for arbitrary A ∈ A , µ(A) = 0, then M̃(A) = 0̃. For A ∈ A we define
|M̃|(A) = sup

∑n
i=1 ‖M̃(Ai)‖, where the supremum is taken over all finite measurable partitions {A1, . . . ,An}

of A. |M̃| is called the total variation of M̃. Note that for each generalized fuzzy number measure
M̃ : A → Fwkc(X) and A ∈ A , we have |M̃|(A) = supα∈(0,1] |M̃α(A)|. Therefore, |M̃| is a real valued measure.
If |M̃|(Ω) < ∞, then we say that M̃ is of bounded variation. If M̃ is of bounded variation, then for each
α ∈ (0, 1], M̃α is of bounded variation. For a real valued function f : Ω→ R, if f is |M̃|-integrable, then f is
|M̃α|-integrable for each α ∈ (0, 1] (cf. [10]).

Theorem 2.4. [17] The mapping M̃ : A → Fwkc(X) is a generalized fuzzy number measure if and only if there
exists a family of set-valued measures M̃α : A →Pwkc(X), α ∈ (0, 1] satisfying the following three conditions:



C. Zhou, X. Chen / Filomat 33:7 (2019), 1877–1887 1880

(1) for arbitrary α, β ∈ (0, 1] and A ∈ A , if α ≤ β, then M̃α(A) ⊇ M̃β(A);
(2) for arbitrary {αn}n∈N ⊆ (0, 1] and A ∈ A , if αn ↗ α, then M̃α(A) =

⋂
∞

n=1 M̃αn (A);
(3) for arbitrary A ∈ A , we have

M̃(A)(x) =

{
sup{α ∈ (0, 1] : x ∈ M̃α(A)}, if {α ∈ (0, 1] : x ∈ M̃α(A)} , ∅;
0, if {α ∈ (0, 1] : x ∈ M̃α(A)} = ∅.

Note that for a generalized fuzzy number measure M̃ : A → Fwkc(X) the set-valued measure M̃α :
A →Pwkc(X) is determined by

M̃α(A) = {x ∈ X : M̃(A)(x) ≥ α},

i.e., M̃α(A) = [M̃(A)]α for each A ∈ A and α ∈ (0, 1].
Let L1(Ω,R, |M|) be the space of all functions f : Ω→ R which are A -measurable and |M|-integrable.

Definition 2.5. [19] Let M : A → Pwkc(X) be a set-valued measure and f : Ω → R be an element of
L1(Ω,R, |M|). f is said to be Kluvánek-Lewis integrable with respect toM (for shortly, (KL)M-integrable)
if

(1) f is σ(x∗,M(·))-integrable for each x∗ ∈ X∗;
(2) for each A ∈ A , there exists a WA ∈Pwkc(X) such that

σ(x∗,WA) =

∫
A

f (ω) dσ(x∗,M(ω))

for each x∗ ∈ X∗. In the case, we write

WA = (KL)
∫

A
f (ω) dM(ω)

for each A ∈ A and call it set-valued Kluvánek-Lewis integral of f with respect toM on A.

3. Main results

In the sequel, let L1(Ω,R, |M̃|) be the space of all functions f : Ω→ Rwhich are A -measurable and |M̃|-
integrable. Note that if f is |M̃|-integrable, then f is |M̃α|-integrable for each α ∈ (0, 1]. Hence, we naturally
generalize the set-valued Kluvánek-Lewis integral to generalized fuzzy number measures as follows:

Definition 3.1. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f : Ω→ R an element of
L1(Ω,R, |M̃|). f is said to be Kluvánek-Lewis integrable with respect to M̃ (for shortly, (KL) M̃-integrable)
if f is (KL) M̃α-integrable and there exists a fuzzy number W̃A ∈ Fwkc(X) such that

[W̃A]α = (KL)
∫

A
f (ω) dM̃α(ω)

for each A ∈ A and α ∈ (0, 1]. In the case, we write W̃A = (KL)
∫

A f (ω) dM̃(ω) and call it fuzzy-valued
Kluvánek-Lewis integral of f with respect to M̃ on A.

We obtain the following remark from Theorem 2.1 and Definition 3.1.

