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Abstract. The aim of this paper is to obtain new lower bounds for the smallest singular value for some
special subclasses of nonsingular H-matrices. This is done in two steps: first, unifying principle for deriving
new upper bounds for the norm 1 of the inverse of an arbitrary nonsingular H-matrix is presented, and then,
it is combined with some well-known upper bounds for the infinity norm of the inverse. The importance
and efficiency of the results are illustrated by an example from ecological modelling, as well as on a type of
large-scale matrices posessing a block structure, arising in boundary value problems.

1. Introduction and motivation

For an arbitrary complex matrix A € C"" by o,in(A) we denote its smallest singular value. It is well-
known that 0,,i4(A) = 0 if and only if A is singular. Since the focus of our attention belongs to nonsingular,
in particular H-matrices, we will use the fact that g, (A) = ||A’1||2’ 1. So, in order to obtain a lower bound for
Omin(A), one can think of this task as bounding the Euclidean norm of the inverse from above. As a matter
of fact, the relation

IBII3 < lIBlleolIBll1,

which holds for any B € C"", makes it clear that we can use upper bounds for the inverses in both, infinity
and norm 1, for this purpose. For instance, this technique has been used in [10].

It is also well-known that systems, obtained by discretization of partial differential equations - either
using the finite element or finite difference methods, usually have a block structure in addition to large
dimensions. This fact justified the efforts to introduce and develop the concept of block matrices, as it offers
many practical benefits. The most obvious is computationally cheap reduction in size and the afterward
application of point-wise results.

This paper is organized as follows. A brief introduction covering the motivation is followed by Section
2, with notations, as well as definitions and known results. Next section presents an upper bound for norm
1 of the inverse of some special subclasses of H-matrices. Section 4 contains the main result of this paper,
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offering new lower bounds for the smallest singular value, and comparing them to the existing ones, as
well as addresses the block generalizations and applications of introduced bounds to large-scale matrices.
Finally, we end this paper with Section 5, with numerical examples and closing remarks.

2. Notation and preliminaries

Let A = [a;;] € C"" be a square complex matrix of order n. The set of row (column) indices of A is defined
as N :={1,2,...,n}, and deleted row and column sums as

1= Z laijl, ci = Z lajil, i€N.
}

JEN\{i} JEN\ti

Definition 2.1. Matrix A = [a;;] € C"" is called strictly diagonally dominant (SDD) matrix if and only if |a;;| >
ri, forallie N.

The famous result for SDD matrices, for further reference see [1, 14], we recall as the following theorem.

Theorem 2.2 (Ahlberg-Nilson-Varah bound for SDD matrices). Let A € C"" be an SDD matrix. Then,
A oo < Veo(A), where

(1)

Diagonal dominance can also be column-wise. Due to the fact that c;(4) = ri(AT), a matrix is called
strictly diagonally dominant by columns if and only if |a;;| > ci(A), forall i € N, or, equivalently, provided
that AT is an SDD matrix. Obviously, if matrix A is strictly diagonally dominant by columns, then

1

AT I = AT oo = AT Moo < veo(AT) = ——.
min (jasl - ci)
ieEN

Next, we recall the class of nonsingular matrices that generalizes the SDD property.

Definition 2.3. Matrix A = [a;;] € C"" is called a generalized diagonally dominant (GDD) matrix if there exists a
positive vector x € R" such that

laiilxc; > Z laijlxj, forall i€ N.
JEN\{i}

This definition can be interpreted in the following way: matrix A is a GDD matrix if and only if there
exists a positive diagonal matrix X = diag(xy,x2,...,x,), such that AX is an SDD matrix. Such a matrix
X is usually called a scaling matrix. This class is also known in the literature as the class of nonsingular
H-matrices, so we will recall this equivalent definition, as well.

Definition 2.4. Matrix A = [a;;] € C"" is called an H-matrix if its comparison matrix, M(A) = [m;;] € R"",
defined by
o lagl, i=7j
”"”‘{ ~lal, Q%]
is an M-matrix, i.e., M(A)™ > O.

It is known that the absolute value of the inverse for any nonsingular H-matrix can be bounded from
above by the inverse of its comparison M-matrix.
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Theorem 2.5 ([2]). If A = [a;;] € C"" is a nonsingular H-matrix, then
A7 < MA)

One particular subclass of H-matrices, i.e. GDD matrices, will play a central role in this paper. It is the
5-SDD class, and here we recall some of its equivalent definitions.

