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Abstract. If m > p+1 > 2 or m = p > 3, all natural Lie algebra brackets on couples of vector fields and
p-forms on m-manifolds are described.

1. Introduction

Let Mf,, be the category of m-dimensional C* manifolds and their embeddings.

The Courant bracket on the “doubled” tangent bundle T @ T is of full interest because it is involved in
the definitions of Dirac and generalized complex structures, see e.g. [1, 4, 5]. That is why, in [2], we studied
"brackets” on T @ T* similar to the Courant one.

The Courant bracket can be extended on T & A" T*, see e.g. [5]. That is why, in [3], we described all
Mf,,-natural bilinear operators

A:(TEB/p\T*)x(T@/p\T*)wT@/p\T*

transforming pairs of couples X' @ w' € X(M) ® (M) (i = 1,2) of vector fields and p-forms on m-manifolds
M into couples A(X! @ w!, X? ® w?) € X(M) & QO (M) of vector fields and p-forms on M.

In the present note, we extract all Mf,,-natural bilinear operators A as above satisfying the Jacobi identity
in Leibniz form (or shortly, satisfying the Leibniz rule)

Ap', A(p?, p%) = A(A(p", p7), p°) + A(p*, A(p, p*))

forany p' = X' ® o' € X(M) ® QP(M) (i = 1,2,3) and M € obj(Mfy).
In particular, we find all Mf,-natural Lie algebra brackets [-, =] on X(M) ® O(M) (i.e. Mf,-natural
skew-symmetric bilinear operators A = [—, —] as above satisfying the Leibniz rule).

From now on, (x') (i = 1, ...,m) is the usual coordinates on R” and d; = % are the canonical vector fields
on R™.
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2. On the Courant like brackets

Definition 2.1. ([3]) A bilinear Mfy,-natural operator A : (T& NP T*)x(Te& A\ T*) ~> Te N\ T* is a Mf,,-invariant
family of bilinear operators

A (X(M) @ P (M) X (X(M) & O (M)) - X(M) & QP (M)

for m-dimensional manifolds M, where X(M) is the space of vector fields on M and ¥ (M) is the space of p-forms on
M.

Remark 2.2. In the above definition, the Mf,,-invariance of A means that if (X' ® @', X*> @ w?) € (X(M)®QF (M)) X
XM & P(M)) and (X 03", X 0 @) € (XM) & Q°(M)) x (X(M) & Q7 (M)) are p-related by an Mf,,-map
¢:M— M (e X o p=TpoX and@ op = N'T'p o fori=1,2), then so are AX' ® ', X2 & w?) and
AX 00, X o))

The most important example of a bilinear Mf,-natural operator A : (T® AP T*)x(Te& A\’ T*) » T A\’ T
is the generalized Courant bracket.

Example 2.3. ([5]) The generalized Courant bracket is given by
X'e !, X2 o’lc = [X', X @ (Lyw® — Lyw' + %d(ixza)l — iyiw?))

for any X oo € X(M)®QP(M), i =1,2, where L denotes the Lie derivative, d the exterior derivative, [—, -] the
usual bracket on vector fields and i is the insertion derivative. For p = 1 we obtain the usual Courant bracket as in

[1].

Remark 2.4. Ifm = p, Lxw = dixw + ixdw = dixw for any vector field X and any m-form w on a m-manifold M as
dw = 0, and then [X' ® ', X* ® ?]c = [X', X?] @ 3(Lxw? — Lxew!).

Theorem 2.5. ([3]) If m > p+1 > 2 (or m = p > 3), any bilinear Mf,,-natural operator A : (T & N\’ T*) x (T &
N T*) ~> T & NP T is of the form
A(X1 ® a)l,X2 ® a)z) = Ll[Xl, XZ] D (b1£sz1 + b2.£Xla)2 + C1d(ina)1) + Czd(ixla)z))
for uniquely determined by A real numbers a, by, by, c1,¢, (or a, by, by, c1,c withc; = ¢ = 0).
Corollary 2.6. ([3]) If m > p+1 > 2 (or m = p > 3), any skew-symmetric bilinear Mf,,-natural operator
A: (TN T)X(T® NP T*) ~ T N\ T is of the form
AX '@ 0!, X2 @ w?) = a[X', X?] & (W( Ly w* — Lypw?) + cd(ixo’ — ixyiw?))

for uniquely determined by A real numbers a,b,c (or a, b, c with ¢ = 0), i.e. roughly speaking, any such A coincides
with the generalized Courant bracket up to three (or two) real constants.

