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Abstract. Since the so-called Hermite-Hadamard type inequalities for convex functions were presented,
their generalizations, refinements, and variants involving various integral operators have been exten-
sively investigated. Here we aim to establish several Hermite-Hadamard inequalities and Hermite-
Hadamard-Fejer type inequalities for symmetrized convex functions and Wright-quasi-convex functions
with a weighted function symmetric with respect to the midpoint axis on the interval involving the frac-
tional conformable integral operators initiated by Jarad et al. [9]. We also point out that certain known
inequalities are particular cases of the results presented here.

1. Introduction and preliminaries

We begin by recalling the following classical Hermite-Hadamard type inequalities for convex functions
(see, e.g., [2]): LetI ¢ R be an interval and f : I — R a convex function. Then, fora, b € I witha < b,

b b
f(%)sﬁf f(x)dxsf—(a);f() 1)

holds. Here and in the following, let R, R*, and IN be the sets of real numbers, positive real numbers, and
positive integers, respectively, and let R} := R* U {0} and INp := IN U {0}. The inequality (1) has attracted a
remarkable number of researchers’ attention. For new proofs, refinements, generalizations, and numerous
applications of this inequality (1), we refer, for example, to [4, 10] and the references cited therein.

Here, Definitions 1.1, 1.2, and 1.3 are recalled (see [5]).

Definition 1.1. Let I be a nonempty interval on R. Then a function f : I — R is called quasi-convex on I (denoted

by f € QC(D) if
flbx+ (1= Hy) < max{f@), fy)) O<t<L;x yel. @)
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Clearly, any convex function is quasi-convex. Furthermore, there exists a quasi-convex function which is
not convex.

Definition 1.2. Let I be a nonempty interval on R. Then a function f : I — R is called Wright-quasi-convex on I
(denoted by f € WQC(I)) if

%[ fltx + (1= Hy) + F((1 - t)x + ty)| < max{f(), f()). 3)
O0<t<L;x,yel).

Definition 1.3. Let I be a nonempty interval on R. Then a function f : I — R is called Jensen-quasi-convex on I
(denoted by f € JQC(I)) if

f(HTy) <max{f(x), f(y)} (x yel). “
The following strict inclusions holds (see [5])

QC(I) € WQC(I) < JQC(D). (5)

We recall the following theorem (see [5]).
Theorem A. Let I be a nonempty interval on R and a, b €  witha < b. Also let f € WQC(I) be integrable on [a, b].
Then the following Hermite-Hadamard type inequality holds

b
o [ o< maxis, fo. ©
We also recall Definition 1.4 (see [12]).

Definition 1.4. Let [ and ] be intervals on R with (0,1) C J. Alsolet f : I — R} be a functionand h: | — Rj a
function with h # 0. Then f is called h-convex if

flbx+ (1= ty) <hOF) + A -Df(y) O <t<Lx yel). 7)

Definition 1.5. Let [a,b] (a < b) be an interval on Rand f : [a,b] — C a function. Then the symmetrical transform
of f, denoted by f, is defined by

F =5 Lf)+ fla+b=0] (¢ €labl. ®

The anti-symmetrical transform of f on [a, b], denoted by denoted by f, is defined by

f =3 [f0) = fla+b=0] (¢ €l bl ©)

Obviously, for any function f, f + f = f.

Definition 1.6. [2, 6] We say that the function f : [a,b] — R is symmetrized convex (concave) on the interval [a, b]
if the symmetrical transform f is convex (concave) on [a, b].

Now, if we denote by Con[a, b] the closed convex cone of convex functions defined on [, b] and by SCon
[a,b] the class of symmetrized convex functions, then from the above remarks we can conclude that

Conla, b] ¢ SConla, b] (10)
Also, if [¢c,d] € [a,b] and f € SCon|a, b], then this does not imply in general that f € SCon[c, d].
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Example 1.7. Let the function f be defined as follows:

X — X

a<0<band a+b>0.

filabl >R f(x) =
Then f is a symmetrized convex function.

