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Abstract. In this paper we introduced the concept of strong probabilistic metric spaces (sSPM spaces) and
we show some of its basic properties. In this frame we present several fixed point results for mappings of
contractive type. Our results generalize and unify several fixed point theorems in literature. Finally, we
give some possible applications of our results.

1. Introduction

There are several abstract metric spaces (b—metric, metric-like, cone metric, fuzzy metric, probabilistic
metric see [1]-[21]. Our structure, the structure of strong probabilistic metric spaces is one of them.

In 1942, K. Menger introduced the notion of a probabilistic metric space as a generalization of metric
space in which the distance between p and g is replaced by the distribution function ¥, , € A*. F, ;(x) can be
interpreted as probability that the distance between p and g is less than x. In fact there are several definitions
of probabilistic metric space. The following definition was given by Schweizer and Sklar [17]:

Definition 1.1. Menger probabilistic metric space is an ordered triple (S, ¥, T), where S is a non-empty set and
F : SxS — A* (A" is the set of all distribution functions F, with F(0) = 0) and T is a t—norm, such that the
following hold

1. (Yp,q€8) Fpq=TFop:
2. (VpgeS) VueR) Fu)=1ep=g;
3. (p,q,r € S)(Vu,v > 0) T(Fp (1), Frq(0)) < Fp g + 0).

Definition 1.2. A function T : [0,1]*> — [0, 1] is called a t—norm if
T1) (Vae[0,1]) T(a,1) =a;
Tp) (Ya,b e€[0,1]) T(a,b) = T(b,a);
T3) (Va,b,c,d€[0,1))a=cAb>d = T(a,b) = T(c,4d);
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Ts) (Ya,b,c €[0,1]) T(a, T(b,c)) = T(T(a,b), c).

Sehgal [18], Sehgal and Bharucha-Reid [19] initiated the study of contraction mappings in probabilistic
metric spaces. They introduced the notion of contraction (refer as B-contraction) and proved that contractive
mapping on complete Menger probabilistic metric space (S, , T), with t—norm T = min has a unique fixed
point. Subsequently, Sherwood [20] improved their results and so the development of fixed point theory
in probabilistic metric spaces began. Since then many papers in this direction have been published (for
references see [4] for example). This article is our contribution to fixed point theory in probabilistic metric
spaces.

2. Strong probabilistic metric spaces

Let A* be the set of all distribution functions F : R — [0,1] (nondecreasing, leftcontinuous with
sup F(u) = 1 such that F(0) = 0).
ueR

Definition 2.1. [17] The ordered pair (S, ), where S is a nonempty set and ¥ : SXS — A™ isa weak probabilistic
metric space (briefly wPM space) if the following conditions are satisfied:

F1) (Vp,q €8) Fpq=Fop
F) VueR") F,,u)=1ep=g;
F3) (Vp,q,r € S)Vu,v>0) F,,(u) =1,F,(0) =1 = F,5(u+0) = 1.

For ¥,,4(u) we often use ¥ (p, q, u), or ¥ (p, q; u).
Remark. Obviously every Menger probabilistic metric space is a wPM space.
Now, for every p € S let us define the set

CS,F,p) = Hlpah €™ + lim F, (1) =1,Yu > 0},

Remark. Sets C(S, F,p), p € S are nonempty since for p, = p,n € N, {p,} € C(S,F, p).

Definition 2.2. [5] The ordered pair (S, F), is a strong probabilistic metric space (sPM space) if (S, F) is a weak
probabilistic metric space and F satisfied condition

F4) there exists C > 0 such that

(Vp,q€S) {pat €CS,F,p) = Fpqg(u) 2 limglfﬂmq(%), Yu > 0.

Example 2.3. Every Menger probabilistic metric space (S, ¥, T) with continuous t—norm T is a strong probabilistic
metric space.

We only have to prove that F,) is satisfied for some C > 0. Let p,q € S and {p,} € C(S,F,p). From
FrqW) = T(Fpp,(5), Fp,q(3)), for every n € N, all u > 0, and continuity of T it follows that

. u u
Toat) 2 B InET(F, (3, T a(3)
> T(1, iminf %, (=) = iminf (=
= 4 1}?‘1}})]0"1 4 2) - lnnl)gl 4 2)’
for all u > 0, so F,) is satisfied for C = 2.