3. The main result

The main result of the present note is the following

Theorem 3.1. Ifm > p+1 > 2 (orm = p > 3), any bilinear Mf,,-natural operator A : (T®& NP T*) X (T® N\ T*) ~»
T & N\ T* satisfying the Leibniz rule as in Introduction is the constant multiple of one of the following four (or three
respectively) operators A1, Az, As, As (or A1, Az, As) given by

Ai(p', p%) = [X', X @0,

AZ(Plz Pz) = [Xll XZ] @ (LXlwz - szwl) 7

A3(p11 ,02) = [X1/X2] 2] Lxla}z ’

Ag(p', p?) = [X', X @ (Ly @ — L' +d(ixew?)),
where p' = X' ® w'. The operators Ay, ..., Ay satisfy the Leibniz rule.
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Proof. Let A : (To N'T) x (T® N\’ T*) ~ T ® AP T" be a bilinear Mf,,-natural operator satisfying the
Leibniz rule. By Theorem 2.5,if m > p+1 > 2 (or m = p > 3), A is of the form

AX' o !, X2 @ w?) = a[X, X2 @ (11 Lxew! + by Ly 0? + crd(ixew?) + crd(ixiw?))

for uniquely determined by A real numbers a, by, by, c1, ¢ (or a, by, by, ¢1,¢2 with ¢; = ¢, = 0). Then for any
X1, X2, X3 € X(M) and 0, ?, @® € OF (M) we have

AX' @0, AX? @ 0?, X} @ 0) = 2[X), [X2, Xl e Q,
AAX @ 0!, X2 0 0?), X @ o’) = a?[[X}, X?], X°] 00,
AX?®?, AX' @ 0!, X} @ ) = 2[X% [X, Xl e T,

where
Q= b1.£a[x2,x3]a)1 + C1d(iu[X2,X3]a)1)
+0y Ly (01 Ly + by Ly ® + c1d(ixp?) + crd(ixe®))
+ed(ixi (b1 Lxpw? + by Lyew® + c1d(ixs0?) + crd(ixe?))) ,
0= sza[X1,X21w3 + Czd(l'a[xlllea)?’)
+b1.£X3(b1.£,X2a)1 + b2£X1w2 + Cld(ixzwl) + CZd(iXICL)Z))
+cld(iX3(b1£sz1 + b2.£X1w2 + Cld(ixza)l) + Czd(ixl (4)2))) ,
T = blLa[X1,X31w2 + Cld(iu[Xl,X3]w2)

+b2.£Xz(b1.£Xaa)1 + bz.EXl W’ + Cld(ixaa)l) + czd(ixla)3))
+ord(ix2 (01 Ly @ + by Lyr® + crd(ixs @) + cad(ix1 %)) .

The Leibniz rule of A is equivalent to
Q=0+7. (1)
Assume m = p > 3. Then ¢; = ¢ = 0 and equation (1) gives

b1ﬂ£[x2,xs]a)l + bbb Ly Lxsa)z + b§£x1 £X2w3
= (bza.ﬁ[xlrxz]a)?) + b%.[:)@.ﬁxza)l + b1b2£x3.£xla)2)
+(b1u£[X1,X3]a)2 + b2b1LX2£X3wl + b%£xz£xlw3) .

Ifweput X! =0y, X2=x'9;, X*=0and 0! =0, @? =0, ® =d(x!)?> Adx® A ... Adx™, we get
4bdxt Adx® A ... Adx™ = 2bsadxt Adx® A Adx™ + 2b5dxt Adx A A dx
fweput X! =0, X2 =0y, X® =x10; and 0! =d(x})> Adx*> A .. Adx™ ,0?* =0, @° =0, we get
2bradx! Adx® A . Adx" = ZIﬁdx1 Adx® A . AdX™ + Abybydx! Adx® A AdX .
Ifweput X! =01 ,X*=0, X®=x'91and ! =0, «? =d(x))> Adx® A .. AdX™, @3 =0, we get
Abybydxt Adx® A oo Adx™ = 2b1bydxt Adx® A o AdxX™ + 2bjadxt A dx® A A dX™
So,

bza = b% , bla = b% + 2b1b2 , blbz = blﬂ . (2)
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From the first equality we get b, = 0 or b, = a. From the third one we get by = 0 or b, = a. Adding the first
two equalities we get (b, + b1)a = (by + b1)?,i.e. by + by =0or by + by = a. Consequently

(b1,b2) = (0,0) or (b1, bz) = (0,a) or (b1, by) = (—a,a). 3)

Theorem 3.1 for m = p > 3 is complete.
So, we may assume m > p + 1 > 2. Applying the differentiation d to both sides of the equality (1) and
using the well-known formula d o Lx = Lx o d we get

