Filomat 33:8 (2019), 2269-2276
https://doi.org/10.2298/FIL19082690

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A Criterion for Univalent Meromorphic Functions

El Moctar Ould Beiba?

*Département de Mathématiques et Informatique
Faculté des Sciences et Techniques
Université de Nouakchott Al Aasriya
B.P 5026, Nouakchott, Mauritanie

Abstract. Let D = {z € C,|z| < 1} and A(p) be the set of meromorphic functions in D possessing only
simple pole at the point p withp € (0, 1).

The aim of this paper is to give a criterion by mean of conditions on the parameters o, € C, A > 0
and g € A(p) for functions in the class denoted P, 4, (p; A) of functions f € A(p) satisfying a differential

Inequality of the form ,
7))

1-py2
o)

”

<Ay, zeD

to be univalent in the disc ID, where 1 = (

1. Introduction

Let M be the set of meromorphic functions in the region A = {C € C, || > 1} U {oo} with the following
Laurent development

F(Q) = C+ ) bl C €A (11)
n=0

Let X be the subset of M consisting of univalent functions. A is the set of analytic functionsf in the unit
disc ID normalized by the conditions f(0) = f'(0) —1 = 0. The subset of A consisting of univalent functions
is denoted by S. If f € A, then the function F defined by

1
F(O) = — 1.2

belongs to M and f is univalent in ID if and only if F is univalent in A. In [1], Aksentév proved that a
function F in M is univalent if its derivative F’ satisfies the differential Inequality:

F Q) - 1’ <1, CeA. (1.3)
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If F and f are as in (1.2) then the condition (1.3) is equivalent to

‘(J%);’(z)— 1' <1, ze D. 1.4)

Hence, by virtue of the AksentVe criterion, a criterion for a function f € A with @ # 0for|z| < 1tobe
univalent is stated as follows:

<1,ze D, (1.5)

e

2
where Uf(z) := (/%) f'(z) - 1.
Ozaki and Nunokawa proved in [11], without using the theorem of Aksentév, that functions in A satisfying

(1.4) are univalent.
For A € (0,1], let U(A) be the subclass of U = U(1) defined by

UN) ={f € A, <A, z €D (1.6)

Uy (z)

The classes U(A) have been extensively studied by many authors and the results obtained cover a wide
range of properties (starlikeness, convexity, coefficients properties, radius properties, etc.). For more details
on this subjects see [4] - [8] and references therein.

In their article [7], Obradovi¢ and Ponnusamy considered the subclass #,,,(1) of functions f in A such

that @ # 0for z € D and satisfying the differential inequality

o(75) (%)

where a # 0, § are given complex numbers and g is a given function in A with @ # 0in ID. One of their
main results was the following theorem:

144

<A zeD 1.7)

Theorem 1.1. Let g € A with @ # 0inDand K = sup, I(ﬁ)zg’(z) — 1|. Then we have
Papg2Alal = 2K|Bl) € UA). (1.8)
In particular, we have
Popg2lal — 2K|Bl) € U(L). (1.9)
Letp € (0, 1) and A(p) be the set of meromorphic functions in ID normalized by f(0) = f/(0) -1 =0

and possessing only simple pole at the point p. Each function f in A(p) has a Laurent expansion of the form

(o)

+E+(%+1)2+Zanz”,zeﬂ)\{p}, m # 0, (1.10)

m
-p P \p o

f@=

z

where m is the residue of f at p (m # 0). Our investigations will concern functions in A(p) satisfying the
condition

‘1+—
m

<1 (1.11)

In a recent paper [2], Bhowmik and Parveen introduced, for 0 < A < 1, a meromorphic analogue of the
class U(A), namely the class U, () consisting of functions f in A(p) satisfying

Uf(z)] < Au, z € D, (1.12)
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where

2
f@

They obtained some results for the class U, (1), in particular they proved the following theorem :

)zf’(z) “1,zeDand = (1;’”)2 (1.13)

Uf(z):( 1+p

Theorem 1.2. (Theorem 1, [2]) Let f be of the form (1.10). If

‘(J%)zf’(z) _ 1‘ < (%)2, zeD

, then f is univalent in D.

Note that Ponnusamy and Wirths have proved by elegant method (Theorem 2, [12]), that functions in
U,(A) are univalent on the closure of the disc ID.

The main object of the present paper is to give, for the class A(p), an analog result to the Theorem 1.1
obtained for the class A.

2. Main Results

We start by some “round trip” results between the classes A(p) and A.

m+p?