Example 2.4. Every (Menger) probabilistic b—metric space is a strong probabilistic metric space.
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Let us recall that (Menger) probabilistic b—metric space [15] is a quadruple (S, 7, T, s), where S is nonempty
set, 7! is function from S X S into A*, T is continuous f—norm, s > 1 is a real number, and the following
conditions are satisfied for all p,q,r € S.

F) 72, =1,forallu>0ep=g;
F) F2.(1) = FL,(u) for allu > 0;

Fb) T2 (s(u + ) = T(FE (),

,q(v), forall u,v > 0.

We have just to prove that 7 satisfies condition Fy). Let p € S and {p,} € C(S, ¥, p). For every g € S, by
the property F3), we have
u u
ﬂliq(u) 2 T(ﬁ%p,,(z_s)/ 7:b q(z_s))/

n/

for every natural number n and all u > 0.
Hence, we have

o u o u
Fra(tt) = T(A liminf F ,(>-)) = liminf £ ().
The property F4) is then satisfied with C = 2s.

Example 2.5. Let S = IR} and for all p,q € S the functions

min{p,q}+u

u>0
7:(1) u) = { max{pgltu’ ,
pa (1) 0, u<o0
m pm;qm "
7:;;(57)(”) ={ maxgpgras 47 0 (m>0),
0, u<o

are in A* and obviously conditions F1), F,) and F3) are satisfied.
Now, let sequence {p,} € C(S, FO, p). It means that

7:(1)

pmp(u) — 1, n— oo, forallu>0,s0

max{py,, p} — min{p,, p}

W
1= max{p,, p} + u

— 0, n— o0, forallu>0.
But, then p,, — p, n — oo, in usual topology on R so forany g € S
lim Fi0% () = Fi) ), , Yu >0,

and Fy) is satisfied for C = 1.
We just prove that (S, V) is a strong probabilistic metric space.

Similarly, one can prove that (S, F) for Fp4(u) = ?p%)(u), u € IR, is a strong probabilistic metric space.
Remark. In general case, in any nontrivial sSPM space constant C > 1.

Definition 2.6. Let (S, F) be a strong probabilistic metric space. Let {p,} be a sequence in S and p € S. We say that
{pn} F —converges to p if
{pa} € C(S, 7, p)-

Proposition 2.7. Let (S, F) be a strong probabilistic metric space and (p,q) € S*. If {p,} F —converges to p and {p,}
¥ —converges to q, then p = q.
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Proof. Let {p,} € C(S, 7, p) and {p,} € C(S, T, q). By property F4)
Fpq(11) > lim mfﬂw(%) —1, Yu >0,

ie. Fpq(u) =1, for all u > 0, which implies, by F;) property, that p = g. O
Definition 2.8. Let (S, F) be a PM space. We say that {p,} is a ¥ —Cauchy sequence if

lim %, ,,(u) =1, Yu>0.

n,m—oo

Also, we say that (S,F) is ¥ —complete PM space if every & —Cauchy sequence in S is F —convergent to some
element in S.

Let (S, F) be a probabilistic metric space and f : S — S. Let for any pg € S
O(po; f) € {f"po : n e N U{0}},
where f" = fo fo..o f. The set O(po; f) is the orbit of f at py.
Let Dogy;p) : R — [0, 1] (the diameter of O(py; f)) be defined by

Dow,.n(U) = su inf F,,(0).
onip) () v<£)p,q€0(m;f) pa(®)

If sup Dog,; (1) = 1, we say that the orbit O(po; f) is probabilistic bounded. Hence, O(py; f) is probabilistic

ueR
bounded if and only if Do,;r) € AT, i.e. Doyyy;f) is a probability distribution function.

3. Contraction principle in strong probabilistic metric space and some generalizations

V. H. Sehgal introduced the notion of contraction mapping (B—contraction) in probabilistic metric space
[18].

Definition 3.1. Let (S, F) be a probabilistic metric space and f : S — S. The mapping f is a A—contraction,
Ae€(0,1),if
u
F fprfra (1) 2 7:1’1472(1)/

forall p1,pp € S and u > 0.

