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The Mehler-Fock-Clifford Transform and Pseudo-Differential
Operator on Function Spaces
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Abstract. In this article, we introduce a new index transform associated with the cone function P, N (2vx),
named as Mehler-Fock-Clifford transform and study its some basic properties. Convolution and translation

operators are defined and obtained their estimates under L7(I; x’%dx) norm. The test function spaces G,
and ¥, are introduced and discussed the continuity of the differential operator and MFC-transform on
these spaces. Moreover, the pseudo-differential operator (p.d.o.) involving MFC-transform is defined and
studied its continuity between G, and ¥,.

1. Introduction

The transform of integrable function f is defined first by F. G. Mehler [9] in 1881 as:

FO =N = [ WPy >0 )

and its inversion defined by V. A. Fock [2] in 1943 as:
flx) = ML) (x) = f Ttanh(’l‘(”[)PiT_%(x)F(T)dT, x>1, (2)
0

where P;._1(x) is cone function (associated Legendre function of zero order) and it is represented in terms
of Gaussian hypergeometric function ,F; as:

Py () = 2Fi(1/2 +i7,1/2 - it; 1;(1 - %)/2).

Therefore the (1) is known as Mehler-Fock transform and (2) is as its inversion. The theory and properties of
Mehler-Fock transform have been studied by C. Nasim [10], Srivastava et al. [19], Yakubovich et al.[21-23],
Lebedev [7, 8], Sneddon [18] and Prasad et al.[16] etc. In this paper we modified the cone function obtained
a new integral transform and we named it as Mehler-Fock-Clifford (MFC) transform.
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Initially the idea of Clifford type integral transform was first evolved by English Mathematician W. K.
Clifford on taking the kernel Bessel-Clifford function

Co(x) = x~*?5(2 V),
where [ is the Bessel function of order 9, which satisfies the differential equation
(xD2 + (8 + 1)Dy + 1)u(x) = 0.

The theory and properties of Hankel-Clifford transform have already been studied by the several researchers
viz [12, 14, 15] etc. As per this argument the Legendre-Clifford function according to [1, p.156] is defined as

Py (2VR) = %cosh(n NG fo T eV 3)

A/(2x + cosh t) ’

and it satisfies the differential equation

12x -1
2

Now we define the Mehler-Fock-Clifford (MFC) transform as

(x(4x—1)D2 + Dy + (7 + }L))u(x) =0.

Ax

N >0 4)

KO = e = [ FP ey (245)

and its inversion

1

1 00
— -1 ——
flx) = (M) = 5 fo tanh(m VO)P; 71 (2Vx)F()dr, x> 1 (5)
The kernel P; 7 1 (2 \/)_C) is an eigen function of the operator
12x -1
Ay = x(4x - 1)D? + % . (6)
and satisfies the property
1
AP, ey (2VR) = (—1)(7 i L—l)Pi s (2VR). @)
The series representation of the differential operator A¥ is as follows:
2k ‘
Ak =Y g D], (8)
j=1

ith

k
where q’ék(x) = (x(4x - 1)) and the intermediate terms q’]f(x), for 1 < j < 2k, are polynomials of j* degree.

Also, adjoint of the operator A, is obtained as:

12x — 1)'

* 2 _ _
A; = D2x(4x - 1) - Dy 5

We recall from [11, pp. 171-173], the asymptotic behaviours of P_, (2 \/E) near to x = 1 and infinity are as

P (2\/§)~1asx—>j—1, )

[N
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and

P (2\/§) ~ LM as x — oo.

N /4

From [3], we define the symmetric function D(x, y,z) > 0 as:

[SIES

D(x,y,z) = fo tanh(m VO)P; z_1 2 VX)P; e_1 2 VYP; 71 (2 V)T,

where

%(16 \VxXyz+1—4x -4y - 4771 for ze€ Iyy,
0 otherwise;

D(x,y,z) = {

and

Ty = (437 - [(x = D@y - DIZ, 43y + [(x - D(dy - D]?).
Now using the inversion of MFC-transform, then we have

P; e 1@VX)P; e 2Y) = f D(x,y,2)P; 71 (2 \/Z)E

! Vz
ﬁ D(x,y,z)d—\/zE =1.

