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Abstract. In the present paper, we construct a new family of Bernstein type operators on infinite interval
by using exponential function a*. We study some approximation results for these new operators on the
interval [0, o0).

1. Introduction

In approximation theory, the most important basic result was given by Karl Weierstrass. In 1912,
S.N. Bernstein [1] introduced the sequence of operators to give a constructive proof of the Weierstrass
approximation theorem. In 1950 a new generalization of Bernstein’s polynomials to the infinite interval
was given by O. 5zész [8]. The uniform convergence of a sequence of linear positive operators to continuous
functions was introduced by Bohman [3] and Korovkin [7]. The Bernstein operators are defined as follows:

n

Bu(fiv) =), (’:)x*(l -9"f(£), xe[01] and neN. 1)

r=0

For detailed study we can see [6].
O. Szész [8] introduced the following operators on the infinite interval as follows:

) k
Su(f; %) :e—”kaa (”;) f(%) feClo,0), nx1. @)

In this paper we construct a new family of Bernstein type operators on an infinite interval and obtain
some important approximation results for these operators. In next section, a new family of operators is
constructed by using the exponential function a* for the interval [0, c0). We use the symbol loga for log, a
throughout the paper.

Stirling’s Formula:

n! ~ Znn(g)n. ®3)
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fo) _ .

Definition 1.1. By f(n) = o(g(n)), we mean 11m n oo

2. Construction of operators and some auxiliary results

We define the following operators:

[Se] 1 v
Su(fix) = a’“"Z x Oga) (ulzga)’ feCl0,0), u>0 and a>1. (4)
v=0

For a = e or u = n/loga, then it reduces to (2).

Definition 2.1. A set of continuous functions S;(f; x) is said to be convergent uniformly to the value M at x = o as
u — oo if S; (f;xy) — M, whenever x, — aandun — 00 s N — oo.

Lemma 2.2. Foru > Q0and A > 0, we have
1 v
(w oga) < A%uloga(a"), for a>1. (5)

[v—ulogal>A

Proof. We have the following identity which is easily verified:

(o)

1 (Y
Z(v —ulog 11)2% = uloga(a"), (6)
v=0 '
and then it follows that
1 LA 1 v
A2 Z % > z(v - uloga)zw = uloga(a").
[v—ulog A : o=l :

The proof is completed. [

Lemma 2.3. For u > 0, the following inequality holds:

(e8] 1 v
Z o — ulogal(uov—;ga) < yJuloga(a"). (7)
v=0 ’

Proof. By using Schwarz’s inequality and (6), we have

i| MlOg |M] {i(v_uloga)2(” Ogﬂ }[Z (uloga)”]
v=0

v=0

uloga(a")(a")

uloga(a®).

The proof is completed. [

Note that

Z(v—uloga)(ul(;—%a)v =0. 8)
v=0 :
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Therefore, for a positive integer u, we have

= 1 v ul 1 v
Zlv—ulogalm = Z (uloga—v)m+ Z (v - uloga)(u 084)
v=0 v v<uloga vzuloga
1 v
= 2 Z (uloga—v)m
v<uloga o
(uloga)® v(uloga)”
= 2uloga Z T—2 Z —
v<uloga v<uloga
3 (uloga)® (uloga)®
= 2u10ga Z T—Z Z W
v<uloga v<uloga
1 v 1 v+1
= 2uloge Y W,y (losd”
v<uloga o v+l1<uloga o
1 v 1 K
= 2uloga Z %—Zuloga Z %
v<uloga ’ v<uloga—1 ’
1 uloga
= 2ulogaw 9)
uloga!

Now by using Stirling formula (3), we have

1 v 2 \/uloga
Zlv Lll (u Oga) _ 8 euloga
V2n
24juloga
V2n

Thus, except for a constant factor, the estimate (7) is the sharpest possible.

3. Main results

In this section, we will study some convergence results, pointwise as well as uniformly convergence
and also obtain a Voronovskaja type theorem.

Theorem 3.1. Suppose that f(x) is bounded in every finite interval, if f(x) = o(x¥) for some k > 0 and if f(x) is
continuous at a point a > 0, then S;,(f; x) converges uniformly to f(x)at x = «

Proof.

(ux log a)’

Z f/uloga) — f(x)}————
v=0

a“{S,(f; %) = f()}

+
[v/uloga-x|<6  |v/uloga—x|>0

L1+ Ly, (say).

