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Abstract. The purpose of the present paper is to introduce a subclass of meromorphic functions by using
the convolution operator, that generalizes some well-known classes previously defined by different authors.
We discussed inclusion results, radius problems, and some connections with a certain integral operator.

1. Introduction

Let H(U) be the class of functions analytic in the open unit disk U = {z € C : |z| < 1}, and let X(p, n) denote
the class of all meromorphic functions of the form

fz) = le +Zajzj, zeU=U\{0} (p,neN={1,23...}). 1)
j=n

Let Pi(a) be the class of functions g, analytic in U, satisfying the condition g(0) = 1 and

27
.fo

where z = 7, 0 < r < 1,k > 2and 0 < a < 1. This class was introduced by Padmanabhan and
Parvatham [15], and as a special case we note that the class $(0) was introduced by Pinchuk [16]. Moreover,
P(a) := Pa(a) is the class of analytic functions g in U, with g(0) = 1, and the real part greater than a.

Reg(z) —a

1—a do <km, )

Remark 1.1. (i) Like in [13] and [14], from the definition (2) it can easily be seen that the function g, analytic in U,
with g(0) = 1, belongs to Pr(«) if and only if there exists the functions g1, g, € P(a) such that

50 = (% +3)a0- (5 - 3o ®)
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(ii) Notice that, if g € H(U) with g(0) = 1, then there exist functions g1, g, € H(U) with g1(0) = g2(0) = 1, such
that the function g can be written in the form (3). For example, taking

then g1, 9> € H(U), and g,1(0) = g2(0) = 1.
(iii) Using the fact that P(«) is the class of functions with real part greater than «, from the above representation
formula it follows that

Pr() CPr(ar), if 0<a3<ax<l.
(iv) It is well-known from [12] that the class Py(cv) is a convex set.

We recall the differential operator DS\”JJ : X(p,n) = L(p,n), defined as follows:
D, f(2) = f(2),

Zp+1Dm_1f(Z) /
D} f@) = (1= ) D f(z) + /\—( ;f’ ) =
LY eaGep ez, (20 peN, meN), 8

j=n
where the function f € X(p,n) is given by (1). This operator could be written by using the Hadamard
(convolution) product, like
D/r\n/p = @p,n(A, m; Z) * f(Z), (5)

where

1 - i
A miz) = 4 Z [1+AG+p)]" 2.
]:71

From the expansion formula (4) it is easy to verify the differentiation relation

N2(Df)) = DI ) - (1+ Ap) DI F(2). ©)

Remark 1.2. The operator @Kip was defined and studied by Aouf et al. [2] and Aouf and Seoudy [3], and we note
that:
(i) The operator DY, = Dy was introduced and studied by Aouf and Hossen [1], Liu and Owa [8], Liu and

Srivastava [9], and Srivastava and Patel [20].
(i) The operator DY, = D™ was introduced and studied by Uralegaddi and Somanatha [21]. More general results

than the work [21], with a different notation for convolution (to distinguish from the analytic case) were obtained in
[17].

Next, by using the convolution operator Z)j\”p we will introduce the subclass of p—valent Bazilevié functions
of X(p, n) as follows:
Definition 1.3. A function f € X(p,n) is said to be in the class ZB'(p, A; y, u, a) if it satisfies the condition
D f(@)
m P m #
(1 - V) (ZPD/\,pf(z)) V Dm f( ) (ZPZ)A,pf(Z)) € Pk(a),

(k>2,y>0, u>0,0<a<1),

where all the powers represent the principal branches, i.e. log1 = 0.
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We need to remark that, since the left-hand side function from the above definition need to be analytic in
U, we implicitly assumed that Z)’}fp f(z) #0forallz e U.

To prove our main results, the following lemma will be required in our investigation. We emphasize
that slightly general situation than the above lemma is covered in [18], which might be useful to cover the
case of nonlinear differential subordination.

Lemma 1.4. [19] If g is an analytic function in U, with g(0) = 1, and if A1 is a complex number satisfying Re A1 > 0,
A1 # 0, then

Re[g(z) + Mzg'(z)] >a, zeU, (0<a<1)
implies
Reg(z) > B, z€ U,

where f is given by

1 -1
B=a+(-a)2p-1), pi= fo (1+8%) " a, )

and By is an increasing function of Re Ay, and 3 < By < 1. The estimate is sharp in the sense that the bound cannot
be improved.

In this paper we investigate several properties of the class ZB}T (p, A; 7, 1, @) associated with the operator
Z)Tp, like inclusion results, radius problems, and some connections with the generalized Bernardi-Libera—

Livingston integral operator introduced in [6].
2. Main Results

Unless otherwise mentioned, we assume throughout this paper thatk > 2,7 >0, u>0,0<a <1, and
all the powers represent the principal branches, i.e. log1 = 0.