Let S be a non-empty subset of the index set N, and let S := N'\ S denote its complement. Then, one can
define

rf = Z la;j| and rl.g:: Z |aij|l, forall i€ N.
jes\ti} jeS\ i)

Obviously, it holds that 7; = ris + rl.g, for all i € N. Also, note that the class of N-SDD matrices is, in fact, the
class of SDD matrices.

Definition 2.6 ([5]). Given any matrix A = [a;;] € C"", n 2 2, and given ) # S C N, we say that A is an S-SDD
matrix if it has at least one strictly diagonally dominant row, and (jaz| — r)(|aj;| — rjs.) > risrjs, foralli € S and all
j€ S.

Later on, this definition was equivalently rewritten in many forms. One of them has been used in order
to obtain eigenvalue localization sets in [3]:

Definition 2.7. Given any matrix A = [a;;] € C"",n > 2, and given ) # S C N, we say that A is an S-SDD matrix
if the following conditions are fulfilled:

L. lagl > 13, foralli € S and

2. (|lail = r7)(lajjl — rf) > rigr?,for allie Sandall j € 8.

In the same paper [3], the authors have derived an explicit expression for the choice of a scaling matrix
X =diag(x1,x2,...,x,) (for which AX is an SDD matrix):

y , i€S

X;i = .= (2)
1 , i€eS

where _
3 S
s el =17
0 < By := max 5 <7 < min =: By.
€S |agi| - 1 jeSirsz0 17

j
As a matter of fact, an equivalent characterization of the S-SDD class (for S being a proper subset of N, such
that r']?" # 0 for at least one j € S), is that the interval (B1, By) is non-empty.

Regarding a bound for the infinity norm of the inverse of an S-SDD matrix, in the case of S being a proper
subset of N, we refer to [9]:

Theorem 2.8 ([9]). Let A € C"", n > 2, be an S-SDD matrix for some non-empty proper subset S of N. Then,
A | < V3 (A), where

vE(4) 1= max{05(4), 03(A)}, ©)
with
S lag| - + rJS,
Gi].(A) = max

€S (1g:-1 — r5)(lg.| — +5) — 7545
;Eg (laiil ri)(la]]l 1’].) T
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Finally, let us end this section with some known results regarding block H- matrices. Let £ be an arbitrary
positive integer such that £ < n. Then, define L := {1,2,...,{}, and by © = {p]-}f:0 denote a partition of N,

provided that positive numbers p;, j = 1,2,..., ¢, satisfy the following criteria
po:=0<p1 <py<---<pg:=n.

Such a partition 7 enables one to perform a structural subdivision of A into £ x ¢ blocks, that is

An | A |- | Aie
Aoy | Ap | -+ | Age

A= . | = [Aijlexe-
An |Ap | - | A

Upon one specific choice of partition, for which p; = 7, for all i € N, one is dealing with the point-wise
case. In order to generalize (point-wise) subclasses of nonsingular H-matrices, the notion of a comparison
matrix is required. Although it can be done in an arbitrary p-norm, for the purpose of this paper, we will
only focus on the Euclidean case, that is p = 2, and the accompanying results related to it.

LetAeC"and = {pj}fzo be a partition of the index set.

The comparison matrix with respect to partition 7, (A)r = [a;j] € R%, is defined in the following way:

i = WA )™, i=j
K —[1Aill2 , i#]

where (||A;'[l2)7! is defined to be zero if A; is a singular matrix.

Definition 2.9. Given a partition 7, block matrix [A;j]exc is called block T H-matrix (B"H) if its comparison matrix
(A)r is a nonsingular H-matrix (i.e. a nonsingular M-matrix).

Apart from the fact that every B"H-matrix is nonsingular, this definition implies that all its diagonal

blocks are nonsingular matrices.
In general, for every nonsingular (point-wise) subclass K of H-matrices, we say that A is B"K provided

that (A)» belongs to K.
Lastly, we recall the link between the Euclidean norm of the inverse of a block matrix on one hand, and
the the inverse of its comparison (point-wise) matrix, on the other:

Theorem 2.10 ([4]). Given a partition 7, if matrix A = [Ajjl¢c is a B*H-matrix, then

A7 < 1(€CAR) o

3. New upper bounds for the norm 1 of the inverse of H-matrices
Before we derive the upper bounds for the norm 1, we propose some auxiliary results.