Remark 3.2. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f : Ω → R an element
of L1(Ω,R, |M̃|). Then f is (KL) M̃-integrable if and only if for each A ∈ A , f satisfies the following three
conditions:

(1) (KL)
∫

A f (ω) dM̃α(ω) ∈Pwkc(X) for all α ∈ (0, 1];
(2) (KL)

∫
A f (ω) dM̃α(ω) ⊇ (KL)

∫
A f (ω) dM̃β(ω) for 0 < α ≤ β ≤ 1;

(3) if {αn}n∈N is a nondecreasing sequence in [0, 1] converging to α ∈ (0, 1], then (KL)
∫

A f (ω) dM̃α(ω) =⋂
∞

n=1(KL)
∫

A f (ω) dM̃αn (ω).
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Theorem 3.3. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure. If f =
∑n

i=1 λiχAi is a nonnegative
simple function, then f is (KL) M̃-integrable.

Proof. By Example 5 [19], we know that f is (KL) M̃α-integrable for each α ∈ (0, 1]. This follows that
(KL)

∫
A f (ω) dM̃α(ω) ∈Pwkc(X) and

(KL)
∫

A
f (ω) dM̃α(ω) =

n∑
i=1

λiM̃α(Ai ∩ A).

By Theorem 2.4, for arbitrary α, β ∈ (0, 1] with α ≤ β and A ∈ A , we have M̃α(A) ⊇ M̃β(A), which implies
that σ(x∗,M̃α(A)) ≥ σ(x∗,M̃β(A)) for each x∗ ∈ X∗. It follows that

(KL)
∫

A
f (ω) dM̃α(ω) ⊇ (KL)

∫
A

f (ω) dM̃β(ω).

Now let {an}n∈N be a nondecreasing sequence in [0, 1] converging to α ∈ (0, 1]. Then we obtain that

∞⋂
n=1

(KL)
∫

A
f (ω) dM̃αn (ω) =

∞⋂
n=1

n∑
i=1

λiM̃αn (Ai ∩ A)

=

∞⋂
n=1

 n∑
i=1

λiM̃(Ai ∩ A)


αn

=

 n∑
i=1

λiM̃(Ai ∩ A)


α

=

n∑
i=1

λiM̃α(Ai ∩ A)

= (KL)
∫

A
f (ω) dM̃α(ω).

Up to now, the family {(KL)
∫

A f (ω) dM̃α(ω)}α∈(0,1] satisfies all the conditions of Remark 3.2. Hence f =∑n
i=1 λiχAi is (KL) M̃-integrable. This completes the proof.

In what follows, some properties of the fuzzy-valued Kluvánek-Lewis integral will be given.

Theorem 3.4. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f , 1 : Ω → R elements of
L1(Ω,R, |M̃|) and λ ≥ 0.

(1) If f and 1 are (KL) M̃-integrable, then f + 1 is (KL) M̃-integrable and

(KL)
∫

A

{
f (ω) + 1(ω)

}
dM̃(ω) = (KL)

∫
A

f (ω) dM̃(ω) + (KL)
∫

A
1(ω) dM̃(ω)

for each A ∈ A .
(2) If f is (KL) M̃-integrable, then λ f is (KL) M̃-integrable and

(KL)
∫

A
λ f (ω) dM̃(ω) = λ(KL)

∫
A

f (ω) dM̃(ω)

for each A ∈ A .
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Proof. (1) Since f and 1 are (KL) M̃-integrable, f and 1 are (KL) M̃α-integrable and there exists fuzzy
number (KL)

∫
A f (ω) dM̃(ω) and (KL)

∫
A 1(ω) dM̃(ω) ∈ Fwkc(X) such that[

(KL)
∫

A
f (ω) dM̃(ω)

]
α

= (KL)
∫

A
f (ω) dM̃α(ω),[

(KL)
∫

A
1(ω) dM̃(ω)

]
α

= (KL)
∫

A
1(ω) dM̃α(ω)

for each α ∈ (0, 1] and A ∈ A . According to Theorem 6 [19], f + 1 is (KL) M̃α-integrable and

(KL)
∫

A

{
f (ω) + 1(ω)

}
dM̃α(ω) = (KL)

∫
A

f (ω) dM̃α(ω) + (KL)
∫

A
1(ω) dM̃α(ω)

for each α ∈ (0, 1] and A ∈ A . It follows that

(KL)
∫

A

{
f (ω) + 1(ω)

}
dM̃α(ω) = (KL)