Definition 1.8. Let h be the function in Definition 1.4. A function f : [a,b] — IR} is called h-symmetrized convex
(concave) on the interval [a, b] if the symmetrical transform f is h-convex (concave) on [a, b).

Example 1.9. Let h be a function defined as h(t) = t, t > 0 and let the function f be defined as follows:
fi[-221 > R* f(x)=x>+1 and f(t)= %[f(t) +fla+b-t)]=1h(t)=tt>0.
Then f is a h-symmetrized convex function.

Theorem B. Let h be the function in Definition 1.4 and a function f : [a,b] — R be h-symmetrized convex on the
interval [a, b]. Then

1 a+b\  f)+fla+b-x) b—x x—a\1f(@a) + f(b)
2h(%)f( 2 )S 2 S[h(b—a)+h(b—a)] 2 ' (1)

For Definitions 1.5 and 1.8, and Theorem B, we refer to [2, 6].

We recall Hermite-Hadamard inequalities for symmetrized convex functions (see [2]) in the following
theorem and corollary.
Theorem C. Let f : [a,b] — R (a < b) be a symmetrized convex function. Then, for any x € [a, b], we have

fla) + f()
T

f(”;b)Sf(x) < (12)

Corollary D. Let f : [a,b] = R (a < b) be a symmetrized convex and integrable function. Then we have the
following Hermite-Hadamard inequalities

b b
f(a+b)sﬁfﬂf(t)dtsf—(a);f(). (13)

2

Fejér [7] established a so-called Hermite-Hadamard-Fejér inequality related to the integral mean of a
convex function f which is a weighted generalization of Hermite-Hadamard inequality (1), which is recalled
in the following theorem.

We recall the following theorem (see [7]).

Theorem E. Let f : [a,b] — R (a < b) be a convex function and f € Ly(a,b). Also let g : [a,b] — R be nonnegative,
integrable and symmetric to (a + b)/2. Then

b b b b
f(#) [ awar < [ rwaeone< LD [Foan (14)

We recall the following Theorem F and Theorem G (see [8]).

Theorem F. Let « € R*, f : [a,b] — R (a < b) be a convex function and f € Lq[a, b]. Also let g : [a,b] — R be
nonnegative, integrable and symmetric to (a + b)/2. Then

f (a - b) (U2 ® +(Ji9) @] < [ Uz, f) @) + (T fo) @] < w[ U ®+ () @] 15
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Theorem G. Let p, A € R*. Also let f : [a,b] = R (a < b) be a convex function and f € Li[a,b]. Further let
g : [a,b] > R be nonnegative, integrable and symmetric to 2. Then

f (#)[( % rared) O+ (T 000) @] < [(T000f9) O + (T f9) @)]

< w[ (jg,/\,aJr;wg) () + (jo/\ b- w‘l]) (11)]

Definition 1.10. [9] The left and right-fractional conformable integrals of order p € C, Re() > 0, are defined by

u—m%wtmaﬁlfmw
3 r@mf( ) -y’ 17)

O T A (S L e N 0.
%”w‘ﬂﬁﬁ( ) O (19

24

(16)

Notice that, if (Qf)(t) = f(a + b —t), then we have (ES“Q )(x) = Q(ﬁﬁg‘ f)(x). The fractional integral in (17)
coincides with the Riemann-Liouville fractional integral when a = 0 and @ = 1. Moreover (18) coincides
with the Riemann-Liouville fractional integral when b = 0 and « = 1.

In this paper, we aim to establish several Hermite-Hadamard inequalities for symmetrized convex
functions and Wright-quasi-convex functions with a weighted function symmetric with respect to the
midpoint axis on the interval involving the fractional integral operators (17) and (18). We also point out
that certain known inequalities are particular cases of the results presented here.

2. Hermite-Hadamard type inequalities

In this section, we investigate certain Hermite-Hadamard inequalities involving the fractional integral
operators (17) and (18). We begin by presenting some useful equalities associated (17) and (18), asserted in
the following lemma.