Lemma 3.1. Let A = [a;;] € R™" be an M-matrix, z € R" be a vector with at least one component positive and
A7z =: 6. Denoting A™" = [bj;), it holds that
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Proof: Denote by k € N the index for which z; > zj, for all j € N. Then, according to the assumption that
vector z has at least one component positive, we infer that z; > 0 and for every i € N

e Z bijzj < Z bijzy, ie. Z bij > j—;/

jEN jEN jEN
therefore .
mind;
. ieN
min b; i 2 .
ieN 4 maxz;
JeN ieN

We remark that the presented bound is meaningful under the condition that 6 > 0.

Lemma 3.2. Let A = [a;] € R™" be an M-matrix, z € R" be a vector with at least one component positive and
(AT)™'z =: ). Denoting A™! = [bjj], it holds that

minn;
. ieN
min ) b;j > )
jeN 4 maxz;
ieN ieN

Proof: Directly follows from Lemma 3.1, since the class of M-matrices is transpose- invariant and due to the
fact that (AT = (AT)'. O

In this section we will derive a unifying framework for bounding the norm 1 of the inverse of an arbitrary
nonsingular H-matrix. First, we formulate the result in its general form, applicable to any nonsingular H-
matrix, and then discuss applications to some special cases.

Theorem 3.3. Let A = [a;;] € C"" be a nonsingular H-matrix and 6 > 0 be a positive vector, for which M(A)6 > 0
(such a vector always exists). Then,
161l = EIM(A)OII

min(M(A)S),

keN

A7 < &+

where )
mind;
ieN

max(M(A)"5); '

Proof: First, observe that M(A) is an M-matrix, which ensures that there exists a vector 6 > 0, such that
M(A)d > 0. Additionally, M(A)T is also an M-matrix, since this class is transpose-invariant. Let us prove
that vector y = M(A)"6 has at least one component positive.

In order to confirm this, we assume the opposite, i.e. y; <0, for alli € N. From 6 = (M(A)H) Ly, since all
elements of (M(A)T)~! are nonnegative, it follows that, for all i € N

i = (MAH 'y <0,

which is an obvious contradiction. Therefore, choosing 1 = 6, according to Lemma 3.2, it directly follows
that

mind;

o> N g 6
iz m%x(M(A)T(S)i ¢ ©

On the other hand, denoting M(A)™! = [b;;] and defining M(A)6 =: z, we proceed by seeing that, component-
wise, M(A)™'z = § is equivalent to

Y byzi=0;, forall ieN,

jEN
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from whence, taking the sum over i, we get

22 b= ) o

ieN jeN ieN
that is

ToTh=To

jEN  ieN ieN

We may spot that for every k € N,
Zkzbik+ Z Z]'Zbi]' = Z(S,‘,
ieN jeN\{k}  ieN ieN
from where we deduce, using the lower bound (6), that
Zéi szzbik"‘é Z Zj.
ieN ieN jEN\{k}
The positivity of z ensures that, after dividing both sides of the latter inequality by z, we have
1
Zbik < Z—k(zéi—é Z Zj),
ieN ieN jEN\{k}

which is equivalent to

Y bi < Zlk(z 8i—&) zj+&z) =&+ lofh = Vel ;f”z”l .

ieN ieN jEN
Finally, using this estimation,

“M(A)_l”l = maXZ bik < max (5 + M) —
keN P keN Zk

_ g 18l = EIMA)S
- ming (M(A)o)e

According to Theorem 2.5, |JA~!| < M(A)~!. Finally, the monotonicity of norm 1 ensures that

A7 I < IMA) T,

which completes the proof. [

From the application point of view, in order to obtain results which can be practically evaluated, it is
convenient to know vector 6. As it turns out, this vector is exactly the one from Definition 2.3, and it is
known for some subclasses of H-matrices. For instance, as far as SDD matrices are concerned, it is known
that 6 = ¢, where e is a vector with all components equal to 1. If we switch to SDD matrices, and take 6 = ¢,
our Theorem 3.3 becomes Theorem 1 from [10]:

Corollary 3.4 (Theorem 1 from [10]). Let A = [a;;] € C*", n > 2, be an SDD matrix. Then, A=Y < vi(A),
where

Y (ail = 1) = min(agl - ;)
ieN

ieN

maxi{|(a;i| — Cj
(i)

min(|a;| — 7;
nin((ail 1)
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Proof: Using the result of Theorem 3.3 for a particular choice 6 = ¢, one can readily check that

1

M(A)S = aii| — 1, MAT5= aji| — Ci, I =n, 52—,
(4)5 = i (A6 = lail = ci, lolh o157

hence,
l6ll1 — EIIM(A)Il
i A
I;EIAI;‘(M( )0k

n= == (il = 1)

1 r?é?\]x(laj]l C]);
= + - ,

I%?\]X(Wjﬂ -cj) r]ggl(lakkl —1%)

which is the same as (7). O

For all the classes for which the positive diagonal matrix that scales a given nonsingular H-matrix to
an SDD one is known, it is possible to derive upper bounds for the norm 1 of their inverse, with the aid of
the aforementioned lemmas.