4

and

The translation operator is defined as:

a dz
TP = f Dlw 97
From (12) and (14), we see that
P ey @VOP; ey 2 V) = (T2, ey 2 VD)):

Simultaneously convolution operator is defined as:

0 d
(Fra)w = f (Txf)(z)g(z>722,
- f ) f ) D(x,y,z)ﬂy)g(z)%d—jz.

By LP(L; w(x)dx), I = (1/4,0), 1 < p < oo we denote the weighted L7-space with the norm

( I f(x)|7’a)(x)dx);, for 1<p<oo,
ess.sup |f(x)l, for p=oco.

xel

f1zr (ody =

Plancherel’s and Parseval’s relations have been obtained as:

J, 10 = 5 [ e e ) e e

2459

(10)

(11)

(12)

(13)

(14)

(15)
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and

ﬁ I f/x_ - fo tanh(r VO (e )0 dr,

or
”f”LZ( ;xf%dx) = ||(9Jt¢f)||L2(]R+;% tanh(r v1)d1)*

Thus, the MFC-transform is isometrically-isomorphism operator from L*(I; x‘%dx) onto L2(R,; % tanh(mt V1)
dr).

The article is organized as follows: Section 1 is introductory, in which Mehler-Fock-Clifford (MFC) trans-
form is introduced with cone function P; Vil (2 /x). The convolution and translation operators are defined
and Parseval’s as well as Plancherel’s relations are obtained. Section 2 consists of some useful results like
MEC-transform of translation and convolution operators, relation between differential operator A, and its
adjoint A}, some estimates of the kernel of MFC-transform. Moreover estimates of translation and convo-
lution operators are also obtained in Lebesgue space. In Section 3, the test function spaces G, and ¥, are
defined and discussed the continuity of MFC-transform on these spaces. Section 4 includes the pseudo-
differential operator (p.d.o.) associated with the MFC-transform. Moreover, continuity of the p.d.o. is
discussed between the spaces G, and F,. An another integral representation of p.d.o. is obtained. Further
an estimate of the p.d.o. is also discussed.

2. Preliminary Results and Some Estimate

Theorem 2.1. If f, g € LY(I;x"2dx), then the MFC-transform of the translation and convolution operators are
respectively as follows:

(D) Me(T2H)(T) = Pi -1 2 VD) Dis f)(D)
if) (M (f * 9))(1) = (M f)(T)Dsg)(2). (16)

Proof. (i) From (4) and (14), we have

(T2 )@ = f f Pryes AP, y,z)f(z77

using (12), we readily yield

PGB [ Py @VBSOL,

(M (T f))(7) v

= Py VD).

Hence (i) is proved.
(i7) From (4), (15) and by Fubini’s theorem, we have

el o= [ [ ( | P 09D, 1, %7

4 4

using (12), we get

Mie(f * (1) = M )T Dcg)(0)-
This completes the proof of (ii). O
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The relation between the differential operator A, and its adjoint A} is as:

A (x72f(0) = xR ALf(), 17)
thus

of -1 -1

A(x72P, 12 V) = X2 AP, 12V, (18)

Further it can be extended upto finite times and we obtained
* _1 _1

(A" (X2 Py o1 (2VR) = X2 ALP, s (2V5).

Applying operator A, on (11) and using (7), we have

ADGy,7) = fo tanh(n vVD(D(t + 1 )Prye @ VD) Py ey @ VP e 2 VT
= [ VO VB(CD(e + )P @ VDR 2 VoM
= A,D(x,y,2).

Similarly,

AD(x,y,2) = A:D(x, v, 2).
Therefore
AxD(x,y,z) = AyD(x,y,z) = A.D(x, y, 2).
On repeating k times, we have
A’;D(x, Y,z) = A’;D(x, Y,z) = AIZ‘D(x, Y,2).
Lemma 2.2. If f,g € L'(I;x"2dx), then
) (M(ALH)(D) = (-1 (7 + }L)r(ﬂﬁq f)@), VreN, (19)
(il) Ax(frg) =Axfrg=fAsg.

Proof. From (4), we have

° d
(Me(Acf))(r) = f Piﬁ,%(%/?c)Axf(x)Tz.

4

Using (18) and (7), we get

ﬁ (e }L)Piﬁ_gz VR)f (%)

(AP %
-1+ }I)(smG f)@.

Continuing in this way, we have the desired result.
This completes the proof ().

Now using (16) and (19), we have

(=D + 1) )0 (Meg)(o),
(Me(Ae))(@)(Misg)(2),
(Me(Arf *9))(0).