Theorem 2.1. If f € EB['(p, A;y, b, @), then

(z7oy, f(z))* e Pup), ®)

A
where f is given by (7), with A1 = )/7

Proof. Since the implication is obvious for y = 0, suppose that y > 0. Let f be an arbitrary function in
LB (p, Ay, i, @), and denote

9@ = (2D} f@). 9)

It follows that g is analytic in U, with g(0) = 1, and according to the part (i) of Remarks 1.1 the function g
can be written in the form

5= (54 3)n0- (5 - 3 oe) 10)

where g; and g, are analytic in U, with g1(z) = g2(z) = 1.

From the part (/) of Remarks 1.1 we have that g € P«(p), if and only if the function g has the representation
given by the above relation, where g1, 7> € P(«). Consequently, supposing that g is of the form (10), we will
prove that g1, g, € P(a).
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Using the differentiation formula (6) and the notation (9), after an elementary computation we obtain

Dl f(2)

W=D E) +r g ey (01/6) =
P

A
9+ 152 @) )
Now, using the representation formula (3), we have

A
9@ + % 27/(2) = (12)

kK 1 yA kK 1 yA |
(Z + E) 71(z) + 7 zgl(z)] (4 2) [gz(z) + p zg2(z)].
Since f € ZBkm (p, A;y, U, a), from the relations (11) and (12) it follows that
A
gi(z) + 7/7 zg/(z) € P(a), i=1,2. (13)

To prove our result we need to show that (13) implies g; € P(), i = 1,2. Thus, the conditions (13) are
equivalent to

Re [gl-(z) + Alzgl’.(z)] >a,z€U,

A A
with A = % According to Lemma 1.4, it follows that g; € P(f), where g is given by (7), with A; = 7/7

Thus, according to the part (i) of Remarks 1.1 and to the representation formula (3) we obtain the desired
result. [

Theorem 2.2. If 0 <y1 <y, then
LB (p, A y2, u,a) CEB! (p, A y1, 14, ).
Proof. If we consider an arbitrary function f € gy (p, A; Y2, 4, @), then @, € Py(a), where

Dl f(2)

» m H
W (Zp D/\,pf(Z)) .

1
P22) = (1= 72) (Z'D1,f@) + 72
According to Theorem 2.1 we have
P1(2) = (2D}, f(2) € Pu(p),

A
where f is given by (7), with A; = V? Since f = a+ (1 - a)(2f1 — 1) and % < B1 < 1, it follows that § > a,

and from the part (i7) of Remarks 1.1 we conclude that P¢(8) C Pi(a), hence @1 € Pr(a).
A simple computation shows that

m+1
1=y (2D, f@) +n % (2701 f@)" =
P
_n 7
(1 yz)@l(z) + s $2(2). (14)

Since the class Px(a) is a convex set (see the part (iv) of Remarks 1.1), it follows that right-hand side of (14)
belongs to Pi(a) for 0 < y1 <y, which implies that f € 28} (p, Ay, ua). O
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Let us define the integral operator /., : Z(p,n) — Z(p,n) by

c+1 [*
]c,pf(z) = Wjo\ tc+pf(t)dt (c>-1). (15)
We will give a short proof that this operator is well-defined, as follows. If the function f € X(p, n) is of the
form (1), then the definition (15) can be written

Joof@ = 35 [ E@geyar -

lc+1 (* c+1
Z_p S+l f(; tC(P(t)dt = o Ic,p(P(Z)/

where

1 Z
L@ = 27 [ ot

and
p)=2"f(z) =1+ chz””, zeU, (16)
j=n

is analytic in U. We see that integral operator I, defined above is similar to that of Lemma 1.2c. of [11].
According to this lemma, it follows that I, is an analytic integral operator for any function ¢ of the form
(16) whenever Rec > —1, and ], f € Z(p, ) has the form

_l . aj j
Jepf(z) = o +(C+1);—j+p+c+1z’ zeU.

The operator J., was introduced by Kumar and Shukla [6], connected with the Bernardi-Libera—
Livingston integral operators (see [4], [7] and [10]).