Here, we will restrict ourselves to the class of S-SDD matrices, since they arise in practical applications,
including the optimization of wireless sensor networks, neural networks and empirical food webs. The
upper bound for the norm 1 of their inverse is our following result.

Theorem 3.5. Let A = [a;;] € C'", n > 2, be an S-SDD matrix, for some nonempty subset of the index set. Then,
A7l < vi(A), where

mg +mn—m-— é(gZIan-l + Z|ﬂii| - gzr,-s - er)

S(A) it i€S ieS ieN ieN (8)
Vi(A) == = —,
min {Igisn(g(laiil - rlS) - f), n;ign(lanl - gris - rls)}
with
min {1, g}
€= s S s _ 35\ ©)
max {nlgx(g(laﬁl -c; ) -c; ), ri%x(laﬁl —-gc; —c; )}
B1 + B> rig
=", Bj := max ,
2 i€s || —r?
2-B if S=0
By if S#0andforalljes, r;=0
P2i= lajl = 1} 3 3 /
min if S # 0 and there exists j € S such that r3 # 0
jessz0 T /

j
and with the usual convention that sum, min and max are set to be zero if they are taken over an empty set.

Proof: A is an S-SDD matrix, hence there exists a positive diagonal scaling matrix X, for which AX is an
SDD matrix.

(x) If S = N, meaning that A is an SDD matrix, we can obviously choose X to be the identity matrix.
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If S is a proper subset of N, a scaling matrix X = diag(xy,x2, ..., x,) (for which AX is an SDD matrix) has the
following form:
Vo ies
= { 1, ieS’
where

(x%) ifforall j €S, rf =0, then

r
0<Bj =max ——— <7.
€S ag| —1;
(% * %) if there exists j € S such that r]S‘ # 0, then
S S
e o lagl =17
0 < By = max 5 <y < min — =Ba.
€S ag| = r; jesriz0 T

i
Note that the direct implications of the fact that A is an S-SDD matrix are:
e the value B; is always well defined,

e in the case (% x x), the interval (By, B,) is non-empty.
B1 + B>

In the case (x x x), we will choose y to be the middle point of the given interval, , while in the case

(%), we will choose y to be equal to B;. Obviously, the case (x), when S = N, can be considered as a case
for which y is chosen to be equal to 1.

Generally speaking, in all three cases, (x), (k%) and (* * x), we can say that there exists a scaling matrix
X =diag(x1,xy,...,%,) (for which AX is an SDD matrix) of the form:

o g l€§ _B1+B2
x,—{l ies where g——z ,

and Bj, B, are defined in Theorem. For such a choice of y = g, the condition for AX to be an SDD matrix is
equivalent to M(A)0 > 0, where

19 i e§
o { 1, ieS’
Since 7
(M(A)d); = glagl —gri —r2 , ie s
i lail —gri =15, Q€5
and

1 — aeS _ S ;
(M(A)T6); = glail gscz- §ci , z‘eg
lai| = gc; —c;, i€S
on the grounds of Theorem 3.3, we conclude that
Sy < e IOl = SIMAIL
A7 < €+ 2
keN
where
mg@
1€
=— 10
¢ max(M(A)T6); (10)

ieN
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First, we will confirm that (8) holds.
To that end, let us assume that card(S) = m. Then,

16l =mg+n—-m=mg+n-m,

M@l = Y M@0y = Y (gllait - 75) = ¥) + Y (1a1 - gr° - %) =

ieEN i€S j€S
=!]Z|ﬂii|+2|ﬂii|_gzris_ r,
i€S ieS ieN ieN
and
min(M(A)d)x =
nin(M(A)3);

= min{min (g(laiil - rls) - rl.S), min (laiil - rl.S - r?)}
i€S ieS

This minimum is always positive. It is obvious for cases () and (xx), while in the case (% % %) it is also
true, because for every i € S and every j € S, for which r]S. #0,

5 — S
Tis |11”| 7’]'
<B <g<BzS S ’

