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Abstract. Based on the extensions of Morgenstern family (Huang and Bairamov extensions), the concomi-
tants of different types of generalized order statistics (gos) and dual generalized order statistics (dgos) are
obtained. Moreover, a unified approach to such models is derived. Information properties such as Shannon
entropy and Kullback-Leibler divergence for Huang and Kotz extension are obtained.

1. Introduction

The Farlie-Gumbel-Morgenstern family (Morgenstern family) is an important class of bivariate distri-
butions, it was originally introduced by Morgenstern [17] for Cauchy marginal. Morgenstern distributions
are important and efficient in applications for multivariate distributions with given marginal. Johnson
and Kotz [11] studied the multivariate case and provided a detailed analysis of probabilistic and statistical
characteristics. Huang and Kotz [9] extended Morgenstern family to increase the dependence between the
underlying variables by introducing an additional parameter. The generalizations of Morgenstern family
of bivariate distributions received a great deal of attention of many researchers. A polynomial type single
parameter extension of Morgenstern distribution was considered by Huang and Kotz [10], which is spec-
ified by the cumulative distribution function (cdf) and probability density function (pdf), respectively, as

follows:
Fxy(x,y) = Fx(0)Fy(y)[1 + a(1 - Fy(x))(1 - FL()], ()
Sy y) = fx@) I+ a1+ p)Fy(x) = (1 +p)Fo(y) - Dp 21, 2)

where the admissible range of the associated parameter « is —max(1,p) < a < p~!, and since p > 1, this
admissible becomes p~2 < a < p~!. Furthermore, the conditional pdf of Y given X is given by:

fux(y12) = AW+ a(@ + p)Fy(x) = (A + p)FL(y) = DI ©)
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Bairamov et al. [2] presented a general form of the model described above, as follows:
F3 (% y) = Fx()Fy(n[1 + a(1 = Fg ()" (1 = FE ()], (4)

@ y) = I+ aFy (x) = D1 = (1 + pig) Py ()FF (y) - )P

(5)
X (1= 1 +p2) YW pLp2 = Lq1,42 > 1,
where the admissible range of the associated parameter « is
. 1 ( 1+ p1 )qll( 1+ pago )qzl
—min<1, <a
pip2 \pi(q1 — 1) p2(q2 — 1) ©
-1 q2-1
< min l(—14-;71171 ) ,l(—l - Pag2 ) .
pr\piq1—1) p2 \p2(q2 = 1)
Moreover, the conditional pdf of Y given X is given by:
iy 1x) = WA +aFy () - )"0 = (1 + prg) Py )FY (y) — D)= )

X (1= (1 + pag2) 2 (n)].

Where fx(x), fr(y), and Fx(x), Fy(y) are the marginal pdf’s and cdf’s of the random variables (R.V.’s) X and
Y respectively.

Originally David et al. [6] studied concomitants of order statistics. From some bivariate population
with cdf F(x,y), let (X;,Y:), 1 =1,2,...,n, be n pairs of independent R.V.’s. Let X,y be the rth order statistics,
then Y associated with X,y is called the concomitant of rth order statistics and is denoted by Y{,.,j. The pdf
and cdf of Y|, are given by:

Geni) = G, () = f Frx (¥ 1) fom (), ®)

Gpni(¥) = f Fy(y | ) fom @), )

0o

where f;.;)(x) is the pd f of X(;..).

The concept of gos was introduced by Kamps [12] and we refer to it as case-I of gos. The use of such
connotation has been steadily rising over the years, as it includes important well-known concepts that have
been separately treated in statistical literature. Accordingly, many of models of ascendingly ordered R.V.’s
are contained in it, such as ordinary order statistics, sequential order statistics, record values and Pfeifers
record model. Kamps and Cramer [13] derived a second model of gos in which the parameters are pairwise
different and we refer to it as case-II of gos. On the other side, the concept of lower gos was given by
Pawlas and Szynal [18] and later Burkschat et al. [5] proposed it as dgos to enable a common approach of
descending ordered R.V.’s like reversed order statistics and lower records models.