Lemma 2.1. Let § € C, Re(B) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable
function. Then

X e (4 _ na\P1 vt At

1[a\saf(x)+ﬁ3 f(u+b—x)] _ %{3)[ ((x a) = (t—a) ) (tf_(a))l—a (19)
and

1[pa . (b-x = -p*\" fodt

2[ Fla+b-x)+F3 bf(x F(ﬁ)f( - ) = (20)
Proof. We prove (19). we find from (18) that, fora <x <b,

! —a) — b -0\ T f(ydt
ﬁSZf(a +b—x)= T‘B) a+b_x((x ) " ( ) ) (bf_( ;)1_(1. (21)

Setting t = a + b — u to change the variable in the right side of (21), we obtain

X a (4 na\P1 B
ﬁ3§f(a+b—x)=%ﬁ)f((x—a) (t u)) fla+b u)dt‘ o)

a (u —a)l—a
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From (17), we also have

(x—a)“—(t a2\l f(hadt
3 r(ﬁ)f ( ) o @3)

Adding (22) and (23) sides by sides and using the definition (8), we obtain the desired equality (19).
A similar argument as in the proof of (19) will establish the equality (20). We omit the details. [J

We present Hermite-Hadamard inequalities involving the fractional integral operators (17) and (18),
asserted by the following theorem.

Theorem 2.2. Let f € C, Re(f) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C is a symmetrized
convex and integrable function. Then

a+b) T+, o f(@) + f(b)
f( 2 )SZ(x a)“ﬁ[ f@)+ "3 fla+b- x)] 2 (24)
(@a<x<b);
0 +b) _T@+ 1, . f(@) + f(b)
f( 2 ) 20 - )aﬁ[ b=+ 13 0] < @)
(@<x<b).
Proof. Since f is symmetrized convex on [g, b], in view of Theorem C, we have

a a _1
Multiplying both sides of (26) by %ﬁ) ((x_”) (-9 )ﬁ =y and integrating each term of the resulting

a
inequalities with respect to t from a to x (a < x < b), we get

a+b) 1 x(x—a)“—(t—a)“ﬁ_l 1
f( 2 )F_ﬁ)f( ) o

(x = —<t a7 feyt
F(ﬁ)f ( ) (E—aye @7)
f@+f® 1 (e—ar—¢-a)T 1
- 2 I'(B) ( a ) (t—a)l-«

Using (19) for the second integral in (27) and, for the first and third integrals in (27), considering the
following easily-derivable integral

et -0\ 1 @-a)f
f( J ) o= = pad )

we obtain the desired inequality (24).
Similarly as in the proof of (24), we can prove the inequality (25). We omit the details. [J

As in Lemma 2.1, we present some useful equalities associated (17) and (18), asserted in the following
lemma.
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Lemma 2.3. Let § € C, Re(B) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable
function. Then

1 —a) — (x =\l fpdt
E[’i‘”}ﬁf @+, 3 f (b) ﬁ)f ((x . a —— ) (xf_( Z)la 29)
and
1 b—x) —(t—x)2 " fpydt
I:ﬁm;ab xf(a ﬁwaf(b)] F(ﬁ) f (( X) a ( X) ) (t'f—(_):)l—a' (30)

Proof. Using (17), we have

~a 1 (7 (G=a—(¢-@+b-0)"\" _ f(at
b3 0= 15 b( a ) (—@+b-D)e ey
Setting u = a + b — t in (31), we obtain
“f(x—a)* — (x—u) A fla+b—u)du
a+b x‘ f(b ‘fﬂ‘ ( a ) (x_u)l—a '
We use (18) to have
pmapn - L[ ((x —a)" = (x— 1)° )’“ f(byat
0= 575 | 2 e ©

Finally, adding (31) and (32) sides by sides, in view of the definition (8), we obtain the desired equality (29).
The proof of the equality (30) would run parallel to that of (29). We omit the details. [

We present Hermite-Hadamard inequalities involving the fractional integral operators (17) and (18),
asserted by the following theorem.

Theorem 2.4. Let f € C, Re(B) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C is a symmetrized
convex and integrable function. Then

T+ 1)af f@ + f(b)
) e £ o
(a<x<b);

T +1 f@+ f(b)
42)s BB tvgo] 050
(@a<x<b).