Now we are going to prove a generalization of fixed point result proved in Menger probabilistic metric
space by Sherwood [20].

Theorem 3.2. Let (S,F) be a ¥ —complete strong probabilistic metric space and f : S — S a A—contraction. If
Do) € AT, for some py € S, then there exists a unique fixed point p of f and sequence {f"po} F —converges to p.
Moreover, {f"q} F —converges to p for any q € X.

Proof. Let p, = f"po, n € N. We shall prove that {p,} is an ¥ —Cauchy sequence. For m,n € N, m > n,

u

-1, n—> o0, Yu>0.
An

u u
ﬂmpm(u) = 7:f",Uorf"'P(J(l’l) 2 Tf"’lpg,f"’*lpg(z) 2.2 po,f'”’"lio(ﬁ) = z)O(Po;f)(

Hence, {p,} is ¥ —Cauchy sequence in S, and since S is ¥ —complete, it follows the existence of p € S such
that {p,} ¥ —converges to p. Let us prove that fp = p. Since

F preipo, () = 7:f";ao,p(%) -1, n— o, Yu>0,
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{pn} is F —convergent to fp. Now by Proposition 2.7: fp = p. Let us prove that p is a unique fixed point of f
If we suppose that fq = g, for some g € S, then

u u
FoaW) = Ty g(t) 2 Fpg(3) 2 oo 2 Fpg(55) = 1, 1= 00,Yu > 0,

50 Fp,q(u) =1, for all u > 0, and consequently q = p.
Now forany g€ Xand alln € N

Frrap(t) = Fprg prp(t) 2 oo 2 ﬁ,p(%)

50 Fpugp(u) = 1, n — oo, for all u > 0 which means that {f"g} also ¥ —converges to p. ]
Over the years, various extensions and generalizations of contraction principle have appeared in liter-
ature. 1j. Ciri¢ introduced the notion of a quasicontractions as one of the most general contractive type
mappings. He proved that quasicontraction on complete metric space possesses a unique fixed point.
We are going to prove fixed point theorem for quasicontraction mappings on sPM spaces.

Definition 3.3. Let (S, ¥) be a (strong) probabilistic metric space and k € (0,1). A mapping f : S — S is said to be
a probabilistic Ciri¢ quasicontraction if for every p,q € S and every t > 0, the following is satisfied:

7:fp,fq(kt) 2 min{ﬂ,q(t)/ ﬁ,fp(t)/ ﬂ,fq(t)/ ﬂ,fq(t)/ ﬁp,q(t)}'

Theorem 3.4. Let (S,F) be a F —complete strong probabilistic metric space and f : S — S a probabilistic Ciri¢
quasicontraction for some k € (0,1). If there exists po € S such that Dog,ry € A and Ck < 1, then {f"po}
F —converges to unique fixed point w of f on S.

Proof. Let n € IN. Since f is a probabilistic Ciri¢ quasicontraction for all 7, j € N and ¢ > 0
. t t
Tfﬂ#—iporfrwjpo (t) > mln{Tan—lpO,ftijlpo(E), jﬂ:f””’]Po,f””Po(];)’

t t t
/cf»wjflpolfnﬂpo ( E ), 7:fn+i71po/fn+jp0 (I:'), ffnﬂpolfnﬂflpo ( E)}
which implies that
t t
Dotspin®) 2 Doiprtpn () 2 - 2 Do) (557), V> 0.

Using the above inequality, we have that

t
?fnpolfnﬂupo(t) Z Z)O(f"PU}f) (t) Z D()(po/f)(k_n)

for every m,n € IN. Hence,
;}i_l;{}o ffnpo,fnﬂnpo(t) = 1,

for all t > 0 which means that {f"po} is a ¥ —Cauchy sequence in F—complete probabilistic metric space.
Let {f"po} ¥ —converges to some w € S. Moreover, by property Fy)

t

Ck» )