(MeA(f *9)(®)
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Applying inverse MFC-transform (5), we get

Af*g) = Axf *g.
Similarly

Axf#9) = f+Axg.
Therefore

Af#g) = Acf xg = f* Axg.
Hence (ii) is proved. [
Some properties of kernel P; ;_1(2 Vx):

(i) For every positive integer m there exists M > 0 such that

d m

T Z‘f_;(Z\/_) < M cosh(m V7).

Proof. Differentiating (3) m times with respect to x, we have

ar Crk

N
2 p -2 = (-1 m_ h(r
dxm ivi-1( & 1) o8 \/_)fo =1 (2Vx +cosh(t)) =

where Cj are positive constants. Now

m 00
1 + +
C cosh(m V1) E — f 2% e Mt
k=1 X > JO

M cosh(n V1),

qm
d m l‘f—*

IA

IA

where C > 0 and M > 0 are constants. [

(i) As per [1, (6), p- 155], P; 7z_1(2 V/x) can also be represented as:

Pi\/?—%(z Vx) = % fon[Z Vx + (4x - 12 cos(g)]—%’riﬁdé,

and
P12 VR)| < P_y 2 VR).

Using asymptotic behaviours of P_% (24/x), (9), (10) and (21), we have
P32 VR < C,

where C > 0 is a constant.
(iii) The function P; N 1 (2 V) satisfies the following estimate

<" ‘fmv_ Zm" Z C = @m=D=s)/2 Z Clr @,

1=0 s=0 r=0

qm
d m 7‘/>*’(2 \/_)

where C; and C; are positive constants.

2k+1 2m k OS( \/_t)dt

2462

(20)

(21)

(22)

(23)
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Proof. Differentiating (3) m times with respect to 7, we have

m m m—I
ddﬁpiﬁ_%(Zﬁ) = %ZOI(Z) d COSh(T[\/_)f COS(\/_t) ! dt,

m—l1
dr /(2 + cosht)

Now, assuming p(7) = cos(tt) and g(7) = v/t and invoking Faa di Bruno’s formula [5] for the /th derivatives
of the composite function p(q(7)) = cos(t V1), we have

11\ (1(1 19\t
! I L1\ (3 (5 -1) <
gl COSEVTD) = Zbl!bz!"' COS(“/_” )( 1 21

y [%(%—1) (A-141)1b ]bl,

I

where I € Ny and the sum is taken over all distinct non-negative integral solutions by, b, - - - by, satisfying the
following conditions:

bi+2by+---+1lbj=1 and by+by+---+b=r.

Thus

dl
=

where C, are positive constants.
Similarly, we obtain

1
< I Z Ct @12, (24)
r=0

m-l m—I
e cosh(rt V)| < (m — Dle™V* Z Cor-@m=D=s)/2. o
s=0

where Cs > 0 are constants. From (24) and (25), we have

< ﬂ\f\/_ 1Y ¢, @m-D-s —@- r)/2f
Z‘msz‘ © \/1+cosh

the last integral converges for every r € INg . Hence we get 1nequa11ty (23). O

dm
dm 1

-3 (2 V)

Theorem 2.3. If f € LP(I;x"2dx), 1 < p < oo, then T+ f € LP(I;x"2dx) such that
1751

<
Px b = If ”LP(I;x’%dx)'

Proof. From (14) and using Holder’s inequality, we have

o= ( [ pwwarerS) ([ oeua ).

Using (13), we get

14 P_ -
ﬁ (THW) \f< Cife) R

Again using (13), we have
1Ty gt gy < WALt

Hence we obtained the Theorem. [
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Theorem 2.4. If f, g € [P(I;x 2dx), 1 < p < co then f + g € LP(I;x"2dx) such that
0F = gt gy S Wt g Mt (26)

Proof. From (15) and using Holder’s inequality, we have

(Frpm)l < (ﬁ‘[ mx%mwwmwn )(j‘j‘Du%mmnhfvﬁ

4 4

Using (13), we have

(F+ )P (j‘j‘D@% vwmmn )(ﬁ|< )

Again using (13), we obtain

[j‘W'mmW ] (f wwwy)[ﬁmmmég.

Hence completes the desired result. [J

Generalized Minkowski inequatlity: The genralized Minkowski inequality for suitable function / is defined

b v 1 d b 1
[ f | f h(x,y)dy| dx|” < f [ f Ihx, y)Pdx|dy, 1< p < co. 27)

Theorem 2.5. The MFC-transform is a bounded linear operator from L'(I; x’%dx) into L1(R4;e7%"dT7), 1 < g < oo,
a>0.