∫
A

f (ω) dM̃α(ω) + (KL)
∫

A
1(ω) dM̃α(ω)

=

[
(KL)

∫
A

f (ω) dM̃(ω)
]
α

+

[
(KL)

∫
A
1(ω) dM̃(ω)

]
α

=

[
(KL)

∫
A

f (ω) dM̃(ω) + (KL)
∫

A
1(ω) dM̃(ω)

]
α

for each α ∈ (0, 1] and A ∈ A . Also, since (KL)
∫

A f (ω) dM̃(ω) and (KL)
∫

A 1(ω) dM̃(ω) ∈ Fwkc(X),
(KL)

∫
A f (ω) dM̃(ω) + (KL)

∫
A 1(ω) dM̃(ω) ∈ Fwkc(X). Hence f + 1 is (KL) M̃-integrable and

(KL)
∫

A

{
f (ω) + 1(ω)

}
dM̃(ω) = (KL)

∫
A

f (ω) dM̃(ω) + (KL)
∫

A
1(ω) dM̃(ω)

for each A ∈ A .
(2) Since f is (KL)M̃-integrable, f is (KL)M̃α-integrable and there exists fuzzy number (KL)

∫
A f (ω) dM̃(ω) ∈

Fwkc(X) such that [
(KL)

∫
A

f (ω) dM̃(ω)
]
α

= (KL)
∫

A
f (ω) dM̃α(ω)

for each α ∈ (0, 1] and A ∈ A . By Theorem 6 [19], λ f is (KL) M̃α-integrable and

(KL)
∫

A
λ f (ω) dM̃α(ω) = λ(KL)

∫
A

f (ω) dM̃α(ω)

for each α ∈ (0, 1], A ∈ A and λ ≥ 0. This follows that

(KL)
∫

A
λ f (ω) dM̃α(ω) = λ(KL)

∫
A

f (ω) dM̃α(ω)

= λ

[
(KL)

∫
A

f (ω) dM̃(ω)
]
α

=

[
λ(KL)

∫
A

f (ω) dM̃(ω)
]
α

for each α ∈ (0, 1], A ∈ A and λ ≥ 0. Since (KL)
∫

A f (ω) dM̃(ω) ∈ Fwkc(X), λ(KL)
∫

A f (ω) dM̃(ω) ∈ Fwkc(X).
Therefore, λ f is (KL) M̃-integrable and

(KL)
∫

A
λ f (ω) dM̃(ω) = λ(KL)

∫
A

f (ω) dM̃(ω)

for each A ∈ A . This completes the proof.
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One of the important properties of set-valued Kluvánek-Lewis integrals is that the indefinite integral
of an integrable function is a set-valued measure. We would like to extend the result to fuzzy-valued
Kluvánek-Lewis integrals as follows.

Theorem 3.5. Let (Ω,A , µ) be a nonnegative finite measure space, M̃ : A → Fwkc(X) be aµ-continuous generalized
fuzzy number measure and f : Ω→ R be (KL) M̃-integrable. Then M̃′ : A → Fwkc(X) defined by

M̃
′(A) = (KL)

∫
A

f (ω) dM̃(ω),∀A ∈ A

is a µ-continuous generalized fuzzy number measure.

Proof. Since f is (KL)M̃-integrable, f is (KL)M̃α-integrable and there exists fuzzy number (KL)
∫

A f (ω) dM̃(ω) ∈
Fwkc(X) such that [

(KL)
∫

A
f (ω) dM̃(ω)

]
α

= (KL)
∫

A
f (ω) dM̃α(ω)

for each α ∈ (0, 1] and A ∈ A . Since M̃ is µ-continuous, M̃α is µ-continuous for each α ∈ (0, 1]. According
to Theorem 7 [19], M̃′α : A →Pwkc(X) defined by

M̃
′

α(A) = (KL)
∫

A
f (ω) dM̃α(ω) =

[
(KL)

∫
A

f (ω) dM̃(ω)
]
α

=
[
M̃
′(A)

]
α
,∀A ∈ A

is a µ–continuous set-valued measure for each α ∈ (0, 1].
In order to show that M̃′ : A → Fwkc(X) is a generalized fuzzy number measure, we prove that

{M̃
′
α(·)}α∈(0,1] satisfies all conditions of Theorem 2.4. Since (KL)

∫
A f (ω) dM̃(ω) ∈ Fwkc(X) and M̃′α(A) =

[(KL)
∫

A f (ω) dM̃(ω)]α, M̃′α satisfies conditions (1) and (2) of Theorem 2.4. For arbitrary A ∈ A , if M̃′(A)(x) >
0, i.e., {α ∈ (0, 1] : x ∈ [M̃′(A)]α = M̃′α(A)} , ∅, then

M̃
′(A)(x) = sup{α ∈ (0, 1] : M̃′(A)(x) ≥ α}

= sup{α ∈ (0, 1] : x ∈ [M̃′(A)]α}
= sup{α ∈ (0, 1] : x ∈ M′α(A)}.