.. t
T op8) 2 T P, g (2) 2 Do
for alln € Ng and t > 0. Now

. t t t t t
ﬂpg,fm(t) 2 mln{ﬁg,m(%)r ﬁu,fpg (];)/ Tw,fm(];)/ ﬁg,fm(E)r ﬁpg,w(E)}
. t t t t
> mln{DO(po;f)(ac)l DO(po;f)(%)/ fw,fw(%)/ ﬂo,fw(];)}
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. t t t t
7:fng,fm(t) > mln{DO(po;f)(@)/ Z)O(Pn;f)(k_z)/ ﬁ),fm(%)/ ﬂo,fw(k_z }

By induction we get

. t t t t
F frpo, fo(t) = mln{@c)(po;f)(@)r DO(po;f)(k_n)rﬂ),fw(E)r Tpo,fw(k—n)}

for eachn € IN, so .
—),
(Cky

for all j € IN. Since Ck < 1, we have ¥, 7,(t) = 1, for all t > 0. Therefore w = fw. Suppose that fu = u for
some u € S. Then

.. t t
Tm,fa)(t) 2 higglfff”po,fm(a) 2 72),[&)(6() E ?w,fw(

. t t t t t
ﬂ,m(t) = 7:fu,fa)(t) 2 1’1’111‘1{7:”,“,(%), ﬁt,fu(%)r Tm,fa)(%)r ﬂ,fw(%)/ /Ca),fu(]:_)}

= u,m(i) =2 ﬂ,a)(kim)

for every m € IN. It implies that ¥, ,(f) = 1, forall t > 0 so # = w, and w is an unique fixed point of f on S.0
Remark. It is easy now to prove that if

F fp.fa(kt) 2 min{Fp4(t), 19 (), Fppq ()}

forall p,q € S and t > 0, the condition Ck < 1 in Theorem 3.4 can be relaxed with k < 1.
Now, we are going to introduce an interesting subclass of strong PM spaces.

Definition 3.5. Ordered pair (S, ) is a m—strong probabilistic metric space (msPM space) if F satisfied
conditions Fy), F,), F3) and

F,) there exists C > 0 such that for all p,q € S,

t
puk €CSFp) At €CS,F,0) = Fpgh) 2 liminfF, . (5),
forallt > 0.
Remark. Since sequence p, = p, for all n € IN, ¥ —converges to p every msPM space is sPM space.

Example 3.6. Every Menger probabilistic metric space (with continuous t—norm T) is msPM space.
Namely, for {p,} € C(S, F,p) and {q,} € C(S, F,q) in Menger probabilistic metric space

Foa®) = TF3,(5) Foa(5) = T (5), T, (), Fara ),
forallt >0, so
Foat) = T, TEHMINE Ty, (7),1) = B inf F,,(7), £ 0,
and for C = 4 condition F)) is satisfied.
Example 3.7. Similarly, one can prove that every (Menger) probabilistic b—metric space is a ms PM space.
Example 3.8. Spaces from Example 2.5 are m—strong probabilistic metric spaces too.

In this class of spaces we can prove the next generalization of probabilistic contraction principle.

Definition 3.9. Let (S,F) bea PM spaceand f : S — S. The f is a mapping with contractive iterate at a point
if for some A € (0,1) and every p € S, there exists n(p) € IN such that for any q € S and all t > 0

ﬂ’n(ﬂ)p/f”(ﬁ)q (At) 2 ﬁ’q(t)'
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Theorem 3.10. Let (S, F) be a F —complete m—strong probabilistic metric space and f : S — S a mapping with
contractive iterate at a point. If for some po € S, Dop,;r) € AT, then there exists a unique fixed point u of f and

u = lim F*po.