Proof. Let f € L'(I;x"2dx). From (4), we have

(f‘” |‘JJE¢f|"e_de)q
0

o | oo gl i
([ om0 2] ]

Using generalized Minkowski inequality (27) and (22), we get

0 f] < cf;fmvuniﬁxfmaﬂwfé
CJIILI(Ryeotdr) = 2 % \/E 0 ’

for @ > 0 the integral converges. Thus

1M fllraqr, se-evdr)

’
e flsgewan < gty

where C’ > 0 is a constant. Hence proved. O
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3. Test function spaces

Definition 3.1. An infinitely differentiable complex valued function @(x) for x € I is said to be in the space F,, such
that

Yai(@) = sup A5 (0)x"2 Akg(x)] < oo,
xel

where a > 0, k € Ny, Ay is the differential operator defined as (6) and AL (x) is the continuous function given by

oy |em, x € (3 3]
Ay (x) = p-aldx-1) xe[l,o00)
7 2/ .

Definition 3.2. An infinitely differentiable complex valued function ) (x) for x € I is said to be in the space G, such
that

Toi() = sup [A% (0)x "2 Aky(x)] < o0,

xel

where o > 0, k € Ny, Ay is the differential operator defined as (6) and A} (x) is the continuous function given by

= 11
N =1 relys
ea(4x—1), x € [E’ Oo)

For every ¢ € G,, we have

sup |A; (x)x 2 Akg(x)|

xel
sup |(A; (0))*A% (x)x~ 2 Ak (x)|
xel

C Fa,k((P) < 00,

Vax(@)

IA

where C > 0 is a constant.
Moreover, P; 1 (2 Vx) ¢ G.. Hence G, is proper subset of ¥, and the topology of G, is stronger than
that induced on it by %,. So, ¥/, C G-

Remark 3.3. (i) The differential operator Ay is continuous linear mapping from G, onto itself.
(ii) The differential operator Ay is continuous linear mapping from F, onto itself.
(iii) The differential operator A, is continuous linear mapping from G, into F,.

Theorem 3.4. The MFC-transform is continuous linear mapping from G, into F,.

Proof. Consider ¢ € G,, and using (4) and (8), we have

Ax
-

2k 00
A@ep© =Y 0 [ DIP @V

m=1
Using (23) and Definition 3.1, we have

m—l

2k m 1
T_%A;(T)e” VT Z m!qzmk(’c) Z Z Cyr~@m=D=s)/2 Z C g~z

m=1 I=0 s=l r=0

YaxMep) < Tao(p)sup

Tel

f“’ L&
SRS AMORE

1

@

Now using Definition 3.2, then for a > 0 and sufficiently large constant M’ > 0, we have

Va,k(gﬁ(igo) <M ru,O((p) < .
Hence proved. O
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4. Pseudo-differential operators

The theory of pseudo-differential operators (p.d.o.) have been first developed in 1960 to treat the
problems of partial differential equations. The theory of p.d.o. already discussed by using the theory of
integral transforms like Fourier transforms, Hankel transforms, Fourier-Jacobi transforms, etc. in the work
of [4, 6, 13, 15, 17, 20]. Motivated by them here we define p.d.o. in terms of the Mehler-Fock-Clifford
transform.

Let a partial differential operator P(x, A;) on I is

P(x, Ay = ) ()AL, (28)

r=0

where a,(x) are functions defined on I and A, is the differential operator as (6). If we replace A, by monomial
(—-1)(t + }) in (28), we obtain

P =Y a,(x)(—w(f + 411) . (29)
r=0
Now from (28), we have

m

P, ADF() = ) ()M~ Me(ALf)| ).

r=0
Using (19), we have

m

P A0S = Y a0 (c + 1) i)

r=0
From (5) and (29), we get
P, A0 = 5 [ tanhm VP, ey NRP DR (30)
0

If we replace P(x,7) by more general symbol o(x, t) in (30), which is no longer polynomial in 7 only, the
operator so obtained is called pseudo-differential operator associated with MFC-transform.