A classical measure of uncertainty was launched by Shannon [19] in the information theory literature.
The Shannon entropy of a continuous R.V. X measures the average reduction of uncertainty of X. The
Shannon entropy for X with pdf fx(x) is defined as:

HO0 = ~En fx(0) == [ f)In o (10)
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Divergence measures are used to quantify the dissimilarity of two probability distributions. They are
equal to zero if and only if the distributions are the same. They are interpreted as distances between prob-
ability distributions. Kullback and Leibler [14] considered the Kullback-Leibler divergence (information
divergence) for two continuous random variables X; and X, with pdf’s f; and f,, respectively, which is
given by:

A )) 1)

K(X1, X2) = fﬁ()l (f()

K(Xj, X») is non negative, invariant under one-to-one transformation of (Xj, X»), and it is not symmetric.

Beg and Ahsanullah [4] considered concomitants of generalized order statistics for Morgenstern family
and derived the joint distribution of concomitants of two generalized order statistics and obtain their
product moments. In this dissertation, we obtain the cdf and pdf of concomitants of ordered R.V.’s under
Huang and Bairamov extensions. Also, information properties for Huang and Kotz extension are presented.
The rest of this article is organized as follows: In Section 2, the pdf and cdf of concomitants for case-I and
case-1I of gos and dgos under Huang and Bairamov extensions are provided. Section 3, contains information
properties such as Shannon entropy and Kullback-Leibler divergence for Huang and Kotz extension. In
addition, some examples for some well-known distributions to obtain the entropy are given.

2. Distribution theory for concomitants of ordered R.V.’s

In this section, we use case-I and case-II of gos and dgos to obtain the pdf and cdf of concomitants for
both Huang and Bairamov extensions. The following theorems deal with this matter. To obtain the cdf of
such models, from Equation (1), the conditional cdf of Y given X = x, for Huang and Kotz extension, is

given by:
any(x y)
F
yix(h) = fx' () —5"= (12)
=Fy(y)[l+ 04((1 + p)Fy () = D(F(y) = D]
From Equation (4), the conditional cdf of Y given X = x, for Bairamov extension, is given by:
FU(ylx) = Ey()[1 + a(l = Fg ()71 (1 = (1 + prgu) Fy (0)(1 = FZ(y)™]. (13)
We may classify gos and dgos based on m into the following cases: Letn € N, k > 1, my, ..., my—1 € R,
M Z m],1<r<n 1, be parameters such thaty, =k+n—-r+ M, > 1forallr € {1,2,. —1}, and let
(mlr mn—l) e R*™ 1'
Case-I of gos: If my =myp = ... = myu_1 = m, the pdf of rth case-I of gos X, m ) can be written as, see Kamps
[12]:
c .
finmn®) = 2 ;), (1= F@)Y" f(x)gy " (F)), (14)

where ¢,_1 = H;zl Vir gm(2) = h(z) = hy(0),0 <z < 1,

_(1_Z)m+'l
m+1l 7

m# -1,
h(z) =
—In(1 -2), m=-1.
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Case-Il of gos: If y; # yj,i,j=1,2,...,nand i # j, the pdf of rth case-II of gos X, 77 s as follows, see Kamps
and Cramer [13]:

r

Fomin(®) =cra Y air) (1 = FE)"™ £(0), (15)
i=1
where a;(r) = H;zlr#iﬁ,l <i<r<nandy;=k+n-i+M;>0.
Case-I of dgos: When my = my = ... = m,_1 = m, the pdf of rth case-1 of dgos Xi(.nmy is defined by, see
Pawlas and Szynal [18]:
Cr— Vy— r—
faenmin®) = 5 B f(@0g, (FG), (16)

where ¢,_1 = H;:l Vi gn(2) = hn(2) = h(1),0 < 2 < 1,

=1
m+1

1
Zm+ m+ -1,

hm(z) =
—Inz, m=-1.