If M̃′(A)(x) = 0, then for all α ∈ (0, 1], x < [M̃′(A)]α = M̃′α(A), i.e., {α ∈ (0, 1] : x ∈ M′α(A)} = ∅. Hence, for
any A ∈ A , M̃′(A) satisfies

M̃
′(A)(x) =

{
sup{α ∈ (0, 1] : x ∈ M̃′α(A)}, if {α ∈ (0, 1] : x ∈ M̃′α(A)} , ∅;
0, if {α ∈ (0, 1] : x ∈ M̃′α(A)} = ∅.

Up to now, {M̃′α(·)}α∈(0,1] satisfies all the conditions of Theorem 2.4. HenceM̃′ : A → Fwkc(X) is a generalized
fuzzy number measure. It is easy to see that M̃′ is absolutely continuous with respect to M̃, which implies
that M̃′ is µ-continuous. This completes the proof.

Theorem 3.6. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f : Ω → R an element of
L1(Ω,R, |M̃|). If f : Ω→ R is (KL) M̃-integrable, then for each A ∈ A , we have∥∥∥∥∥(KL)

∫
A

f (ω) dM̃(ω)
∥∥∥∥∥ ≤ ∫

A
| f (ω)|d|M̃|(ω).

Proof. Since f : Ω → R is (KL) M̃-integrable, f : Ω → R is (KL) M̃α-integrable and there exists
(KL)

∫
A f (ω) dM̃(ω) ∈ Fwkc(X) such that[

(KL)
∫

A
f (ω) dM̃(ω)

]
α

= (KL)
∫

A
f (ω) dM̃α(ω)
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for each α ∈ (0, 1] and A ∈ A . Then, by Theorem 9 [19], we have∣∣∣∣∣(KL)
∫

A
f (ω) dM̃α(ω)

∣∣∣∣∣ ≤ ∫
A
| f (ω)|d|M̃α|(ω)

for each A ∈ A and α ∈ (0, 1]. It follows that∥∥∥∥∥(KL)
∫

A
f (ω) dM̃(ω)

∥∥∥∥∥ = d∞H

(
(KL)

∫
A

f (ω) dM̃(ω), 0̃
)

= sup
α∈(0,1]

∣∣∣∣∣∣
[
(KL)

∫
A

f (ω) dM̃(ω)
]
α

∣∣∣∣∣∣
= sup
α∈(0,1]

∣∣∣∣∣(KL)
∫

A
f (ω) dM̃α(ω)

∣∣∣∣∣
≤ sup
α∈(0,1]

∫
A
| f (ω)|d|M̃α|(ω).

Since for each A ∈ A , we have |M̃|(A) = supα∈(0,1] |M̃α(A)|, which implies that

sup
α∈(0,1]

∫
A
| f (ω)|d|M̃α|(ω) ≤

∫
A
| f (ω)|d|M̃|(ω).

Up to now, ‖(KL)
∫

A f (ω) dM̃(ω)‖ ≤
∫

A | f (ω)|d|M̃|(ω). This completes the proof.

Corollary 3.7. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f : Ω → R an element of
L1(Ω,R, |M̃|). If f : Ω→ R is (KL) M̃-integrable, then

(1) limA→∅ ‖(KL)
∫

A f (ω) dM̃(ω)‖ = 0;
(2) if A = ∅, then (KL)

∫
A f (ω) dM̃(ω) = 0̃;

(3) if f = 0, then (KL)
∫

A f (ω) dM̃(ω) = 0̃ for each A ∈ A .

Proof. (1) By Theorem 3.6, we have∥∥∥∥∥(KL)
∫

A
f (ω) dM̃(ω)

∥∥∥∥∥ ≤ ∫
A
| f (ω)|d|M̃|(ω).

