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On the Spectrum of Substitution Vector-Valued Integral Operators

Zahra Moayyerizadeh?

?Lorestan University

Abstract. In this paper, we characterize the compact substitution vector-valued integral operators from
L*(X) to L*(X) and determine their spectra.

1. Introduction and Preliminaries

Let (X, X, u) be a o-finite measure space and ¢ : X — X be a non-singular measurable transformation;
ie. pogp! < u. Then puo¢@™ < p where n > 1. It is assumed that the Radon-Nikodym derivative
h, = du o @™ /du is almost everywhere finite-valued, or equivalently ¢™"(Z) C L is a sub-o-finite algebra. If
n =1, we put h; = h. Here non-singularity of ¢ guarantees that the operator f — f o ¢ is well defined as a
mapping on L°(X) where L(X) denotes the linear space of all equivalence classes of “-measurable functions
on X. We have the following change of variable formula:

fO(pdythfdy AeX, fel'(D).
1A A

Every non-singular transformation ¢ from X into itself induces a linear transformation C, on L*(u) into
linear space of all measurable functions on X, defined as

Cof =foep,

for every f € LP(u). In case C,, is continuous from L7 (u) into itself, then it is called a composition operator
on LP(u) induced by ¢ see[6]. All comparisons between two functions or two sets are to be interpreted as
holding up to a y-null set.

Recall that an atom of the measure p is an element A € ¥ with u(A) > 0, such that for each B € %, if
B C A then either p(B) = 0 or u(B) = u(A). A measure with no atoms is called non-atomic. We can easily
check the following well-known facts (see[9]):

(a) Every o-finite measure space (X, X, i) can be partitioned uniquely as

X= (UnEINAn) UB, (1)
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where {A,}nen € X is a countable collection of pairwise disjoint atoms and B, being disjoint from each A,,
is non-atomic. Since (X, L, i) is o-finite, it follows that 1(A,) < oo for every n € IN.

(b) Let E be a non-atomic set with p(E) > 0. Then there exists a sequence of positive disjoint X-measurable
subsets of E, {E,},en such that y(E,) > 0 for each n € IN and lim,,—. (E,) = 0.

For a given complex Hilbert space H, let u : X — H be a mapping. We say that u is weakly measurable
if for each g € H the mapping x — (u(x), g) of X to C is measurable. We will denote this map by (u, g). Let
L*(X) be the class of all measurable mappings f : X — C such that [|f|3 = [, |f(x)Pdu < .

Definition 1.1. Let u : X — L*(X) be a weakly measurable function. We say that u is a semi-weakly bounded
function if for some A > 0,

<, Iz < Allgllz,
for each g € L*(X)

Definition 1.2. Let ¢ : X — X be a non-singular measurable transformation and C, be a composition operator
on L2(X). Also let u : X — L*(X) be a weakly measurable function. Then the pair (u, @) induces a substitution
vector-valued integral operator Ty, : L2(X) — L*(X) defined by

(T ) = fX (u, g)u o @, g)..(uo @, g)Cp fdu, g, f € LA(X).

for every k € IN. It is easy to see that (T4 )¥ is well defined and linear and also we have (T4, f, g = fX(u, 9)Cyp fdu

In [4], we have IITffII = Sup,.q I(Tff, ¢, where D is the closed unit ball of L? and (., .) is inner product in

L?. Some fundamental properties of the substitution vector-valued integral operator T} : L*(X) — H are
studied by the author et al in [4].

Definition 1.3 ([4]). Let u : X — H be a weakly measurable function. We say that (u, @, H) has absolute
property, if for each f € L*(X), there exists gr € D such that SUp e fX [, PIC, fldu = fX Ku, g ICy fldu, and
(u, gy = &8 0Du, g )|, for a constant .

Proposition 1.4 ([4]). Assume that (u, @, H) has the absolute property. Then

sup| | (u, 9)Cyfdul = sup f Ku, PIC, fldu.
geDd JIX geD JX

Throughout of this paper we assume that (1, ¢, H) has the absolute property.

The aim of this paper is to carry some of the results obtained for the weighted composition operators in
[1,3, 5, 7] to a substitution vector-valued integral operator on L?(X) space. In this note, we will determine
under certain conditions the specrum of T}, on L*(X) space.

2. The main results

In this section we give necessary conditions for the compactness of T? from L*(X) to L%(X). Then, we
determine the spectrum o(T;,) of a compact substitution vector-valued integral operator T, on L*(X).