Case-II of dgos: When y; # yj, i,j = 1,2,...,n — 1, in this case, the pdf of rth case-Il of dgos Xy s iS
defined by, see Athar and Faizan [1]:

7

Faomip@) = 1 Y i) FR)Y™ f(x), (17)

i=1

where a;(r) = H;zlﬁiﬁ,l <i<r<nandy,=k+n-i+M;>0.

In the following theorems we use the following notations as follows: Based on Huang and Kotz extension
the pdf and cdf of the concomitant of rth case-I of gos (case-I of dgos) are gifrumi and Giprnmr (Garprnmi
and Ggifr,m i), respectively. And the pdf and cdf of the concomitant of rth case-II of gos (case-II of dgos)
are Jipry ik aNd Gy k) (Garprn ik and Gaipr i), respectively. Based on Bairamov extension the pd f and
cdf of the concomitant of rth case-I of gos (case-I of dgos) are gornmi and Goprnm i (Jazrrnm i AN Gaofrmm i),
respectively. And the pdf and cdf of the concomitant of rth case-II of gos (case-II of dgos) are g, 7 and

Goprm i Gazprm i and Geopr 7 ), T€Spectively.

Theorem 2.1. Based on Huang and Kotz extension with pdf given by (2) and cdf given by (1), utilizing (3), (14)
and (12), the pdf and cdf of the concomitant of rth case-I of gos, Y{yum k), are given by, 1 < r < n, respectively:

Fitrmmu (V) = fr(W) [1+ aTy(;n,m, ) (1 +p)Fr(y) - 1)], (18)
Gitrmmu(y) = fr(@) [1+ aT;(r;m,m, k) (Fy(y) - 1)], (19)
where
4
.l _ p ’ 1
Ty (r;n,m, k) = (1 + p)cr—1 Z( [ )(—1)Jm -1, (20)

=0

Vi=k+m—-r(m+1),neNk>1,m=..=my1=meR, c,.1 =[] v
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Proof. From (3) and (14), the pdf of the concomitant of r-th case-I of gos, Y|, m 4, is given by:

gl[r,n,m,k](y) = f: fY\X(y | x)f(r,n,m,k)(x)dx
= fr(y) —afy((@ + PFy(y) - 1)

1+ p)e,
e S+ ) - 1)

x f (1~ (1 = Fx()P(1 - Fx(x)y™

X [1= (1 = Fx(x))"7 " fx(x)dx (21)
= fr(y) — afy (WA + p)F(y) — 1)

1 =
AL A+ P - D)

p
XE( )( 1y f (1= Fx(y it
] (]

{1 - (1= Fx(x)™ " fx(x)dx.

><[m+1

From Beg and Ahsanullah [4], we note that
(r—=1!

1 - Fx(x)) ! oG+ ),
f< N e (i + )

and the result follows. By the same manner we can obtain the cdf of case-I of gos.

1

711 = (1= Fx(@)"™ )™ fe(odx = (22)

Theorem 2.2. Based on Bairamov extension with pdf given by (5) and cdf given by (4) (with py = p, = 1),
utilizing (7), (14) and (13), the pd f and cdf of the concomitant of rth case-1 of gos, Y{ynmi, are given by, 1 <r < n,
respectively:

Pprmmia(y) = fr(y) [1 + aR(r;n,m,k) (1= +g2)Fy(y)(1- FY(y))qz_l] ’ *)
Gaprmmu (V) = fr(y) [1 +aRj(r;n,m, k) (1 - Fy(y))'h] , (24)
where
) 1+q1) q }
Ri(r;n,m, k) = c,_ T BT ’ B
1(rim,m, k) = c 1{Hi:1(7/i+‘71) [MTie i+ g1 - 1) ”
yr=k+m—-r(m+1),neNk=1,m =..=m_1=meR, c1 =l yi.