Let

max |f(x) — f(B)| = m*(5,p) = m*(5), for |x—p| <5,
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then m*(0) — 0 as 6 — 0. Now
f/uloga) — f(x) = f(v/uloga) — f(a) + f(a) — f(x),

and

uloga_ﬁ_uloga ta-p. (10)

In the sum L;, |2 — x| £ 6, hence from (10)

u loga

-8l <
uloga pl=2
and
|f(v/uloga) — f(x)| < m*(26) + m"(6) < 2m"(20).
Hence
. o (uxloga)’ | x
ILy| < 2m"(20) Z;) =2 (20)a".
Next write
L, = Z + Z = L3 + Ly, (say).
v<uloga(x—0) v>uloga(x+0)
Then
(ux loga
L3 < ————I|f(v/uloga) — f(x)l.
v<uloga(x—0)
Let
sup |f(x)| = V(6), for x =6.
Then

1 v
[3<2V@+0) Y (uxlogay’

0!
uxloga—v>udloga

By using Lemma 2.2 with A = uloga, we have

ux log a(a**) xa*

L3 <2 — =2 —_—.
3 <2Vi@+9) (uloga)?6? Via+9) (uloga)d?

Now, assuming uloga(x + 6) > k,
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0! uloga

v k
L = o Z (uxloga)( v )]

v>uloga(x+o)

3 x*(ux log a)’*
=0 @—h)

v>uloga(x+o)

xF(uxlog a)“]
= o0 —2 |

|
u>uloga(x+06)—k ®

Again by using Lemma 2.2, with A = udloga —k > 0, we get

¢ uxloga(a™) ulog a(a*¥)
Li=o (x (udloga — k)? -0 (udloga — k)?

), as u — oo.

Finally, we have

1 uloga }

Sufix) = f) =o {m<25) " us?loga " (udloga — k)2

Now for a fixed 9, letting u — oo, we have

limsup |S;,(f;x) — f(x)] £ 0o(m(25)), u— oo, for |x—a] <54,

which gives the desired result. [J
Theorem 3.2. If f(x) satisfies the Lipschitz-type condition

— P
f (1) = fxa)] < MM 0<x <Xy < o0, (11)

X1+ Xz)E
where M, p are constants, 0 < p £ 1, then

1S5(f; %) — f(x)| < M (uloga) ™2,

converges uniformly for 0 < x < 00, as u — oo.

Proof. First of all, we consider the case p = 1.

1 v
”XZ W98 fofutoga) - £

ISu(f;0) = fl - =

- (uxloga)® |v/uloga — x|

< MZ | T

v: (v/uloga + x)2

- o i (uxloga)’ v —uxlogal

(u log a)z pr o! (v + uxloga)?
M e\ (uxloga)®

< ——a"™ )y ———v—uxloga
uloga\/_ Z o! | og 4l

< " Juxloga(a™) £
uloga\/_ gal™) = \/uloga
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by Lemma 2.3. Thus, the proof is completed for p = 1.

Now from Holder’s inequality, for 0 < p < 1, we have

i 1 o(1-p) 1 op
sy - fol = ) B o utoga) - foo)
L ! !
00 1-p ( P
1 v 1 v 1
< {Z %] {Z % |f(w/uloga) - f(x))ﬁ} .
0=0 v=0
Now by (11), we have
aIS(f;%) = f()l < al=Ppm [i (uxloga)” fo/uloga - x| ]P

p—c o! (v/uloga + x)z

p
< Mal-pwx (; \ux loga(a”x))

ulogax
= M(ulog a)_Tpa”x.
Thus, the proof is completed. []
Example 3.3. Let

f(x):{g—x, for 0<x<c

, for x>¢,

where c is a positive constant and the condition (11) is fulfilled. Furthermore

uclog a)?
a" Z %(c—v/uloga)

v<ucloga

Su(f;%) = f(e) = S,(f;%)

1

(ucloga)®
ulog 2" '

e Z (ucloga —v) o

v<ucloga

Let [uc] = r and multiply by (ulog a)? on both sides. Then

rloga
! -1 1 0
(uloga)2S,(f;c) > (uloga)za™ ;:o (rloga —v) r (Zfa) :
By using (9), we have
& loga+1 1
(rloga)’  (rloga)™°s rloga\?
;:0 (rloga —0)—— = (rloga)! el I

since a* = €¥198% Thys,
lim inf(u log a)%S;(f; c)>0,
U—00
which proves that the order of estimate in Theorem 3.2 is sharpest possible for p = 1.