Proposition 2.1. Let f(z) = Z%j + % + =zt Y ey 12" be a function in A(p) such that @ # 0in D and
—c be an omitted value by f. Let g be defined by

_ cf(®
9@) = — @ (2.1)
Then g € A and we have
VRN (2,
gp)=c gp)=-—=-="-, (2.2)
p2
Up) = -1 - ", (2.3)
and
2
lim Uf(2) = Uy(p) = -1 - %. 2.4)

Proof. Since f is holomorphic in D \ {p}, g is also holomorphic in D \ {p}. It is easy to check that
9(0) = g(0) =1 = 0.

For the value of g(p), we have

L o of@) c(z-p)f@) _cm _
70) = lim o) = lim s = I e v @~ m ©

To conclude that g € A, we have to prove that g’ (p) exists.
We have, by (2.1, that

. 9@ -9 . gz)-c —c? —c?
Zlgz} zZ-p zl—r}; Z—p z—r};}c(z—p)+(c—p)f(z) m
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Thus g’(p) exists and its value gives (2.2). Now, taking (2.2) in the expression of U,, we get

2C2 2
i =5 1= -2

To prove (2.4), we have by a little calculation
Uf(z) = Ug(z), z € D\ {p}. (2.5)
Thus we have
Eg} Uy(z) = Uy(p)

which yields, by (2.3), the desired result. a

Remark 2.2. We obtain from (2.4) that a necessary condition for f in A(p) to be in U,(A) is that |1 + ’:'—jl <Ay,
where m is the residue of f at p.

Proposition 2.3. Let p € (0, 1) and g € A such that g'(p) # 0 and g(z) — g(p) has no zero in ID \ {p}. We
suppose also that g satisfies the following condition

17°(0) — 7 (P)P°| < (). (2.6)

Then, the function f defined by
—9(p)g(2)
fo) = 220
9@ — 9(p)
belongs to A(p) and satisfies (1.11). If in addition g is univalent, then f is also univalent.

Proof. Itis obvious that f is holomorphic in ID \ {p} and that f(p) = co. We get by a simple calculation

2
: 7°(p)
lim(z — p)f(z) = — .
im@z = PfE = =20
From (2.6) we have g(p) # 0. Hence the limit above shows that f has a simple pole with residue m = —%
at the point p. By the condition (2.6) we have
’1 _ Pgp)
7' ()
and hence f satisfies the condition (1.11).
It is easy to verify that f is univalent if g is univalent.
]

Remark 2.4. The condition (2.6) is satisfied when g € U(1);

Let P p1(p; A) be the set of functions f in A(p) of the form (1.10) such that @ # 0in ID and satisfying
the condition

(703)

2
1T+ %I < Ay, (2.8)

144

+ﬁ(%)u <Ay, zeD 2.7)

and
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where a # 0,  are given complex numbers and # is a given function in A(p) with @ # 0in DD.

We observe that P10(p; A) doesn’t depend on the function & and thus will be simply noted P(p; A).
The particular case where A = 2 has been considered by Bhowmik and Parveen in [3].

We need the following Lemma:

Lemma 2.5. Let 0 < A < u~!. If f belongs to U,(A) then, f is univalent in D.

Proof. Let —c be an omitted value for f and let g = % As seen above we have

Uy(2) = Us(2)
and hence g € U(Au). Since Ay < 1, g belongs to U(1) and thus it is univalent. This implies that f is

univalent. O

Theorem 2.6. Let i € A(p) be such that @ # 0 forz e Dand
2 \2
K=su ‘(—) K (z —1‘<+oo.
P \n) "

If fe€Papn(p; 2A |a] —2K %), then f € U,(A). If in addition A < ©~1, the function f is univalent in the
disc ID. In particular, we have

Il
Popn(p; 2 plal - ZK%) C Uy(1).

Proof. Letf € Pugu(p;2Alal — 2K %). Let g and k be defined by

cf dh
c+fandk_d+h

g = (2.9)

where —c and —d are omitted values respectively by f and h. By Proposition 2.1, g and k belong to A. A
little calculation shows that @ # 0 and @ # 0in D and

4 4 z 4 zZ

z
@ @ ™ Tt E (2.10)

which gives

(o) =(a) (@) =Ga) 21
Since f belongs to Pug(p; 2 Alal = 2K 1), we have by (2.11)

g € Papx(2Aplal — 2K|B)). (2.12)

Applying (2.5) to h and k, we obtain

sup ’(%)zk’(z) - 1' - K (2.13)

zeD

Moreover (2.12) and (2.13) give, by applying Theorem 1.1 to g and k,
g € UAp)
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which gives from (2.5) and (2.8) that f € U,(A).
Ifnow0< A< y‘l, then f is univalent by Lemma 2.5 .

The second assertion of the theorem follows by taking A = 1 in the first one. m]
Letp € (0, 1) and let h(z) = (z—p)zﬁ' A little calculation yields
y
su '(i)zh'(z) —-1=1and (i)” =2,zeD
e - e T

Corollary 2.7. Let0 < p < 1and f € A(p) with @ # O0forz € D. Leta # 0 and $ be two complex
numbers. If f satisfies

a(j%) +ﬁ‘ sZ(/\y o] - @) zeD (2.14)

then f € U,(A). If in addition 0 < A < u7!, then f is univalent in ID.