Theorem 2.1. Let u : X — L*(X) be a semi-weakly bounded function and let h € L®(Z), then T}, : L*(X) — L%(X)
is bounded.
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Proof. Let f € L>(X). By Holder’s inequality and change of variable formula we have
T2 = sup! [ ,0)C fa
geD X

< sup( |<u g)lzdy)%(fX If o plPdu)?

geD

< sup(Allglh)( f HfPdp)}
g€D X
< AITTSIfl:

This shows that T is bounded. [

Theorem 2.2. Let (X, L, ) be partitioned as (1.1) and the substitution vector-valued integral operator TS, be a com-
pact operator on L*(X). Then

(i) sup ., Ku(@™ (B)), ) = 0,
(ii) for any € > 0, the set {i € IN; u({y € (p‘l(A,-);sungD [Ku(y), g)| > €} > 0}, is finite.

Proof. We first show that the compactness T}, implies (i). Assuming the contrary, we can find some § > 0
and g1 € D such that p(¢~'(B)) N Dy, (1)) > 0, where Dy, (1) := {x € X : (u(x), g1)| > 6}. Consider 1, the
restriction of ¢ to Dy, (1). As the measure py~ is absolutely continuous with respect to , hence there
exists a non-negative Z-measurable function v such that

pyNE) = fE vdu forall EeX.

Now, it follows from pyp~'(B) = u(p~(B)) N Dsg, (1)) > 0 that there is some a > 0 satisfying u({x € B :
v(x) = a}) > 0. Since the set {x € B : v(x) > a} is non-atomic, we can find a sequence of pairwise disjoint

Y-measurable subsets {J,},en With 0 < u(J,) < oo for all n € IN. Define f,, = ();’")l for each n € IN. Hence,
u(Jn)2

llfull = 1 and pyp=1(J,) = f] vdu > au(J,) > 0. Moreover, for any m, n € IN with m # n, we get that

ITY fu = T full = sup f [, Dl fn = finl 0 A
X

g€D

> fl(u,{h)llfn ~ ful o

K
ICu, f]1>|| - —"—|oqpdu
f u( n)2 1(Jm)?
X]n _ X]l”

> f K, gl .
) Uy ) u(J):  p(m)?

X X XJn AT
= [, gl - ——l|oqdu +f [, gl - ———loqdu
fw-%) p(]n)z u(Jm)z ¥ () u(]n)z pu(Jm)?
1

1
= [Ku, g)ldp + f [(w, g)ldu
[J(]n)% f-wm(p-%) p(]m)z ) N )

N BN
.U(]n)z H(]m)z

lopdu
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This implies that the sequence {T}, f,}, does not contain a convergent subsequence, but this contradicts
compactness of T}

Next, we prove (ii). Suppose, on the contrary, the set

lie N;uly € o' (A); sup Ku(y), gl > €0} > 0}
gE

is infinite for some €y > 0. Then, there is a subsequence of disjoint atoms {Ax}reny such that for any k € IN,
the set {y € P (Ap) : SUp,cq) [{u(y), g)] > eo} has positive measure. Hence we obtain for any k € IN there
exists gx € IN such that the set

v =1y € (A : sup Ku(y), g > €o},
ge

has positive measure and

(@) < i~ (Ag) = fA hdjt = h(AQ (AL < oo.

Define f; := . Hence ||fi|l = 1. For any m, n € N with m # n, we get that

(u(A ))’

IT% fu = T4 full = sup f [, PNl fe = finl © e
geD JX

:supru Pl Xa, XA, o pdu
en Jx A p(Ay)?

XA XA,
> su Cu, Pl ——
geg VUV, 7 p(An)% (A )%

lopdu

= sup [Ku, g)l —du + sup [Ku, gl .
7eD Jvung-1(a,) n)? 7eD JV,ung1(Ay) u( m)2

> [Ku, gn )l ———du +f K, gy )l ——— ldp
’f‘;nﬂ‘Pl(A (Am) Vi@~ (An) ( m)z

H(Un) + /J(Um) .
TuA)E T A}

du

But this shows that T is not compact. [J

The kth iterate ¢ of the non-singular measurable transformation ¢ : X — X is defined by ¢°(x) = x and
©*(x) = p(pF1(x)) forall x € X and k € IN.

Definition 2.3. A atom A is called an invariant atom with respect to @, if for all n € Z, ¢"(A) is an atom. An
invariant atom A with respect to ¢ is called a fixed atom of ¢ of order one, if for each g € D, (u(A),g) # 0 and
@(A) = A. Also, it is called of order 2 < k € N, if for each g € D, H (u((p (A)), 9) # 0,0(A) = Aand ¢i(A) # A
foralli=1,.. k-1

Recall that a complex A is in the spectrum o(TY) of T, if TY — Al is not invertible.