Proof. A similar argument as in the proof of Theorem 2.2, here, using the equalities in Lemma 2.3, will
establish the results here. We omit the details. [

Theorem 2.5. Let € C, Re(B) > 0, [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function. Also
let f :[a,b] = R be Wright-quasi-convex and integrable on [a, b]. Then

T(B+1)ab
2(x —a)eb |

(@a<x<D)

b3 F(x) + B30 fla+b - x)] < max{f(a), f(b)} (35)
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F(ﬁ + 1)a

B [0+ 75 1] < maxt@), e (%)

T8 + 1)af20p-1 [ﬁw I a+ b

b
T )| < maxis@), £ @7)

Proof. Since f : [a,b] — R is Wright-quasi-convex on [a,b], setting x = a, y = band t = ;= € [0,1] for
s € [a,b] in (3), we have

£ls) = %[ fla+b=s)+ f(s)] < max{f(a), f(b)}. (38)

a a ; 1
Multiplying both sides of (38) by 5 <(x_”) “ea) )[ oy and integrating each term of the resulting

inequalities with respect to s from a to x (a < x < b), we obtain

1

1 (Y(a=a = -\ fle)ds Cl—a = (s—ae VT ds
Tﬁ)f( ) Goain =M@ SO f ( a oo &

24

Applying (19) to the left side of (39), we get

a)*f

S[h s+ 135w -] < mantfo) FONTG G

leads to the desired inequality (35).
Setting x = band x = ’”b in (35) yields, respectively, the inequalities in (36) and (37). O

Theorem 2.6. Let f € C, Re(B) > 0, [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function. Also
let f : [a,b] = R be Wright-quasi-convex and integrable on [a, b]. Then
F( + 1)ab ~a ~a
ﬁ ) [ﬁ U@+, 3 (b)] < max{f(a), f(b)} (40)

(a<x§b);

T(B+ 1)aﬁzaﬁ 1

G| @ + L3 0] < maxifa), £ (41)

Proof. A similar argument as in the proof of Theorem 2.5 will establish the inequality (40). The inequality
(41) is just a special case of the inequality (40) when x = 2. We omit the details. [

Theorem 2.7. Assume that the function f : [a,b] — [0, 00) is h-symmetrized convex on the interval [a, b] with h is
integrable on [0,1] and f is integrable on [a, b]. Then we have

Flar) T+ fa b

2
a()p 2x= )7

< aw j:(l—s"‘)ﬁ_lsl_a[h( z:Zs)+h(§:Zs)]ds.

Proof. Since h-symmetrized convex function, we have;

S e s

(42)
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(x—a)*—(t—a)*
a

To prove the first inequality, multiplying each terms with = (ﬁ) ( )ﬁ - 01) — and integrating on [a, x]

with respect to t, we get

1 a+b\ (F(—a—(t-a\V" 1 [5”‘“f(x)+ﬁ§5§‘f(a+b_x)
3 f ( ) f ( ) — g)l-a dt < .
L@\ 2 ) Ja o (t—a) 5

After simple calculation, we get

Fe) M]3 f) + 3 fla + b= )
2n(1)p - 2(x — )

thus the first inequality is proved.

(43)

(x=a)*—(t=a)" )ﬁ—l 1

To prove the second inequality, multiplying each terms with %ﬁ) ( m T

[a, x] with respect to t, we get

and integrating on

B ~
[a OIS0 s e (Y@—ap - —ap VT 1 b—t\ . (t-a
<t ) () e )

foranya <x <b.
If we change the variable with t = (1 — s)a + sx for s € [0,1], i.e. dt = (x — a)ds, b%; =1 - X8 o - xag
and x — f = (1 — s)(x — a), then we have
03 ) + 3 fta + b= )
2

< (f(ll);'f )fo(x a)* Ofs(x—ﬂ))a)ﬁ—l 1 1_“[}1(1_z:zs)+h(z:zs)](x—a)ds.

