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Abstract. We consider the class A, of functions f analytic in the unit disk |z| < 1 in the complex plane,
of the form f(z) = z¥ +... such that Rezf#)(z)/ f*~V(z) > 0 in the unit disc. The object of the present paper
is to derive some bounds for coefficients in this class and relation with the functions satisfying condition
RefP(z)/ fPM(z) > 0 in the unit disc.

1. Introduction

We denote by H the class of functions f(z) which are holomorphic in the open unit disc ID = {z € C :
|z < 1}. A function f analytic in a domain D € C is called p-valent in D, if for every complex number w, the
equation f(z) = w has at most p roots in D, so that there exists a complex number wy such that the equation
f(z) = wp has exactly p roots in D. The properties of multivalent functions under several operators were
established recently in several papers, see for instance [3, 6, 8, 16]. Meromorphic multivalent functions was
considered recently in [4, 5, 9]. Denote by A,, p € N = {1,2,.. }, the class of functions f(z) € H given by

fx) =2+ Z 02", (z€D). 1)

n=p+1

Let A = A;. Let S denote the class of all functions in A which are univalent. Also let S; and C, be the
subclasses of A, defined as follows

S; {f(z)eﬂp:‘ﬁe{%}>0,ze]l)},

Zfl/ (Z)
{f(z) eﬂp.‘ﬁe{1+ 15 }>O, zelD}.
The classes S, and C), will be called the class of p-valently starlike functions and the class of p-valently
convex functions, respectively. Note that S = §* and C; = C, where 8" and C are usual classes of starlike
and convex functions respectively.

In this paper we need the following lemmas.
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Lemma 1.1. [13, Theorem 5] If f(z) € A,, then for all z € ID, we have

‘Re{%}>0 = Vkef{l,...,p-1}: %e{%}>0. 2)
Corollary 1.2. If f(z) € Ay, then for r € (0, 1], we have
i}{e{]%))((zz))} >0, lzZl<r = Vkefll,...,p-1}: %e{]%))((zz))} >0, |zl<r
Lemma 1.3. [14] Let p be analytic function in |z| < 1, with p(0) = 1. If there exists a point zy, |zo| < 1, such that
Refp(z)} >0 for |z| < |zl
and
plz0) = +ia
for some a > 0, then we have
zop’(20) _ 2ik arg {p(zo)}’ 3)
p(20) m
for somek > (a+a1)/2>1.
Lemma 1.4. [13] If f(z) € Ay, and there exists a positive integer j, 1 < j < p for which
‘Re{j+ %}>O, (zeD), (4)
then for all z € 1D we have
Vkefl,...,j}: E}{e{k—l+m}>0. (5)
FE0E)
Corollary 1.5. If f(z) € A, and there exists a positive integer j, 1 < j < p for which
iRe{j + %} >0, (zl<r), (6)
then for |z| < r, we have
Vkell,...,j): ?Re{k 14 ;é(kf)(z)} >0, (<7 @)

2. Main results

Coefficient bounds for p-valent functions was considered recently in [15] while the coefficient neigh-
borhoods of certain p-valently analytic functions with negative coefficients, in [1]. Some convolution
(Hadamard product) conditions for starlikeness and convexity of meromorphically multivalent functions
one can find in [11].

Let (x),, denote the Pochhammer symbol which is defined in term of Gamma function I as:

_Tlx+n) |1 for n=0, x#0,
) = I'x) | x(x+1)...(x+n-1) for ke N={1,23,..}.
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Theorem 2.1. If f(z) € Ay, p 2 2, f(z) =2 + a2’ + -+, z € Dand if

)
Re {;(];_1)(2)} >0, zeD, (8)

then for n > p, we have

pl(n—p+1) _ pln—-p+1)
nn-1)n-2)...t—(p-2) (n-p+2p

The result is sharp.

la,| <

Proof. If a function f(z) satisfies (8), then f?~V(z)/p! = z + byz? + -+ is a starlike function. Therefore, the
coefficients of f?~V(z)/p! satisfy

|b,| < n.

From this we can obtain the bound for |a,|. We have that b, ;11 = n(n —1)(n = 2)...(n — (p — 2))a,/p!, so
la,| < p!ln—p+1)/[n(n—1)(n—-2)...(n — (p — 2))] for n > p. To show that the bound is sharp it suffices to
prove that the function

'(”_P"‘l) n
W= Zn(n N2 e- -2 ©)

satisfies (8). We have

zZ

(r-1) —
f ()/p'_(l_z)z

so (8) holds.
|

It is well known that if f(z) € Ay, then |a,| < n. From this and from Theorem 2.1 we the following corollary
forp>1.

Corollary 2.2. If f(z) € Ay, p 2 1, f(2) =2/ + ap 2P + -+, z€ Dand if

zf(”)(z)
Re {f(” D Z)}>O, zelD,

then we have

4 18 (k +1)!

The result is sharp.

Corollary 2.2 implies that the function (9) may be written as

B 47p+1 18zP+2 (k+1)! "
folz) =2 + 1t DR Z( +1) RS (p+k)zp , zeD. (10)

Now we prove an inequality of type Fekete-Szego type for functions satisfying (8). Fekete-Szego
inequalities for p-valent starlike and convex functions of complex order was considered recently in [2].
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Theorem 2.3. If f(z) € Ay, p 2 1, f(z) =2 + a2’ + -+, z € Dand if

zf(”)(z)
E}{e{f(p_—l)(z)} > 0, S D,

then for any complex number u, we have

6
—_ 2 < - —
p+2 = T, q | < PP +2) max {1,|2A — 1]},

where
_Aulp+2)
C3(p+1)
The bound is sharp.