Theorem 2.3. Based on Huang and Kotz extension with pdf given by (2) and cdf given by (1), utilizing (3), (15)
and (12), the pd f and cdf of the concomitant of rth case-1I of gos, Y|, 7 1, are given by, 1 < r < n, respectively:

Timma @) = fr() [1+ aByr;n,m, k) (1 +p)Fy(y) - 1)], (26)

Gitmmi(¥) = fr(@) [1+aB;(r;n, m, k) (Fy(y) - 1)], (27)

where

_ -1
Bi(r;m, i, K) = (1 + p)cr s Za( i1

1/
= Gitp) )

T 1 ; = T71"
ai(1) = jciej 55 vi #F vl sisr<m e = lia )
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Theorem 2.4. Based on Bairamov extension with pd f given by (5) and cd f given by (4) (with p1 = p, = 1), utilizing
(7), (15) and (13), the pdf and cdf of the concomitant of rth case-II of gos, Y., 7, are given by, 1 < r < n,
respectively:

Daprmiin() = fr@) [1+aQi(r;m, 7, k) (1 = (1 + g2)Fy (1) (1 - Fy()* '], (29)
Gty (y) = Fr(y) [1+ aQ;(r;m, 71, 5) (1 = Fy(y))"?], (30)
where
Q (i, 7 K) = ¢ i”'(r){ (1+q) 7 } (31)
I LT it q) it D

= 0 1 i =TT
ai(r) = iz 55 Vi #F vl sisr<n e =1Ly

Theorem 2.5. Based on Huang and Kotz extension with pdf given by (2) and cdf given by (1), utilizing (3), (16)
and (12), the pdf and cdf of the concomitant of rth case-1 of dgos, Y apy.nmx, are given by, 1 < r < n, respectively:

Gartrmmia () = fr@) [1+aT3;n,m, ) (1 +p)F(y) - 1)], (32)
Gatprmmia @) = fr(y) [1+ aTy(rm,m, ) (Fr(y) - 1)], (33)
where
1
T*(T’,' n,m, k) = (1 + )CT— v /.. .\ ]-/ 34
2 p 1 Hi:l(yi +p) ( )
vr=k+n-nm+1),neNk>1,m =..=my_1=meR, c_1 =[]y

Theorem 2.6. Based on Bairamov extension with pd f given by (5) and cd f given by (4) (with p1 = p, = 1), utilizing
(7), (16) and (13), the pdf and cdf of the concomitant of rth case-I of dgos, Ypy.umu, are given by, 1 < r < n,
respectively:

Gaztrmmir(y) = fr(y) [1+ aRy(rim,m, k) (1= (1+ g2)Fy(y) (1 - Fy()* ], (35)
Gd2[r;n,m,k](y) = fY(y) [1 + CYRE(T; n,m, k) (1 - FY(y))qz] ’ (36)
where
Ry (rin,m, k) = ¢, { (1 + )i( 1 )—(_W - qi( n-1 )—(_W (37)
R - " =0 I ) i+ ) T = j MiaGi+ )|’
Vvr=k+n-rm+1),neNk>1,m=..=m_1=meR, c1 =[] i

Theorem 2.7. Based on Huang and Kotz extension with pdf given by (2) and cdf given by (1), utilizing (3), (17)
and (12), the pdf and cdf of the concomitant of rth case-1I of dgos, Y iy 7 i, are given by, 1 < r < n, respectively:

i) = Fr(y) [1+ aBy(r;n,im,K) (1 + p)F(y) - 1)], (38)

i) = fr() [1 + aBy(r;n, i, k) (Fo(y) - 1)], (39)
where

B ) = 1+ Pl ) ! (40)

T 1 ; = T71"
ai(1) = jciej 55 vi #F vl sisr<m e = lia )
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Theorem 2.8. Based on Bairamov extension with pd f given by (5) and cd f given by (4) (with p1 = p, = 1), utilizing
(7), (17) and (13), the pdf and cdf of the concomitant of rth case-II of dgos, Y ., are given by, 1 < r < n,
respectively:

Jarrnmn¥) = fr©) [1 +aQy(r;n,m, k) (1 — (1 + q2)Fy(y)) (1 - F Y(J/))qz_ll ’ D
Garpmmi() = fr(¥) [1 +aQ(r;m,m, k) (1 - Fy(y))ﬂz], (42)
where
r n ' = '
o | g\ D g-1 ) L
Qx(r;m,m, k) = ¢, ;“Z(r) {(1 ' 41);( j ) yivj " ;)' ( I Ty j}, "

_ r 1 H — r
ai(r) = H]‘:l,i;e]' W/Vj #yi,1<i<r<n,cq= Hj:l Vi

Remark 2.1. By substituting p = 1 in Huang and Kotz extension, and p1 = p» = g1 = g2 = 1 in Bairamov extension,
Equations (18) to (43) reduces to the ordinary Morgenstern family, and we obtain the same results that mentioned in
Mohie El-Din et al. [16].

Now, we can generalize the previous models in unified models as follows: based on Huang and Kotz
extension, Equations (18), (26), (32) and (38), and Equations (19), (27), (33) and (39) can be combined,
respectively, as follows:

) = ) [1+aM; (1 + pFy ) - 1)], (44)
G W) = fr(y) [1+aM; (Frn) - 1)], )
where

Yimmi,  forcase—1Iof gos
Yaprmmp,  forcase—1Iof dgos

Y, = 4
! Ypmax,  forcase—1IIof gos (46)
Yty for case —II of dgos,
Ty (r;n,m, k), for case — I of gos
M = T%(r; n, T’ k), for case — I of dgos “7)
Bi(r;n,m, k), for case — I of gos
B} (r;n,m, k), for case —II of dgos,
Jirnmig(y),  pdf of concomitant of rth case — 1 of gos
() Iarfrnmi(Y), pdf of concomitant of rth case — 1 of dgos
9y (y) = T . (48)
: T (V). pdf of concomitant of rth case — Il of gos
Farrmii (V). pdf of concomitant of rth case — 1l of dgos,
Girnmi (), cdf of concomitant of rth case — 1 of gos
rm,m ’ ] -1
GS} () = Gatprnm i (y) cdf of concomitant of rth case — 1 of dgos (49)

Gipmg(y),  cdf of concomitant of rth case — Il of gos

Garprm i (Y), cdf of concomitant of rth case —II of dgos.

Based on Bairamov extension, Equations (23), (29), (35) and (41), and Equations (24), (30), (36) and (42) can
be combined, respectively, as follows:

gg;)(y) = fr(y) [1 +aZ;(1-(1+q)Fy(y) (1 - FY(y))qu] ’ e
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Gy (v) = fr(n[1+aZ; (1= Fe(y)*], (51)
where
[ Ypumi,  forcase—1of gos
Yarmmp,  forcase —Iof dgos
Yy ikl for case —II of gos
| Yk, for case —II of dgos,

(52)

[ R;(r;n,m,k), for case — 1 of gos
7= R(r; n,rz,k), for case — I of dgos (53)
Qi (r;n,m,k), for case — Il of gos

| Q;(r;n,m,k),  forcase — 1l of dgos.

Do1rmm i (Y), pdf of concomitant of rth case — I of gos

) Ja2irnmia(Y), pdf of concomitant of rth case — 1 of dgos
9y-(y) = - ; (54)
: DoY), pdf of concomitant of rth case — Il of gos
Gazprm i (V) pdf of concomitant of rth case — Il of dgos,
Gornmi (), cdf of concomitant of rth case —1 of gos
G(f? () = Ga2prmmi(y), cdf of concomitant of rth case — 1 of dgos (55)

Gopmiiig(y),  cdf of concomitant of rth case — Il of gos
Gaoprm i (Y), cdf of concomitant of rth case — 11 of dgos.

3. Information properties for concomitants in Huang and Kotz extension
In this section, we derive an analytical expression of entropy and Kullback-Leibler divergence for Y; in
Huang and Kotz extension. Also, applying the entropy for some well-known distributions of this model.