blaL[lexa]dwl + b2b1.£X1 LXsda)z + b%.ﬁ)@ szda)3
= (b2a£[xllxz]dw3 + b%.Exs.Exzda)l + b1b2.£x3.£xl dwz)
+(b1ﬂ£[X1/X3]da)2 + bzbl.LXZLXsda)l + bg'EXZLXT da)3) .
Ifweput X! =0y, X2=x'9;, X*=0and 0! =0, 0? =0, ® = (x')%dx* A ... A dxP™!, we get
Ab2dxt A dxP A AdXPT = 2byadxt AdxP A o A dxPTY 4 263dx A dx A L AP
Ifweput X! =0, X2 =0, X> =x19; and ' = (x')?dx®> A ... AdxP*™! ,0? =0, 0® =0, we get
2biadxt Adx® A .. AdxPt! = Zb%dx1 AdX® A o AdxPTY + Abybydxt Adx® A A daPH
Ifweput X! =01 ,X>=0, X®=x19;and w! =0, @? = (x})?dx® A ... AdxP*!, 0® =0, we get
Abybydxt Adx® A oo AdxPtl = 2b1bydxt Adx® A o AdaPTY + 2bjadxt A dx A LA dXPTT
So,
bzﬂ = b% , blﬂ = b% + 2b1b2 , b1b2 = b]ﬂ ,
i.e. equations (2). Consequently, we have (as above) alternative (3).
Then, using the formula LxLyw — Ly Lxw = Lixyjw and alternative (3), one can easily verify that
b]ﬂL[X2,X3]a)1 + b2b1.£x1 ana)z + b%.Lxl £sz3
= (haLix xo1@° + V2 Ly Lo " + biby Ly Ly w?)
+(b1a£[X1,X3]a)2 + b2b1LX2£X3wl + b§£X2£X1w3) .
The last formula for (a,b1,b) = (1,0,0) or (a,b1,b2) = (1,0,1) or (a,b1,b2) = (1,-1,1) means that the
operators A1, Ay, As satisfy the Leibniz rule, as well.

More, the last formula implies that the Leibniz rule (1) is equivalent to alternative (3) and the following
condition

clad(i[lexa]a)l) + bZ-EXl (Cld(ixswz) + Czd(ixza)S))

+Czd(iX1 (b1£xsw2 + bz.sza)3 + Cld(ixsa)z) + czd(ina)3)))
= Czad(i[xl/XZ]a)S) + b1.£X3(Cld(iX2a)1) + ng(ixla)z))
+C1d(ixs(b1£xza)l + b2-£X1 w? + cld(ina)l) + Czd(i;@ a)z)))
+erad(ip xo10?) + by Lyp (@1 d(ixp?) + cd(ixa @°))
+C2d(iX2(b1£X3(ul + b2£X1 w® + Cld(ixsa)l) + Czd(ixl 0)3))) .

If we put (in (4)) X! = 91, X? = 05, X*> =0, 0! = w? = 0 and @® = (x?)?dx! Adx® A ... AdxP*!, we get
20ob0dx® A dx® A oo AdXPFY = 200b0d0® A dXS A o AdXPT + 2c§alx2 Adx3 A AdxPTT

Then ¢, = 0.
If we put X! =0, X2 = 91, X% = 9y, 0! = (x?)%dx! Adx® A ... AdxP*!, and w? = @® = 0, we get

0 =2bicidx®* Adx® A . AdxPt + ZC%dx2 AdX3 A AdaP 4 200b1dx® A dx3 A o A dXPHL
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Then (as c; = 0) we getc; =0 orcy = —b;.
Consequently we obtain that (b1, by, c1,c2) = (0,0,0,0) or (b1,bz,¢1,c2) = (0,a,0,0) or (by, by, c1,¢2) =
(—=a,a,0,0) or (by, by, c1,¢2) = (—a,a,a,0).
On the other hand, A;, ..., A4 from Theorem 3.1 satisfy the Leibniz rule, see above for A, A», A3 and see
Lemma 3.2 below for A4. Theorem 3.1 is complete. (J
Lemma 3.2. The operator A4 from Theorem 3.1 satisfies the Leibniz rule.

Proof. It is sufficient to prove (4) for (a, b1, bz, ¢1,¢2) = (1,-1,1,1,0), i.e that

di[XZ,XS](L)l + Lxl dixaa)2 = —LXsdina)l - dix3-£x26()1

tdixs Lyi? + dixsdix 0’ + dipg xo? + Lypdixs o’ | ©®)

The above formula (5) is the sum of the following two formulas
dipe 0" = —Lypdix o' — dix Lo + diypdixp o' + Ledixo, (6)
Lxdixsw® = dixs Ly1* + dix xo10* . (7)

The formula (7) follows immediately from Lyid = d Ly and ijx1 x3) = Lxiixs — ixsLx1 . The proof of (6)
is following. Applying Ly = dixs + ixsd and dd = 0, we easily get dixsdixew' = Lyadixaw' . We have also
.[:de = dLXZ and then szdixsa)l = d.EXzixsa)l. Then (6) fOHOWS from l‘[erxs] = szix3 - ix3.£xz. [}

From Theorem 3.1 and Corollary 2.6 it follows immediately

Corollary 3.3. If m > p+1 > 2 0orm = p > 3, any Mf,-natural Lie algebra bracket on X(M) & QOF(M) is the
constant multiple of one of the following two ones

X'ew!, X?®w?]; = [X', X*]®0,
X'ew!, X200’ = [X, X @ (Lyw?® — Lyw').
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