Theorem 2.4. Let TY be a compact substitution vector-valued operator integral from L%(X) to L2(X) and also let
(X, L, 1) be partitioned as (1.1). If we set

={A e C: (K, g) = TTZ u(@'(A)), o) u(A)},

for some fixed atom A of ¢ of order k and for each g € D. Then, we have o(T§) U {0} = A U {0}.
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Proof. To prove the theorem, we adopt the method by Kamowitz [5] and Takagi [7]. Firstly, we show the
inclusion A U {0} € o(T%) U {0}. Let A be a non-zero number in A such that for each geD,

(AK, gy = (u(A), gXu(p(A)), g)...(u(@" " (A)), P u(A)

for some fixed atom A of ¢ of order k.

If k =1, then (A, gy = (u(A), pu(A) and p(A) = A. We claim that there exists no f € D such that
TV f — Af = xa p-ae. on X. Indeed, since p(A) = A, for each g € L?, we get that (T f — Af)(A),g) =
fA<u, (f o p)du — (u(A), (A f(A) = 0, whereas xa(A) = 1. This shows that T}, f — Af is not surjective.
Hence, A € o(T}).

When k > 2, again there exists no f € L%(X) which satisfies Ty, f —Af = x4 u-a.e. on X. For, if such a function
f exists, then by induction we have

k-1

NFA) = (@DHNA) = M+ Y A (T (ea))(A). @

j=1

Therefore for each g € D, we have

k-1
AFF(A) = (TDFONA), g = A+ Y ASTI(TD (ea))(A), 9)-

=1

Moreover
(T F(A), g) = (u(A), g)..u(@" 1 (A), 9 f o pF(A)(A),

Since ¢*(A) = A and @/(A) # A for 1 < j < k — 1, the left hand side of (2.1) equals 0, while the right
hand side of (2.1) equals (A*"!, g), which is non-zero. This contradiction shows that A € o(T};). Therefore
AU{0} Co(TY) U {0}

Now, we show the opposite inclusion. Let A ¢ A U {0}, and suppose that an L? function f satisfies
Af = TY f. All that we have to show is that f is zero y-almost everywhere on X. For, if this holds, A is
not an eigenvalue of T}, and by Fredholm alternative for compact operators, A is not in o(T}), and thus
we get o(TY) U {0} € A U {0}. We first show that f vanishes p-almost everywhere on U,enAjy, or equiva-
lently, f(A) = 0 for every invariant atom A. Let A be a fixed atom of ¢ of order k. Since Ty, f = Af, by
induction, we get (T%)*f = A*f. Hence for each g € D, ((T})Xf(A), g) = (A*f(A), g). Since ¢*(A) = A and
(AR, gy # (u(A), g)(u(p(A)), g)..(u(@*1(A)), g)1(A), we can easily deduce that f(A) = 0.

By the fist part of the poof, we can assume that for all k € N U 0 and for all g € D, (u(¢p*(A)), g) # 0. Put

K(A) = {p'(A) : i € NU{0}}. If K(A) is finite, In this case for some n,m € N, ¢"(A) is a fixed atom of ¢ of
order m. By a preceding discussion, we have f(¢"(A)) = 0. On the other hand, since A" f = (T})" f and

(T F(A), g) = (W(A), 9. ul@" ™ (A)), Pu(A) f(@"(A)).
Then f(A) = 0.

Now, suppose that K(A) is infinite. We claim that the set {j > 0 : sup 7D [u(p’(A)), g)| > €} is finite for
every € > 0. Suppose this does not hold. Then the set {j > 0 : u({x € ¢~ (p/*1)(A)) : SUp e [Ku(x), gl = €}) >
0} is infinite. But this contradicts the compactness of Tf. Hence, for any € > 0, there exists a M such that
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sup,., Ku(@™(A), 9! < € for all m = M. Therefore there exists 71 € D such that for each m > M,

KA™ F(A), g0l = K(TY)" f(A), g1 = Ku(A), gn)P... k(™ (A), g))P
(@™ (A)), gPIf (@™ (A)Pp(A)
= hl(u(A), gOP - Ku(@™ 1 (A), g)P

(@™ (A), g f i
({)*m(A)
< hm”f”%”u(A)”%MHgl”%M‘,_:Z(m—M).
SO
hm”ﬂ|§||M(A)||§M€2(me)

KA™, gl

Ase = |<A"‘2_,y1>\ and m — oo, we obtain f(A) = 0. Therefore we conclude that f is zero on UpenAy.

FAP <

It remains to show that f is zero p-almost everywhere on B. Since L%(X) = L*(UyenA,) ® L*(B). hence it
suffices to show that f is zero as an element of L?(B). Since sup D [Ku(p~'(B), ¢)| = 0, so

IITffIILz(B>=supfl<u,g>llflocpdy2f|<u,g1>llf|0<pd1u=0-
geD JB B

Consequently Af = T¢ f = 0 and hence f is zero y-almost everywhere on B. This completes the proof of the
theorem. [
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