Definition 4.1. The symbol class §™ is the collection of infinitely differentiable complex valued function o(x, T) for
(x,7) € (I X Ry). The function o(x,7) € 8" iff for u,v,1 € Ny, and m € R, there exists a constant C = C,,; > 0
such that

(1 +x)'|D'Dio(x, 1) < Ce™. (31)

Definition 4.2. For the symbol o(x,t) € §", the pseudo-differential operator associated with MFC-transform is
defined as

(Pop)) = 5 fo tanh(r V)P, yz_s (2 VX)o(x, D) (D). (32)

Theorem 4.3. The pseudo-differential operator is the continuous linear mapping from G, into .
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Proof. From (8) and (32), we have

00 2% 4
AP = 3 fo tanh(r V) ) 47" DLP; - 2 VR)ot, D) ()
=1
_ 1]00 tanh(mt ﬁ)i 2k(x)zj‘ (j)DrP. @ \/E)Dj_ro(x e
2 L 7 Li\r)7 ivi-1 o (x, cp '
o 2% i y
= % j(; tanh(r V1) ; qu,k(x) ; (i)D;Pi vi12 VODI oz, T)(Z N T)

X i( )( 1)5[( 1)S(T+1)

s=0

Mep)(7)dT. (33)

Now

(_1>s(7+}1)5<wz¢<p><f> f (- 1>S(T+1) Pive-42NY)e y)%

L (AP ey @ VY ‘D)(”(wT

ﬁ Py ey DA (v 20 w))dy

4

Using (17) and (22), we have

‘( 171+ 1) Oepi| < CTsty) f T

where C > 0is a constant. Invoking Definition 3.2, the last integral converges. Therefore there exists C’ > 0,
such that

[ (x+ ) W] < € Taste. (34)

Now from (20), (31), (33) and (34), we have

Va,k(foa(p) < sup|x “IAC 2CA+x)" szqZk(x)

xel j=1

X Mfow cosh(n\/_)( +T) dr.

Zn" (Z)C'ra,s((p)
s=0

Thus integral converges for any m > 0 and supremum exists finitely. Hence

YVak (PU(P) < C’/ra,s ((P)/

where C” > 0is a constant. [

An integral representation of p.d.o.:
If we consider a function g,(y) associated with the symbol o(x, 7) as

9) = 5 fo tanh( VOP, =1 (2 VBIP, y=_) 2 V7)o, D, (35)
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then from (32), (4) and using Fubini’s theorem, the pseudo-differential operator can be defined as

0 0 d
@wﬂ)=\f(;ﬂmmmﬁwm;aﬁmw;aﬁwwmfww%.

Now using (35), the integral is reduced as

P = [ mwewy iy @)
i
This is another integral representation of the p.d.o.
Theorem 4.4. If g.(y) is defined as (35), then
lg:(y)l < C" (1+x)7, (37)

where C' > 0 is a constant.

Proof. From (35), (22) and (31), we have

1 00
@l <C5 [ entema,
0
where C > 0 is constant. Clearly the integral is convergent for m > 0, therefore

gl < C' (1 +x)7,

where C’ > 0is a constant. [J

Now we obtain an estimate of p.d.o. defined as (32). From (36) and (37), we have

|(Pop) ()

IA

cn+m4ﬁ|wwfwy

< C+x) gl

A

L(Ix~ 2 dx)’

where C’ > 0 is certain constant and [ € INj.

(Ps@)ll=m < C”llgll

L (Ix~ 2 dx)

where C” > 0 is a constant.

Special Case: If we consider symbol o(x, T) in such a way that it can be represented explicitly as o(x,7) =
V(x)W(t), provided V(x) # 0, then p.d.o. defined as (32) is represented as

P =5 [ Prye1 @ VD) tanh(m VWD) D0 (39)
0
Now by application of inverse MFC-transform, (38) reduces to
Pos
(m | qu ]) () = WD) Meq)(7). (39)

Further, if we suppose W(t) = (Micy)(7) in (39) then from (16), we have

Py
(wafbm=ww¢wwn
Invoking inverse MFC-transform, we obtain

(Pop)(x) = V(x)(@ * P)(x).
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Furthermore, by using Holder’s inequality and (26), we have

<
“P"(P“Ll(l;x‘%dx) = ”q)*(P“Uf(l;x‘%dx)“V”Lq(l;x‘%dx)

IVl

IN

”ll}”Ll(I;x*%dx)”(pllm(l,-x*%dx) Li(lx 3 dv)’

wherep,g>1land 1/p+1/g=1.
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