Theorem 2.3. If f € X(p, n), the integral operator |, is given by (15), y = 0 and u > 0, then

Q- (D} Jopf @) + 72D f@) (LD Jop f@) € Pila),
implies that
(2D} Jepf) € PP,

4

where B is given by (7), with Ay = uic+1)

Proof. Like in the remark mentioned after the Definition 1.3, since the left-hand side function from the above

definition need to be analytic in U, we implicitly assumed that Z);"p]c,p f(z) #0forallz € U.
The implication is obvious for y = 0, hence suppose that y > 0. Differentiating the relation (15) we have

2(Jopf@) = (€ + D@ = (c +p+ D]epf(@),

and using the fact that D' and ], commute, this implies

(D} Jepf@) = €+ DD} f(2) = (c+p+ DD} Jep f(2). (17)
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If we let

9@) = (2D} Jepf@),

2216

then by part (i) of Remarks 1.1 the function g can be written in the form (10), where g; and g, are analytic
in U, with ¢1(0) = (0) = 1. According to the the part (i) of Remarks 1.1 we need to prove that g1, g, € P(B).

Using (17), from the above relation we have

A=) (2D Jepf@) + 72D F@) (D] Jep @) =
ko1
g(Z) + y(ci 1) Zg'(z) = (Z + E) gl(Z) + ﬁ Zgi(z):| —

(g - %) [gz(z) + [,L(cj:- D zgé(z)] € Pr(a).

Now, from the part (i) of Remarks 1.1 it follows that

gi(z) + zg/(z) € P(a), i=1,2,

Y
u(c+1)

4

and from Lemma 1.4 we conclude that g; € P(B), i = 1,2, with g given by (7) and A, = m

The following result represents the converse of Theorem 2.1.

Theorem 2.4. If f € X(p, n) such that (ZPZ)T,’H f (z))u € Pi(a), then p? f(pz) € LB} (p, Ay, p, @), with

1
—mvA + JI2 + 12272 \n
p =min ( 24 Ty )n;ro
H
where
min{r>0:¢(r)=0}, if Ir>0:9(r)=0
ro =
0 1, if Ar>0:¢() =0,

and

(1) = 2o - )r?" +2 m+1.

A
20 -1-n(1-a)’l
U

Proof. For an arbitrary f € X(p, n) such that (ZPDT,;; f (z))“ € Pi(a), let g be defined as in (9), i.e.

(D) f@) = g(z) € Pila).

From the part (i) of Remarks 1.1 we have that (20) holds if and only if

g9(z) = (Z + %)91(2) - (g - %)gz(Z),

where g1, 92 € P(a).

(18)

(19)

(20)
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Using the above representation formula, like in the proof of Theorem 2.1 we deduce that

Dy (2)

- (ZDLf@) + iz o (20p f@) =

kK 1 A k A
e -

and substituting Gi(z) := gli% i = 1,2, we finally obtain

11+1

f@ :
C-NEDLIE) +7 gy (25,0 =

(Z 2) [(1 ) (Gl(z) D % e (z))]

Dol 2 e

where G1, G, € P(0).
To prove our result we need to determine the value of p, such that

a YA .
Re|Gi(z) + —— + —zGi(2)| > 0, for |z| < p, i=1,2,
l-a u

whenever Gy, G, € P(0).
Since f € X(p, n), using the well-known estimates [5] for the class $(0), i.e.

2nr" ReG (z)
1-—

1-7r" .
1+:n, zZl<r<1,i=1,2,

|zGl’-(z)' ,lzZl<r<1,i=1,2,

ReGi(z) >

we conclude that

a v ., YA e
Re|Gi(2) + T——+ 7 2G(2)| 2 7 +ReGi(2) - m |2G/(2)| >
7//\ 2nr
1_ +ReG(z)[1 m 1—r2”]’ (21)
foralllzl<r<landi=1,2.
. . YA 2nr"
A simple calculation shows that 1 — Lo >0(0 <r<1)ifand only if

1

—nyA+ Ju? + n2y?A2\n
re 0,( o ﬁ r ] , (22)

and assuming that (22) holds, from (21) we obtain
— A
S + 1-r 1- rA 2nr"
l-a 1+4m uwl—rn|
|zl <r<1, fori=1,2.

Re[ (@) + 1L L2 zG'(z)]
U
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It is easy to check that the right-hand side of the above inequality is greater or equal than zero if and only if

r € [0, min {1;70}],

where 7 is given by (19), and combining this with (22) we obtain our result. [

Remark 2.5. (i) For the special case n = 1, it follows that if f € L(p, 1) then

—yA + /[u2+7/2/\2'

p = min ;70

u

(ii) We remark that for the special case n = 1 and a = 0, the formula (18) reduces to

2
p=—(1+ﬁ)+ (1+ﬁ) +1.
Z Z

(iii) Putting A = 1 in the above results, we obtain the similar results associated with the operator Dy,
(iv) Taking A = p = 1 in the above results, we obtain the similar results involving the operator D™,
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