[s(x - a)]

After simple calculation, we get

r(ﬁ)aﬁ[ FF(x) + B30 fa+ b - x)]
2(x — a)*f
The proof is completed. O

< af(a) ;f(b) j:(l - s“)ﬁ_lsl‘“[h (1 - ;:Zs) +h (z : Zs) ]ds. (44)

Remark 2.8. The case a = 0 and @ = 1 in Lemma 2.1, Theorem 2.2, Lemma 2.3, Theorem 2.4, Theorem 2.5,
Theorem 2.6 and Theorem 2.7 reduces to the known results, respectively, in [3, Lemma 1],[3, Theorem 2],[3,
Lemma 2],[3, Theorem 3],[3, Theorem 4],[3, Theorem 5] and [3, (4.10) - (4.13)].

3. Hermite-Hadamard-Fejér type inequalities

In this section, we investigate certain Hermite-Hadamard-Fejér type inequalities involving the fractional
integral operators (17) and (18). We begin by presenting some useful equalities associated (17) and (18),
asserted in the following lemma.

Lemma 3.1. Let f € C, Re() > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function
and g : [a,b] — R be integrable and symmetric to (a + b)/2. Then

((x GLs " fgwat 5)

L pxa
5[(,1\5 fg)(x)'i'(ﬁ fg)ﬂ-l-b x F(ﬁ) f (t_a)l a
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and

(b—x) — (b— ))ﬁ 7 f(hg(hydt (46)
04

1
[ ﬂ\Safg) a+b— X) + ('83 fg)(x) F(ﬁ) f ( (b _ t)l—a'

Proof. Firstly, we will prove (45). We find from (18) that, fora < x < b,

’ ((x—a)“ —(b- D" )ﬁ‘l fg(tdt @)
r(ﬁ) a+b—x o (b - t)l—a

Setting t = a + b — u to change the variable in the right side of (21), we obtain

C3pfpa+b-x) =

X _ A\ _ _ o p-1 _ —
C3fp)a+b—x) = %ﬁ) f ((x a) . (t—u) ) fla+b (uu)_gl(;;:ab wdu )
Since g(t) is symmetric with respect to the axis t = (a + b)/2 on [a, b], from (22), we get
X —_ A\ _ _ 1\ p-1 _
R Rl e e )
From (17), we also have
feca (x—a) - (t o)\ f(Bgtyat
s =5 | | | o 0

Adding (49) and (50) sides by sides and using the definition (8), we obtain the desired equality (45).
A similar argument as in the proof of (45) will establish the equality (46). We omit the details. [J

We present Hermite-Hadamard inequalities involving the fractional integral operators (17) and (18),
asserted by the following theorem.

Theorem 3.2. Let f € C, Re(f) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C is a symmetrized
convex and integrable function and g : [a,b] — R be integrable and symmetric to (a + b)/2. Then

vepy TG+ DR[IF00 + 03 fa+ b -]
i)

2 20— gl G
(@a<x<b);
T(B + 1)aﬁ[ﬁ~af (x) + ﬁggf(a +b-— x)] F@)+ Fb)
< (52)
2(x — a)*P||glloo 2
(@<x<b).
vepy TG+ D[ f@+b =0 + 0350
f ( 7 ) < 200 — 09l ©3)
(a<x<b);
T(B + 1)af |53 fa +b - x) + P32 f(x)
| 0] sw s o

2(b = x)*l1glleo - 2

(@a<x<b).
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Proof. Since f is symmetrized convex on [4, b], in view of Theorem C, we have

A(557) <50 < T2 e, 65

a a _1
Multiplying both sides of (26) by %ﬁ) ((x_”) ) )ﬁ == 9(t) and integrating each term of the resulting

inequalities with respect to t from a to x (2 < x < b), we get

a+b\ 1 x(x—a)"‘—(if—a)“‘6_1 1
15 ) [ (=) oo

(x - —(t ay \' ™ fah()at
F(ﬁ)f ( ) (t — )i (56)
f@+ £ 1 (x—a)* - (t—a)* 1 1
=T 2 T ( o ) = ay 7O

Using (45) for the second integral in (56) and, for the first and third integrals in (56), considering the
following easily-derivable integral

T(x—a)—(t—a V1 (x—a)
fa ( a ) (t—a)l- at = Baf ' (57)

we obtain the desired inequality (51) and (52)
Similarly as in the proof of (51) and (52), we can prove the inequality (53) and (54). We omit the
details. O

As in Lemma 3.1, we present some useful equalities associated (17) and (18), asserted in the following
lemma.