T

lail =7

which implies that for every i € S

<
=t

S S
gllail =) =17 > ——

laii| —r;

and, similarly, for every j € S, for which rf #0,

lajsl =73

S _ .S _
1= 0.

il = gr; =7} > lajil = —

j

It only remains to show (9). Apparently, mgléi =min {1, g}. As far as the denominator in (10) is concerned,
1€

its positivity is implied by M(A)’6 having at least one component positive. Finally,

IE%X(M(A)T(S)I' = max { n}easx (g(laﬁl - c?) - CS), rrile%x (|a,-i| - gcf - Cig)},

i
which completes the proof. [

4. Lower bounds for 0,

It is well-known that
(@min(A)™)? = IATH5 < A I lA I,

so we can use this fact to immediately obtain the lower bound for the minimal singular value of an S-SDD
matrix.

Theorem 4.1. Let A € C"" be an S-SDD matrix, for some nonempty proper subset S of the index set. Then,
1

Sy

Omin (A) 2
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However, the approach based on S-SDD matrices can help one to improve some already known lower
bounds for the minimal singular value of an SDD matrix, as well. Before we formulate this new lower
bound as a theorem, let us prove the following Lemma.

Lemma 4.2. Let A € C"" be an SDD matrix. Then, for every nonempty proper subset S of the index set N, it holds
that

V2,(A) £ veo(A). (11)

Proof: Observe that A, being an SDD matrix, is also an S-SDD matrix for every S € N. In order to prove
(11), it is sufficient to show that, for every i € S and for every j € S, both

07(A) < max
i) =ma \aiil =i

S
and Gji(A) < IIJ}Eagx =,
holds. Leti € Sand j € S be chosen arbitrarily. First, if |a;| — 7; < |aj| — 7}, then this is equivalent to
|| — 3 + r]S. — 17 < lajjl - rf. Multiplying both sides by |a;;| — 7 which is positive and subtracting r? rjs. from
both sides gives
(il = 5 +75)(laal = 5 = 77) < (laal = r5)(lagl = 15) = 77,
with the right-hand side being positive by assumption. Hence,

S 1S
laii| — 7; +r; 1

— < .
(il = r)(lajil = 15) = 175 lail =i

Taking the maximum over i € S and j € S leads to

laiil = 17 + 15 1
max . SO < max o] . (12)
€S (|g::] — =Sy — ies  |aji| — i
;Z-E (laiil T )(lajl 7’].) T < " !

However, if |ajj| — r; < |a;| — r;, then multiplying both sides with |a;;| — rf, which is again positive, and
subtracting rigri from both sides produces

S .S S_ .S S Sy _ 5.8
(lajjl =77 +r)ajl =17 =77) < (aal = 17)ajjl = r7) = 7r77;

i 7

Wl IiCh implies
S+ pS
lajjl riT 1

— < .
(ail = r)ajjl = 13) = 17773 lajjl —7;
From there,

4SS
lajjl it 1
e S 5 §s<m%x|a| ri
}eg (laiil r; )(|a]]| T’j) T 1’]. jes Wiy J

(13)

Finally, (12) and (13) imply that max{@f}.(A), Qi(A)} < max =1 which completes the proof. [
ieN |aii| — 7i

Therefore, when dealing with SDD matrices, with some investment in the calculations, we can improve
the Varah bound (1), by optimizing the upper bound (3) over all nonempty proper subsets S. In terms of
norm 1, we can expect the similar behaviour, if we optimize (8) over all nonempty S C N. Then, a better
lower bound for the minimal singular value of an SDD matrix can be obtained:
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Theorem 4.3. Let A € C"" be an SDD matrix. Then,

1
Omin(A) >— =6,
ap
where
. S : S
= A d = A .
& @Eélgr}\rv‘x’( ) an P @r;gg}vvl( )

In the next section, we will compare this bound with the existing ones on some relevant numerical examples.
Before that, let us comment how we can obtain block generalizations of the previous results.

In order to bound the smallest singular value of a block matrix A € C"", provided that it is a B} H-matrix,
we will use Theorem 2.10, from whence we have

Tuin(A) = 1AL 2 1AL = 0in((AYD).

In other words, the smallest singular value of a (large-scale) block matrix can be bounded from below by
the smallest singular value of the comparison matrix (AP e R, playing the role of a point-wise matrix,
for which we can use previous results.

New lower bounds for the minimal singular value of a B* 5-5DD and B™ SDD matrices are given in the
following two theorems.