Theorem 3.4. If f(x) is continuous in (0, c0), then S;(f; x) — f(x) uniformly in the interval (0, c0).
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Proof. Suppose f(x) is continuous in (0, o). Let

X

1
= ——log(;), 0st<1,
loga o8\t 0

ﬂ@=f( bgﬂ=¢m

is continuous in 0 < t < 1.
Now for a given € > 0, we can find a polynomial

Y bt =Py(t),
r=0
so that
[Y(t) — Pu(t) < e.

It follows that
If(x) = Pu(@™) <€, x€(0,00).

Now by (4) for P,(a™™), we have

Zw (uxloga)’ -
a*MX —_— bra ulnga
0!
v=0 r=0

55, (Py; x)

=a%iminwwwwm

!
v=0

r=0
n

— ~r/uloga

= a uxz braux(n )
r=0

n
_ Z b a_ux(l_ﬂ—v/uloga)
= v .
r=0

Hence, S;,(P,; x) = P,(a™) uniformly in the interval (0, o), as u — oo.
Furthermore
fx) = Pu(@™) +en(x), len(x) <€,

and
Su(f:x) = S,(f = Pu; x) + 5,,(Pn; X).
Here,
1S, (f = Pu;x)| <€,
so that

1SL(f;%) = f)l < €+15,(Pu;x) = f(2)]
< €+ |S;(Pn(a_x)} x) = Py(@ )|+ |Py(a™) — f(x)|

Thus, the proof is completed. [J

2803
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Theorem 3.5. If f(x) is r-times differentiable, f")(x) = o(x*) as x — oo, for some k > 0, and if f"(x) is continuous
at a point a, then s f; x) converges uniformly to f(x) at x = a

Let 1/u = h. We use the following notations

Afh) = f(v+1h) = f(vh).
A? f(vh) AAf(vh) = f(v+2h) - 2f(v + 1h) + f(vh).

(12)

(13)

A" f(olh)

AA“fﬂvm==§:e4ijﬂ51?m, r20.

(xloga

Sun(Fix) = Qu(fsx) =a x/hzv, ) £ (oh/1oga).

v=0

Lemma 3.6. We have
dr 1 (xloga\’ (loga\
/h = . r - =l
derh(f'x) E A" f(vh/loga) '( ) ( 7 ) .

Differentiation gives

o 1 (xloga\" loga
x/h
a Z (0—1)!( 7 ) 7 f(vh/loga)

1 - 1
— Ogaa—x/hz 1 (x Oga) f(vh/loga)

0!

d
—Qu(fi)

U=

loga xloga
_ Tgax/hzv,( hg ) Af(oh/loga),
0

U=

and the result follows by the induction.
It is known that

1 r
(f“)Avwm=fmw»

where

vh < u<(@+rh.

= {(10%)’ A f(oh) = fO(x) } (xloga)v

DQ(fix) - fO) = a Y . 7

v=0

DV M
[oh/loga—x|<6  |vh/loga—x|>6

where |x — a| < 6. Now using the same technique as in the proof of Theorem 3.1, we obtain the above
theorem.



M. Ahasan et al. / Filomat 33:9 (2019), 2797-2808 2805

Theorem 3.7. Let f(x) be bounded in every finite interval and differentiable at a point a > 0. If f(x) = o(x¥) for
some k > 0, then

Ji_r&(u loga)'/? {S:(f(a); x) — f(a)} = 0.
Proof. Let

.. w ~ F@)] = 0 a) = (o).

Then n(6) — 0 as 6 — 0. We may write

fla+h) — f(a) = hf'(a) + he(a, h),

where
le(er, B)] < n(0) for |h| < 0.

Thus

S1(f(a); %) - fla) = a™ i (ualogay {( °__ oc) @) + ( °__ oc) ev(u)},

! 0! uloga uloga
where
leo(w)] < 7(®) for |uloga ~d| <6

Now by using formula (8), we have

S, (fa)x)— fla) = uligaa_ua UZ; (ualv#a)v(v — auloga)e, (1)

1

— ; a e Z +
uloga
& [v—aulogal<duloga |v—aulogal>ouloga

On the same technique as in the proof of Theorem 3.1, and using Lemma 2.3, we can get the desired
result. O

The following result is generalize to higher derivatives. We restrict here that f”’(a) exists and the same
result proved for Bernstein polynomials (see [2], [9]).