Lemma 3.3. Let B € C, Re() > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function
and g : [a,b] — R be integrable and symmetric to (a + b)/2 . Then

1 o o] 1 (=) = =\ fng@at
—@Jmmn@wxfww—ﬁgﬁ( : ) Gop 9
and
E b b— ) — (f — x)® -1 p d
R R e e 9

Proof. Using (17), we have

(60)

0= [ ((x—a)“—(t—(mb—x»a)“ fb)g
a+b x

1
r(ﬁ) a+b—x a (t — (a +b- x))l—a :

Setting u = a + b — t in (60), we obtain

O b - f ((x —a)* — (x — u)® )’“ fla+b—u)ga+b—uydu

o (x —u)l-

Since g(t) is symmetric with respect to the axis t = (a + b)/2 on [a, b], we get

x oNa (v na\Pl b p
(a+b x& fg)(b) :f ((x a) (x—u) ) f(a+ u){](u) u' -

o (x = u)l-
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We use (18) to have
X _ A\ _ _ p-1 d
e300 = 755 [ ((x L) (©)

Finally, adding (61) and (62) sides by sides, in view of the definition (8), we obtain the desired equality (58).
The proof of the equality (59) would run parallel to that of (58). We omit the details. [

We present Hermite-Hadamard inequalities involving the fractional integral operators (17) and (18), as-
serted by the following theorem.

Theorem 3.4. Let § € C, Re(f) > 0. Also let [a,b] (a < b) be an interval on R, f : [a,b] — C is a symmetrized
convex and integrable function and g : [a,b] — R be integrable and symmetric to (a + b)/2. Then

oy TE D@+l 5]
1)

> 2(x — a)*®||gllmin v
(@a<x<b)
plpxa Py
T+ e [ S f@ + 3 (b)] f@+f0) (64)
20— a)Flglle 2
(@a<x<b).
f(a s b) r(6 + Va3, f@ + 837 f0)| (65)
2 /= 2(b = x)*||9llmin
(a<x<b)
e f3e
T(B + 1a [ 3o f @ +33°f (b)] @+ f0) (66)
2(b - 0glle 2
(@a<x<b).

Proof. A similar argument as in the proof of Theorem 3.2, here, using the equalities in Lemma 3.3, will
establish the results here. We omit the details. O

Theorem 3.5. Let f € C, Re(B) > 0, [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function. Also
let f : [a,b] — R be Wright-quasi-convex and integrable on [a,b] and g : [a,b] — R be integrable and symmetric to
(a+b)/2. Then

0@ + D[ C3 F)) + O3 fo)a + b - )]
2(x - a)aﬁ”g”oo

< max{f(a), f(b)} (67)

(@a<x<b)

(6 + Da?| (3 f0)0) + 035 fo) o)
Z(b - a)aﬁ”g”oo

< max{f(a), f(b)}; (68)

16 + Dar25 1 (3 fo) () + O3 f) (5]
(b — a)*Fl|glleo

< max{f(a), f(b)}. (69)
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s—a

Proof. Since f : [a,b] — R is Wright-quasi-convex on [a,b], setting x = a, y = band t = ;== € [0,1] for
s € [a,b] in (3), we have

fls) = %[ fla+b=s)+ f(s)| < max{f(@), f(b)). (70)

_Na_(e_ma\p—1
Multiplying both sides of (38) by %}S) ((X %) —-a) )}S G _gSL, and integrating each term of the resulting

inequalities with respect to s from a to x (2 < x < b), we obtain

1 (=== f6)ge)ds 1 (= —(-a*\" gs)ds
ol ( . ) S < maxi o), fO s | ( = oo

Applying (45) to the left side of (71), we get

(x = a)*llglle

1
2| @3 fw + C3ifoa+ b - 0| < maxifia), o) RS

leads to the desired inequality (67).

a+b

Setting x = b and x = = in (67) yields, respectively, the inequalities in (68) and (69). [