Proof. Leth(z) = —Z%—. We have, as shown above, that
@pE-1)

z

sup'(h(z) )Zh’(z) - 1' = 1land (%)N =2.

Now, if f satisfies (2.14) then f € P_;,(p; 2(Alal - %)) and hence, by taking K = 1 in the first statement
5
of Theorem 2.6, we get the desired conclusion. O

If we take |a| = 1and § = 0in Corollary 2.7, we obtain the following

Corollary 2.8. Let0 < p < 1and f € A(p) with @ # Oforz € D. If f satisfies

()

then f € Uy(A), in other words, we have P(p;21) C Uy(A). If in addition 0 < A < ‘u’l, then functions in
P(p;2 A) are univalent .

<2y z €D, (2.15)

Corollary 2.9. If 0 < A <2, then P(p; A) € U,(1) and hence functions in P(p; A) are univalent.
Proof. Since ™! >1,0< £ < u~!. Hence, the desired conclusion follows by applying Corollary 2.8 to 4. O
Remark 2.10. If we take A = 2 in Corollary 2.9, we obtain Theorem 2 in [3].

We need the two followings lemmas :

Lemma 2.11. Let g € P, p;x(1). Then there exists a Schwarz function w in D such that

z B(z k(0 ) g’0) Az f w(tz)
—-1l=-=(— -1)- — 1 - t)dt.
7) a(k(z)+ 2 ° 2 2t ) T
Proof. The proof can be extracted of the proof of Theorem 1.3 ([7], p.186). m|
Lemma 2.12. Leth € A(p), —c be an omitted value for hand k = % Then,
_ 2 KO, 2 MO (2.16)

ko) 2 hz) 2
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Proof. We have

k/l(o) — h//(o) _ %

Taking (2.17) and (2.18) in the left side of (2.17), we get the desired conclusion.

The following theorem is an analogue result of Corollary 1.8 in [7].

Theorem 2.13. Let f € Pupu(p; A)and M = sup, |1 — 35 — @zl. Then

2275

(2.17)

(2.18)

(2.19)

I
z B 7Ol Al o
= _1l<|t B R
7 als T g
Proof. Let —c and —d be omitted values by f and h, respectively.Furthermore let g and k be defined by
cf dh
7= F andk = 9

respectively. We have

z z

z
@ 1= el 1- E
and
g"©) _ f"0 1
2 2 c
Since f € Pogn(p, Au), wehave g € Py g.r(Au). Applying Lemma 2.11, we obtain
Z - ﬁ( z . k”(O)Z B 1) _9'0)_ | Apz fl w(tz)
0

z+
2 a t

9@ a

where w is a Schwarz function in ID. Taking (2.22) in (2.20), we obtain

z Bz | K'0) 7’'0)  z Auz [t w(tz)
%‘“‘5(@*7“)‘72‘;*7 f —p (L= Dk

Now, taking (2.21) in (2.23), we get

: L _ Bz KO 1O Az (M)
%‘1‘7(@+ 1) “7[07(1—00“'

The last equality gives us, using the fact that |w(z)| < |z]in D,

kz) 2

1 - tydt,

z B z  K'0) ' Ol A,
— -1 < |=|sup|—= + z—-1]+ z| + —|z|".
1@ ’ a| P k@) T 2 2 At g
We have, by Lemma 2.12,
z k" (0) ' z h”(0) '
— + z-1| = — + z-1)| =M
Pl T 2 WPl T2 27

Taking (2.26) in (2.25), we get the desired result.

As a consequence of Theorem 2.13, we have the following corollary:

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Corollary 2.14. If z is a given point in ID then, we have

) |5 =1 < G + )kl + Flzl, Vf € P(p; A);
Aup?  Au
@) |7~ 1| < j+ 5+ 3, Vf ePEA).
Proof. Let f € P(p;A). Takinga =1, =0and h(z) = m the formula (2.24) gives
z f"(0) f w(tz)
——-1=- zZ+ Auz 1-t 2.27
o Rl e s (R 227)
Putting z = p in the last equality, we obtain
1’ 1
O _1,, Aup f “UP) 1 _ pyap) (2.28)
2 T p 0
Since w is a Schwarz function, the modulus of the integral in (2.28) is majored by and hence we have
1/ 0 1 2
L ( 1 A (2.29)
p 2
Now, taking (2.29) in (2.19), where a, § and & as above, we obtain the estimation
z 1
— =1 < (= | °. (2.30)
f@) p
This achieves the proof of (1). The estimation (2) is an immediate consequence of (1). O
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