It follows that

lim
A→∅

∥∥∥∥∥(KL)
∫

A
f (ω) dM̃(ω)

∥∥∥∥∥ ≤ lim
A→∅

∫
A
| f (ω)|d|M̃|(ω) = 0.

This implies that limA→∅ d∞H
(
(KL)

∫
A f (ω) dM̃(ω), 0̃

)
= 0.

(2) If A = ∅, then
∫

A | f (ω)|d|M̃|(ω) = 0. Therefore, by Theorem 3.6, we have

d∞H

(
(KL)

∫
A

f (ω) dM̃(ω), 0̃
)

=

∥∥∥∥∥(KL)
∫

A
f (ω) dM̃(ω)

∥∥∥∥∥ ≤ ∫
A
| f (ω)|d|M̃|(ω) = 0,

which implies that d∞H
(
(KL)

∫
A f (ω) dM̃(ω), 0̃

)
= 0. Since (Fwkc(X), d∞H ) is a metric space, (KL)

∫
A f (ω) dM̃(ω) =

0̃.
(3) If f = 0, then

(KL)
∫

A
f (ω) dM̃α(ω) = {0}

for each A ∈ A and α ∈ (0, 1]. It follows that (KL)
∫

A f (ω) dM̃(ω) = 0̃ for each A ∈ A . This completes the
proof.
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By virtue of classical Vitali type convergence theorem, we obtain Vitali type convergence theorem for
fuzzy-valued Kluvánek-Lewis integral as follows:

Theorem 3.8. Let M̃ : A → Fwkc(X) be a generalized fuzzy number measure and f , fn : Ω→ R,n ∈ N, elements
of L1(Ω,R, |M̃|). If f and fn,n ∈N, are (KL) M̃-integrable such that { fn}n∈N is uniformly integrable with respect to
|M̃| and limn→∞ fn = f |M̃|-a.e. Then

lim
n→∞

d∞H

(
(KL)

∫
Ω

fn(ω) dM̃(ω), (KL)
∫

Ω

f (ω) dM̃(ω)
)

= 0.

Proof. Since f and fn (n ∈ N) are (KL) M̃-integrable, f and fn (n ∈ N) are (KL) M̃α-integrable and there
exists (KL)

∫
Ω

f (ω) dM̃(ω) and (KL)
∫

Ω
fn(ω) dM̃(ω) ∈ Fwkc(X) (n ∈N) such that[

(KL)
∫

Ω

f (ω) dM̃(ω)
]
α

= (KL)
∫

Ω

f (ω) dM̃α(ω)

and [
(KL)

∫
Ω

fn(ω) dM̃(ω)
]
α

= (KL)
∫

Ω

fn(ω) dM̃α(ω)

for each α ∈ (0, 1] and n ∈ N. By properties of support functions and definition of set-valued Kluvánek-
Lewis integral, we have

dH

(
(KL)

∫
Ω

fn(ω) dM̃α(ω), (KL)
∫

Ω

f (ω) dM̃α(ω)
)

= sup
‖x∗‖≤1

∣∣∣∣∣∣σ
(
x∗, (KL)

∫
Ω

fn(ω) dM̃α(ω)
)
− σ

(
x∗, (KL)

∫
Ω

f (ω) dM̃α(ω)
)∣∣∣∣∣∣

= sup
‖x∗‖≤1

∣∣∣∣∣∫
Ω

fn(ω) dσ
(
x∗,M̃α(ω)

)
−

∫
Ω

f (ω) dσ
(
x∗,M̃α(ω)

)∣∣∣∣∣
≤ sup
‖x∗‖≤1

∫
Ω

∣∣∣ fn(ω) − f (ω)
∣∣∣ d

∣∣∣∣σ (
x∗,M̃α(·)

)∣∣∣∣ (ω)

≤

∫
Ω

∣∣∣ fn(ω) − f (ω)
∣∣∣ d|M̃α|(ω)

≤

∫
Ω

∣∣∣ fn(ω) − f (ω)
∣∣∣ d|M̃|(ω)

for each α ∈ (0, 1]. Since { fn}n∈N is uniformly integrable with respect to |M̃| and limn→∞ fn = f |M̃|-a.e.,
according to classical Vitali’s convergence theorem, we have∫