Theorem 3.1. For any absolutely continuous R.V. Y;, which is the concomitant of rth ordered R.V. of Huang and
Kotz extension defined in Equation (46), 1 <r < n. From Equations (10) and (44), Y; has entropy H(Y?) iff

H(Y;) = HY)[1 - aM;] + W(r, a) — a(1 + p)M; f FL() fr(y) In fr(y)dy, (56)
where
M:(1 +
W(r,) = —In(1 - ab) + (1 — aM) ,FO00 (% 11+ %; %) (57)
2F(10’1’0’0)(a, b; c; z) is the derivative of the Gaussian hypergeometric function ,F1(a, b; c; z) with respect to b, and
(0,1,0,0) . Za. o192 a+1b+111b
2F1 (alblclz) F201(2C+1, ,b+1 ’ ’ (58)

and the general form of it is known as Kampé de Fériet’s series (Srivastava and Karlsson [20]).

Proof. From Equations (10) and (44), the Shannon entropy of Huang and Kotz extension is given by:
H) = [ s omialwildy

=— f aM;(1 + p)FL () fr(y) In[fy(y)ldy + HY)[1 — aM;] (59)
- Egg;(y) [In[1 + aM;((1 + p)F}(y) - DIL.
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To evaluate Eg(;:)(y) [(n[1 +aM;((1 + p)F;;(y) — 1)]]. First, we want to find Eg(yl;)(y)[]. +aM;((1+ p)F’l’/(y) -], let
u(t) = Eyp,[1 + aMi((1 + p)Fy ) = DI

= f fY(y)[(l —aM;) + (aM;(1 + P)Ff;(y))]ﬂldy

(60)
ad t+1 ; P |
= C @M1 +p) (1 - a1 ——,
]Z;( ] )(a (L)L = ey o
then
1(0) = E g, [In[1 + aM;((1 + p)F, () — 1)]]
1 aM;(1+p) (61)

~ . o 0100 (1 o
_]n(]—aMr)—(l—(XMr) 2F1 ;,—1,1-‘1- p, aM:—l ’

and the result follows.

In the following examples, we will choose some subfamilies of Huang and Kotz extension when they
are exponential, Pareto and power function, and obtain its entropy as an applications of the last theorem.

Example 3.1. With the cdf of exponential distribution:

Fy(y) = 1-e“Y, y20,c>0,
from Equation (56), we get

H(Y;) = W(r, @) = (1 = aM;) (In(c) = 1) = aM;(In(c) = Biyy)),
where By = Y(n + 1) — (1) and (.) is the digamma function.
Example 3.2. With the cdf of Pareto distribution:

Fy(y) = 1-y - y=1,¢>0,
from Equation (56), we get

H(Y?) = W(r,a) — (1 — aM’) (ln(C) - % - 1) _ aMi(eln(9) ‘C(l + Bpay)

Example 3.3. With the cdf of power function distribution:
Fy(y)= vy, 0<y=<1,¢>0,
from Equation (56), we get

aM;(c(1+p)In(c)+1—-c¢)
c(1+p) '

H(Y?) = W(r, a) - (1 - ab) (ln(c) ; % - 1) -

3.1. Kullback-Leibler divergence

In this subsection, we obtain Kullback-Leibler divergence between concomitants of rth and sth ordered
R.Vs of Huang and Kotz extension.
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Theorem 3.2. Let Y; and Y be the concomitants of rth and sth ordered R.V.’s of Huang and Kotz extension. From
Equations (11) and (44), the Kullback-Leibler divergence between Y; and Y} is given by:

M;(1 +
KO, Y2 = ~WO,a) = InL - ad) + bt 2F00 (13 024 3 D) -
: (62)
M (1 +
X (aM; ~ 1) F00 (1,0,- 14+ u)
p p- aM; -1

where W(r, @) is defined in (57), 21-"50’1’0’0)(51, b; c; z) is defined in (58).
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