Theorem 3.8. Let f(x) be bounded in every finite interval and twice differentiable at a point o > 0. If for some k > 0,
f(x) = o(x*), then

Ji_{glouloga{S;(f(a);x) - fla)} = %af”(a).

Proof. We restrict here to the case that f”’(«) exists. Thus

fla+h)— f(a)=hf'(a) + %hz{f”(a) + €e(a, h)},

where
le(ar, )| < u(d) for || <6, and p() —0, 6—0.



Now

S.(f(a);x) - f(a)

—ua . (ualoga)” 0 , 1 v
? Z 0! uloga —¢ f(a)+§ uloga
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- a)z f”(a)}

v=0
+ g . (ua loga)v 0 2€ (1)
ot o 2\uloga o
where
v
< _
lex(u)| < u(d) for ‘uloga al <6
From (6) and (8), we get

S (fl@)x) = fla) =

or

ulogaf{S,(f(a);x) — f(a)}

Write

Z M(v —au log ﬂ)zev(u)

ol
v=0

2u logaf @ 2(u log a)? Z !

p—— © ! °
(uO( og Ll) (v—au 10g Il)zev(u)/

—ua

1 v
= 2f”(0c) 2u Toga Z (ua oga) (v — auloga)’e,(u).

+
[v—aulogal<ouloga  |v—aulogal>ouloga

= T+ Ty, (say).

Then from (14) and (6), we have

IT1| < u(d)auloga(a™).

Hence
Next write

and also note that

1( v
2 \uloga

2
- a) €,(u)

Let

Then

5 < {2M(@) + alf @) + 5@} Y

B
2\uloga

—ua

a 1
2uloga ] < Ey(é)a.

TZZ Z +

v<uloga(a-0) v>uloga(a+0)

=T3+ Ty, (say)

i) - oo

2
- a) f(a).

sup |[f(x)| = M(a), x = a.

(ualoga)®
2 2
(uloga)a —

v<uloga(a—0)

2806

(14)

(15)
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Now by using the formula (see e.g. [4], p.200)

—u (u)v _ -1 2
Z e T_O(GXP(?é M)), u — oo,

|lo—u|>ou
it follows that

o! 3 a

ualoga—v>duloga

Hence

—ua
a

-16°
ulogaT3 = 0{(ulogu)exp(?;uloga)}

0 {u loga (a_%%”)} .

In view of f(x) = o(x¥), for v > ualoga and k > 2, we have

k
(v—ua 10g a)2ev(u) =0 ((u log a)zm .
Therefore,
1 4 k
T4 = 0 (ua O'g a) [ .
v—ualoga>duloga v (u log a)
(ualoga)*
=0 (uloga)*af——2——
vl logza;éulogu (U - k)'
1 v
=0 Z (ulog u)zm
v—ualoga>ouloga—k 0.
62
=0 {(” loga)® exp (ua loga — z—ulog a)} .
Thus
afua 1 ,
iloga 'y = o{(uloga)exp(—gé uloga)}

o{u loga (a’ﬁézl‘)}.

From (15) and (16), we finally get

lim sup [ulogafS; (f(@);x) = @)} - Zf"@)] <o.

But 6 is arbitrarily small, hence the proof is completed. [

Remark 3.9. From a well-known property of the Beta function

1
(n)ff”(l—t)”‘”dt=—1 , 0=0,1,2m
vl Jo n+1

loga)” -1¢&
efualogam = g(exp(—1 6—uloga)).

2807

(16)
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we have

1 1 n
fo B, (Hdt = —— ; f(o/n).

So that, for any Riemann integrable function

fo 1 B, (Hdt — fo 1 F(t)dt.

Similarly,

o0 o (uloga)? <
ST (f; x)dx ——f(v/ulo u)f e M ToBAx Yy
[ s Y soga) |

1
uloga

Z f(o/uloga),

v=0

the interchange of integration and summation is legitimate if the series ), f(v/uloga) is convergent.
Thus, the formula

00 X . B 1 o
fo St (f;x)dx = Toga ; f(o/uloga)

is valid if both sides exist.
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