Ω

∣∣∣ fn(ω) − f (ω)
∣∣∣ d|M̃|(ω)→ 0

as n→∞. Then we we can conclude that

d∞H

(
(KL)

∫
Ω

fn(ω) dM̃(ω), (KL)
∫

Ω

f (ω) dM̃(ω)
)

= sup
α∈(0,1]

dH

([
(KL)

∫
Ω

fn(ω) dM̃(ω)
]
α

,

[
(KL)

∫
Ω

f (ω) dM̃(ω)
]
α

)
= sup
α∈(0,1]

dH

(
(KL)

∫
Ω

fn(ω) dM̃α(ω), (KL)
∫

Ω

f (ω) dM̃α(ω)
)

≤

∫
Ω

∣∣∣ fn(ω) − f (ω)
∣∣∣ d|M̃|(ω)→ 0
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as n→∞. This completes the proof.

Similarly, we can obtain the dominated convergence theorem for fuzzy-valued Kluvánek-Lewis integral
as follows:

Theorem 3.9. LetM : A → Fwkc(X) be a generalized fuzzy number measure and f , fn : Ω→ R (n ∈N) elements
of L1(Ω,R, |M̃|). If f and fn : Ω → R (n ∈ N) are (KL) M̃-integrable such that limn→∞ fn = f |M̃|-a.e. If there
exists a nonnegative, |M̃|-integrable function 1 : Ω→ R such that | fn(ω)| ≤ 1(ω) for all n ∈N and ω ∈ Ω, then we
have

lim
n→∞

d∞H

(∫
Ω

fn(ω) dM(ω),
∫

Ω

f (ω) dM(ω)
)

= 0.

Proof. Using the same manner as in the proof of Theorem 3.8 and by classical dominated convergence
theorem, we can obtain the proof.

Finally, we give an example to illustrate the feasibility of our results.

Example 3.10. Let (Ω,A , µ) be a complete finite measure space and M̃ : A → Fwkc(R) a generalized fuzzy
number measure defined by

M̃(A)(x) =


x

µ(A)
, x ∈ [0, µ(A)]

0, x < [0, µ(A)]

ifµ(A) , 0 and M̃(A)(x) = χ{0}(x) ifµ(A) = 0.Let f = χB, whereχB is the characteristic function of measurable
set B in A . We can show that f is (KL) M̃-integrable. Obviously, χB is (KL) M̃α-integrable for each α ∈ (0, 1].
This follows that (KL)

∫
A χB(ω) dM̃α(ω) ∈ Pwkc(X) and (KL)

∫
A χB(ω) dM̃α(ω) = M̃α(B ∩ A). For arbitrary

α, β ∈ (0, 1] with α ≤ β and A ∈ A , we have M̃α(A) ⊇ M̃β(A). It follows that (KL)
∫

A χB(ω) dM̃α(ω) ⊇
(KL)

∫
A χB(ω) dM̃β(ω). If {an}n∈N is a nondecreasing sequence in [0, 1] converging to α ∈ (0, 1]. Then we

obtain that

∞⋂
n=1

(KL)
∫

A
χB(ω) dM̃αn (ω) =

∞⋂
n=1

M̃αn (B ∩ A) =

∞⋂
n=1

[
M̃(B ∩ A)

]
αn

=
[
M̃(B ∩ A)

]
α

= (KL)
∫

A
χB(ω) dM̃α(ω).

Hence f = χB is (KL) M̃-integrable and(
(KL)

∫
A
χB(ω) dM̃

)
(x) =

{
sup{α ∈ (0, 1] : x ∈ [αµ(B ∩ A), µ(B ∩ A)]}, if {α ∈ (0, 1] : x ∈ M̃α(B ∩ A)} , ∅;
0, if {α ∈ (0, 1] : x ∈ M̃α(B ∩ A)} = ∅.

4. Conclusion

In the current paper we introduce a new integral of real-valued functions with respect to a generalized
fuzzy number measure. We investigate its properties and establish convergence theorems. In all appli-
cations which involve measure and integral, when measurement or data are fuzzy-valued, the structure
defined in this paper can be applied. There are several directions for further investigation connected with
this topic: specific properties of the integral-Chebyshev type inequalities and Markov type inequalities,
application on random case - expectation and conditional expectation, application in economy.
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[11] M. Stojaković, Integral with respect to fuzzy valued measure, Novi Sad J. Math. 25 (1995), 103–109.
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