Proof. We have
2fP@) = V@1 +qz+ g2+,
where Re{l + g1z + gz% + ---} > 0 in D. This leads us to the conclusion

201 3(q; + 92)

Y= T WS G
Thus we have

3 _4y(p+2)—3(p+1)2
P+ Dp+2) 7 3p+1) |

2
Ap+2 — [’lap+1

In [10] it was proved that for any complex number A the following sharp estimate holds

g2 — Ag?| < 2max {1, 24 - 1]}
Therefore, applying (13) in (12) gives sharp bound (11). O
Corollary 2.4. Ifp =1, then (11) becomes the known sharp result [10]

las — lua%l <max{l, |4y - 3|},

for starlike functions, i.e. the solution of Fekete-Szeg0 problem in the class of starlike functions.

If 4 =1, then (11) becomes the following sharp result.

Corollary 2.5. If f(z) € Ap, p 2 1, f(2) =2/ + ap 2P + -+, z€ Dand if

zf(p)(z)
ERe{f(P—l)(z)} >0, zeD,

then we have

TP +2) Bp+n)
The bound is sharp which show the coefficients of (10).

2
|ap+2 - ap+1

2280

(11)

(12)

(13)



M. Nunokawa et al. / Filomat 33:8 (2019), 2277-2284

Theorem 2.6. If f(z) € Ay, p 2 2, f(z) =2 + a2’ + -+, z € Dand if
(@)
we] O o e,
Fo0(z)

then for |z| = r < 1, we have

1 _|f@],_1
A+n% ~ |z |~ a=-r@

The bounds are sharp.

Proof. From (14) and from Lemma 1.1, we have

zf'(z) zf'(z)
iRe{ @ }>0, zelD, @

and so we have for [z| = r < 1

1—r {zf(z)} 1+7

I

z=0

1+ r pf(z)
Then it follows that
) . ( - ’3) dt
zP t

w ),
xe [ (o )dt
N

p (tf'(t i
L (g -1)enar

p (@ )}
{p( f(#) ~1)par
3(1; )

o P

_ f 1
B PR

This shows that for |z] = r < 1

O, 1

2 |7 (1=

[
[

Applying the same method as the above, we can obtain for |z| = r < 1

1+nr» |z

The sharpness of (18) shows the function

4
g(z):[ﬁ} =zF 4+

This completes the proof of Theorem 2.6.
0

2281

(14)

(15)

(16)
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Theorem 2.7. If f(z) € Ay, p 2 2, f(2) =2 + a2’ + -+, z € Dand if

)
Re {Jf{: _1)((22))} >0, zeD, (17)

then for |z| = r < 1, we have

prP (1 =) - - prP Y (1+7)

gt <V A< A—r® (18

The bounds are sharp.

Proof. By the same reason as in the proof of Theorem 2.6, we have for |z| = r < 1

1-r zf'(z) 1+r
1+rsme{pf(z)}S 1-7

Applying Theorem 2.6 we easily have the proof of Theorem 2.7. The sharpness of (20) shows the function
(16). O

Theorem 2.8. If f(z) € Ay, p 2 2, f(z) =2 + ap+1z”+1 +---,zeDandif

(r-1)
%e{%} >0, zeD, (19)
then, we have
z f(p) (2)
iRe{f(p_l)(z) >0, |zl< V2-1. (20)
The bound is sharp.

Proof. Let us put

From the hypothesis (19), we have
Refg(z)} >0, zeD.

Applying [7, p.186], [12, Th.2], we have

@) _| 2f”2) 21
9@ |~ [ T TR TP
Therefore, we have
)
2@ <1 for < VE-1
f7G)
and so

zf(”)(z)
‘Re{f(p_l)(z)} >0 for |z]< V2 -1.
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It is easy to check that the function fi(z) such that

(-1 _ Z(] + Z)
A0 =5
gives
(p) )
zf,"(2) 1+2z-z2
D ) =0
7@ z=1-V2

which shows the sharpness of (20).
|

Corollary 2.9. If f(z) € Ay, p 2 2, f(2) =2/ + a1 2P + -+, z€ Dand if

Re {f(p_l)(z)} >0, zel,

z

then, f(z) is p-valently starlike in |z| < V2 — 1. The bound is sharp.

Proof. From Theorem 2.8, we have (19). Then from Corollary 1.2 we have

zf'(2)
‘Re{ @ } >0, |zI< V2-1.

O

Theorem 2.10. Let f(z) € Ay, p > 2, f(z) =28 + ap 2P + -,z € Dand let

i}{e{w}>0, zelD

zpk

for some integer k € [0, p]. Then f(z) is p-valently convex in (4/1 +p?> —1)/p i.e.

zf"(2)
1+5Re{ ) }>0, lz| < (J1+p*-1)/p.

The result is sharp.

Proof. Let us put

~ Y B
q(Z) = W, q(O) =1.
Then it follows that
Zq'(Z) _ Zf(k+1)(z) _ Zf(k+1)(z)
1@ e PRI T h 2D

And so from the hypothesis (22), applying [7, p.186], [12, Th.2], we have

B zf(k”)(z)_ - 2lz|
- f®(z) S 1P

zq'(z)
q(z)

z € DD.

2283

(21)

(22)

(23)



M. Nunokawa et al. / Filomat 33:8 (2019), 2277-2284 2284

Therefore, we have

2f)

Re {k + —f(k)(z)

}>0, Izl < ({/1+p*=1)/p.

Applying Corollary 1.5, we have

we

zf"(2)
‘Re{1+ [ }>O, lz| < ({/1+p*-1)/p.

Further, taking the function f(z) given by

1+z

fz) = (1 _Z)z”, zinD,

see that the result is sharp.
|
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