Proof. Let py = f"™py, p2 = f"Ppy, ... prs1 = f"PIpy, k € N. For all m,k € N and j = n(pxsm—1) + 1(Pxrm—2) +
--- 4+ n(p), hold

t t t
Fpipien () = 7:/["(’7"")Pk-l,fj+'1(p"*‘)17k-1 (t) ﬁk—l/f/pk—l(z) Z ﬂo,ffpo(ﬁ) = DO(Po;f)(ﬁ) — 1, k— oo,

forall t > 0 so {px} is ¥ —Cauchy in ¥ —complete m—strong probabilistic metric space. Let {px} ¥ —converges
to u € S. We are going to prove that f"®u = u. From the inequality

t
Tfn(u)u,fn(u)pk(t) Z ﬂ’pk(x) — 1, k — 00,
for all t > 0, it follows that {f"p,} F —converges to f"®u. On the other side

t t t
Tpk/fn(u)pk(t) > ?__pk—l/fn(”)}"k—l(x) > .. 'ﬂo,f”(“)rlo( )> .. ‘Z)O(Po}f)(ﬁ) — 1, k— oo,

Ak
forallt > 0.
Now, by condition F;):

.. t
7:u,f”(“)u(t) 2 hggfﬂk'ﬂ(“)pk(a) =1,

for all t > 0. This implies that u = f"u. Let us prove that f"®w = w, for some w € S, implies = u. Since
t t
Fuw(t) = F pry, prwg () 2 ﬂ,w(x) 2.2 ﬁ,w(ﬁ)

for all k € N and all ¢ > 0, we have F,,,(t) = 1, for all t > 0, so by property F1) u = w. Now fu = ff"®y =
1@ fu implies that fu = u.
At the end let us prove that u = I}im f*po. For any k € N, k > n(u), there exist m € N and 0 < r < n()

such that k = m - n(u) + r. Then, we have that

t

=)

Tfkpo/u(t) = ff‘m-n(u)ﬂpo,fn(n)u(t) Z oes Z ff’polu(
forallt > 0.If k — oo, then m — oo so
F pepou(t) > 1, k — oo,

for all t > 0, and {f*po} F —converges to u. The proof is completed. Moreover, it is easy now to see that { f*q}
F —converges to u for every g € S. o

4. Applications

The essence of filtering the image is to choose a window with odd number of pixels that belong to image.
The middle pixel is going to be replaced with a pixel that is the most similar to all the others pixels in that
window. Different algorithms for image filtering give different criteria for choosing this pixel that is going
to replace middle pixel. This window slides through whole image, process of selecting a pixel is the same
for all windows.

In this paper we use UIQI (Universal Image Quality Index) quality index, introduced in [22]. This index
isn’t using error summation method like other image quality measures. It models any image distortion
as a combination of three factors: loss of correlation, luminance distortion and contrast distortion. This
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measure method of image quality considers human visual system characteristics. It is lot more complicated
image quality measure than PSNR that was usually used to measure image quality. PSNR is mathematically
defined measure that is easy to calculate and it is independent of viewing conditions and human perception
of image quality. For RGB images we will get three indexes, calculated for each plane of image. One of
the criteria for determining image quality can be sharpness of the image. Sharpness is defined by the
boundaries between zones of different tones or colors.

In this paper we are representing the application of metric-like functions from the Example 2.5, form = 1.
Noise that we applied on original image is 10% of salt&pepper noise. The image was filtered by using two
metrics like in paper of Valentin, Morillas and Sapena [21]. For the metric that considers similarity in colors
we applied metric-like function that we defined in paper, setting for parameter m value 1. For the metric
that considers spatial closeness we’ve chosen the same metric s as in [21], for Euclidean norm we’ve taken
max norm.

In the paper we compared image filtered with our metric-like function to image filtered by VMF (vector
median filter). The result was that our image has slightly lower values for corresponding UIQI image
quality, but much higher sharpness. This is very important in cases where details in image are needed to
be reproduced. We have used for measuring sharpness image quality metrics introduced in [16].

For image filtered by VMF with window size 3, UIQI is equal to vector (calculated for all three colors)
[0.546475813084152, 0.673989789093080, 0.525819221430506].

For image filtered by VMF with window size 3, UIQI is equal to vector (calculated for all three colors)
[0.546475813084152, 0.673989789093080, 0.525819221430506].

The sharpness for image filtered by VMF is 0.690730837789661.

The sharpness for image filtered by our metric is 0.927492447129909.

Figure 1. Lena, 256+ 256, K = 384, { = 2.8, Figure 2. Lena, 256 * 256, VMF filtered,
window _size=3 window _size=3
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Figure 3. Lena, 256 » 256

Figure 4. Lena, 256 * 256, 10% salt&pepper noise
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