Theorem 3.6. Let § € C, Re(B) > 0, [a,b] (a < b) be an interval on R, f : [a,b] — C be an integrable function. Also
let f : [a,b] — R be Wright-quasi-convex and integrable on [a,b] and g : [a,b] — R be integrable and symmetric to
(a+b)/2. Then

r(@ + Da’| (32 fo)@) + (3 FO0)|
2=yl

< max{f(a), f(b)} (72)

(a<x<D)

(B + a2 132, £l0) + 1,3 0)|

CEnT e < maxif@, O 73)

Proof. A similar argument as in the proof of Theorem 3.5 will establish the inequality (72). The inequality
(73) is just a special case of the inequality (72) when x = 2. We omit the details. [

Theorem 3.7. Assume that the function f : [a,b] — [0, 00) is h-symmetrized convex on the interval [a, b] with h is
integrable on [0, 1] and f is integrable on [a,b] and g : [a, b] — R be integrable and symmetric to (a + b)/2. Then we
have

vepy BAITE+ D03 @ + C3fo)a+b )]
f( ) = / (74)

(x - a)aﬁng“min

and

M@ |13 @) + 43 fla+ b= )|
2(x - a)aﬂ”g”oo

< Jw Ll(l —s"‘)ﬁ_lsl_"‘[h (l - z:gs)+h(z:25)]d5.

(75)
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Proof. Since h-symmetrized convex function, we have;

2h1(%)f(a+b) f(t)<[h( )+h(£iZ)]f(a);f(b)-

(x—a)*~(t-a)* )/3‘1 ()

a (t—a)l-

To prove (74), multiplying each terms with == r([s) (
tot we get

and integrating on [a, x] with respect

1 a+b\ (f(@-a=(¢-a\" g0 . [5““f(x)+5fs§f(a+b—x)
2HONE’ ( 2 )f ( a ) gt s > ,

After simple calculating we get

(76)

f(a+b)< (%) (5+1)“ﬁ[ 3 fa)(x) + (B3 “fg)(a+b—x)]
2 - .

(x - a)aﬁng“min

(x-a)*~(t=a)" )/3—1 ()

a (t—a)l-

Thus (74) is proved. To prove (75), multiplying each terms with == F(ﬁ) (
on [a, x] with respect to t, we get

and integrating

Bxa pxa
f3ese0+2550 09 pye ) (< femar g
(x—a)*—=(t-a) g(t) b—t t—a
2 = 2T(B) a( o ) (t—a)l—“[h(b—a)+h(b—a)]dt'

foranya <x <b.
If we change the variable with t = (1 — s)a + sx for s € [0,1], i.e. dt = (x — a)ds, 2%; =1-3=s, f}‘—“ = g
and x — f = (1 — s)(x — a), then we have

2300 + 033 fta+ - )
2

a eV (1 — _ _
< (f(u);rf )fo(x a) Ofs(x a))) gﬁx—sz]iix)[h(l_;_Zs)m(’;_zs)](x—a)ds.

After simple calculation, we get

T(B)at 1[ 3 f() + P30 fla+ b — x]
2(x — a)%||glleo

< f@ erf(b) j:(l - s“)ﬁ‘lsl‘“[ (1 - %s) + h(%s) ]ds. (77)

The proof is completed. [

Remark 3.8. The case g(f) = 1in Lemma 3.1, Theorem 3.2, Lemma 3.3, Theorem 3.4, Theorem 3.5, Theorem
3.6 and Theorem 3.7 reduces to the known results, respectively, Lemma 2.1, Theorem 2.2, Lemma 2.3,
Theorem 2.4, Theorem 2.5, Theorem 2.6 and Theorem 2.7.

Remark 3.9. The case a = 0 and @ = 1 in Lemma 3.1, Theorem 3.2, Lemma 3.3, Theorem 3.4, Theorem 3.5,
Theorem 3.6 and Theorem 3.7 reduces to the known results, respectively, in [11, Corollary 1],[11, Corollary
2],[11, Corollary 3],[11, Corollary 4],[11, Corollary 5],[11, Corollary 6] and [11, Corollary 7].
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