Theorem 4.4. Let A € C"" be a B™ S-SDD matrix, for some nonempty proper subset S of the index set. Then,

Omin(A) 2 L :
NI
Theorem 4.5. Let A € C*" be a B™ SDD matrix. Then,
1 —
Gmin(A) Z et 8!
ap

where

o e— : S . . S
o= mr;glgr}\]vm«A)n) and B = mr;glgr}\]vl«A)n).

5. Numerical examples

Example 1 (point-wise case): Consider an example from the modelling of dynamical processes occurring
in ecology. When analyzing the stability of a dynamical system that models the energy flow in the soil food
web, the matrix of interest is the same as in [8], where it was referred to as the community matrix, obtained
as the Jacobian of the dynamical system presented in [11-13],

[ —6.0000 0 0 0 0.0200 0 0.0200 0
0 —1.8400 0 0 0 0.0015 0 0
0 0 -1.9200 0 0 0.0016 0 0
A= 0 0 0 —-2.6800 0 0.0045 0 0
| -0.0263 0 0 0 —6.0000 0 0.0101 0

0 -10.5143 -13.6558 —12.0721 0 -1.2000 0 0.9302

—-15.7632 0 0 0 —-15.7618 0 -1.2000  0.9591

6.7895 7.0971 10.3866 7.5088 6.6331 -2.9147 -3.0590 -6.2977 |

This matrix is obviously not an SDD one, but one can confirm that it is an S-SDD for S = {1,2, 3,4, 5}. The
results are summarized in the following table.
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1A oo Voo A~ Iy v Omin &
12.2139 | 86.1454 | 8.3171 | 359.2074 | 0.1398 | 0.0057

&1 <) &3 €4
-18.8473 | -3.0402 | -17.9392 | -18.8473

Bound (28) from [10] is not applicable, since A is not SDD. Some other well-known lower bounds for
the smallest singular value, introduced in [6, 7] and reviewed in [4], cannot be used either, since all of them
are negative. Namely,

Example 2 (block case): Consider the following block tridiagonal matrix arising in boundary value prob-

lems,
T - O -+ O 4 -1 0 -+ 0
-1 T -I --- O -1 4 -1 -~ 0
A=l O . . . O |eR"™, whereT=| 0 - . . 0 |eR™,
: -1 T -I : -1 4 -1
O - O -1 T 0O -~ 0 -1 4

with I being the identity matrix of order n. We will consider two cases, n = 4 and n = 10, while the
partition will always be = = {0, n, 2n, ..., n?} and the norm of choice is the Euclidean norm.

For the first case, where block matrix A is of order 16, 6,,;,(A) = 0.7639, and this value coincides with the
smallest singular value of the comparison matrix, (A)Sf ). We also note that A is not an SDD, whereas (A)g)
is, so this makes it possible to compare & to the bound denoted by (28) in [10]. The following table presents
results for the comparison matrix, for which ¢; = 0.382, foralli =1,2,3,4.

A U | a 1D L] B | @8)from[10] | &
1.4757 1.4757 1.4757 2.8727 0.2909 0.4857

As we can conclude, not only has bound & outperfomed the bound from [10], but also each of the
standard bounds, ¢;, i = 1,2,3,4, as well. The optimal choice of S for @ is S = {1,4} and for S itis S = {2, 3}.

Now, we turn to the case n = 10. Matrix A is now of order 100, with 0,,;,(A) = 0.162, again the same as
omm((A>$f)). However, as before, A is not SDD, while (A)g) is, so we are able to perform our analysis in a
similar way. Computations reveal that ¢; = 0.081, foralli =1, 2,3,4.

This time, & only outperformed the bound from [10]. The optimal choice for « this timeis S = {3,4,7, 8},
where the one for fis S = {2,3,...,9}.

As a conclusion, let us remark that in the case of a block H-matrix, the lower bound for the smallest
singular value is obtained by bounding the smallest singular value of its comparison matrix, which, in the

Euclidean norm, has a very specific structure. Namely, (A)Sf) = [aij], where

o Omin(Aii),  1=7],
¥ = _Gmax(Aij)/ i# ]

Therefore, the comparison matrix itself requires a calculation of extreme singular values of each of the
blocks from the partitioned matrix. However, in our example, as well as in most examples arising from
boundary value problems, these matrices are low-dimensional ones in addition to being the same along the
diagonal as well as outside it, so practically it is only required to calculate two singular values, one smallest
of the diagonal block, and one largest of the off-diagonal block.
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AN e | a 1D | B | @8)from[10] | &
7.3263 12.3435 7.3263 75.5519 0.0296 0.0327
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