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Abstract. The idea of [-convergence of real sequences was introduced by Kostyrko etal. [ Kostyrko, P, Saldt,
T. and Wilczyriski, W. I-convergence, Real Anal. Exchange 26(2) (2000/2001), 669-686 ] and also independently
by Nuray and Ruckle [ Nuray, F. and Ruckle, W. H. Generalized statistical convergence and convergence free spaces.
J. Math. Anal. Appl. 245(2) (2000), 513-527 ]. In this paper we introduce I-deferred statistical convergence of
order a and strong I-deferred Cesaro convergence of order a and investigated between their relationship.

1. Introduction, Definitions and Preliminaries

The concept of statistical convergence was introduced by Steinhaus [29] and Fast [12] and later reintro-
duced by Schoenberg [24] independently. Later on it was further investigated from the sequence spaces
point of view and linked with summability theory by Cimar et al. ([6],[8]), Connor [5], Colak [17], Cakall1 et
al. ([2],[3],[4]), Et et al. ([9],[10],[11],[28]), Fridy [13], Isik et al. ([14],[15],[16]), Kiiglikaslan and Yilmaztiirk
([19]1,[30]), Savas and Et [23], Sengiil et al. ([25],[26],[27]) and many others.

The idea of statistical convergence depends on the density of subsets of the set IN of natural numbers.
The density of a subset E of IN is defined by

8(E) =lim, 1 Y}, xe(k) provided the limit exists,
where xg is the characteristic function of E. It is clear that any finite subset of IN has zero natural density
and 0 (E°) =1 -0 (E).

The idea of I-convergence of real sequences was introduced by Kostyrko et al. [18] and also indepen-
dently by Nuray and Ruckle [20] (who called it generalized statistical convergence) as a generalization of
statistical convergence. Later I-convergence was studied by Das et al. [7], Salat et al. ([21], [22]), Sengiil
and Et ([25],[26]) and many others.

Let X be non-empty set. Then a family sets I € 2% ( power sets of X ) is said to be an ideal if I additive
i.e. A,B € I implies AU B € [ and hereditary, i.e. A € I, B C Aimplies B € I.

A non-empty family of sets F C 2% is said to be a filter of X if and only if (i) ¢ ¢ F, (ii) A, B € F implies
ANBeFand (iii)A € ;A C Bimplies B € F.

Anideal I € 2% is called non-trivial if I # 2%.

A non-trivial ideal I is said to be admissible if I D {{x} : x € X}.

If I is a non-trivial ideal in X, X # ¢, then the family of sets
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F)=McX:(Ae)(M =X\ A)}is afilter of X, called the filter associated with I.
Throughout the paper I will stand for a non-trivial admissible ideal of IN.
The deferred Cesaro mean of sequences was introduced by Agnew [1] such as:

q(n)

1
(Bra), = = 2 ™

p(n)+1
where {p (n)} and {g (n)} are sequences of non-negative integers satisfying

p(n) <q(n) and lim g (n) = +oco.

Let K be a subset of IN and denote the set {k : p (1) <k < q(n),k € K} by K, ; (n) . Deferred density of K is
defined by

. 1
O () = i, ey [Kra @

, provided the limit exists. @)

The vertical bars in (1) indicate the cardinality of the set K, ; (1) .
It is clear that, if K C M, then 6,4 (K) < 6,4 (M) and if g (n) = n, p (n) = 0, then deferred density coincides
natural density of K.

2. Main Results

In this section, we introduce the concepts of [-deferred statistical convergence of order a and strong
I-deferred Cesaro convergence of order o and investigated between their relationship.

Definition 2.1. Let {p (n)} and {q (n)} be two sequences as above and a € (0,1] be given. The sequence x = (xi) is
said to be I-deferred statistically convergent of order a ( or DSy , (I) —convergent ) to L if, for every €,6 > 0

1
neN: —————l{jpm) <k <qgm):|x—L| > ¢} 26}61.
{ (q(m) = p (m)"* | |
In this case we write DSy, (I) — limx, = L or xx — L (DS?IL7 (I)). The set of all I-deferred statistically convergent
sequences of oder o will be denoted by DSy, (I). If g (n) = n, p (n) = 0, then I—deferred statistical convergence of order
a coincides I—statistical convergence of order o and also if q(n) = n, p(n) = 0 and a = 1, then I—deferred statistical
convergence of order a coincides I—statistical convergence.

Definition 2.2. Let {p (n)}, {q (n)} be given and a € (0,1] and r be a positive real number. A sequence x = (xx) is
said to be strongly I—deferred Cesaro convergent of order a ( or strongly Dw? [p, q] (I) —convergent ) to L if

q(n)

1
neN: ——— 2 e —LI'>eb el
(@) —pm)" & ¢

and this is denoted by Dw? [p, q] (I) —lim x; = L or xx — L(Dw? [p, q] (I)). The set of all strongly I-deferred Cesaro
convergent sequences of oder a will be denoted by Dw? [p,q] (I) .

The proof of each of the following results is straightforward, so we choose to state these results without
proof.

Theorem 2.3. Let 0 < o < 1and x = (xx), y = (yk) be sequences of real numbers, then
(1) IfDS;flq (I) = limx; = xo and DS;}lq () — im yx = yo, then DS;}lq () — lim (xx + yx) = x0 + Yo,
@)If DS;‘,q (D) —limx, = xg and c € C, then DS;‘ﬂ (I) — lim (cxx) = cxo,
(iii) If DS, (I) — lim xc = xo, DSy, (I) — lim yx = yo and x,y € {e, then DSy (I) — lim (x¢yx) = XoYo-
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Theorem 2.4. Let 0 < o <1, then DSgﬂ (I) N € is a closed subset of €.

Proof. Suppose that {xi }ieN € DS;, (I) N £w is convergent sequence and that it converges to x € {w. We need
to prove that x € DSy (I) N {w. Assume that xt— L (DS;‘/Q (I)) for Vi € IN. Take a positive strictly decreasing
sequence {¢;};eny Where ¢; = 5 for a given ¢ > 0. Clearly {¢;};en converges to 0. Choose a positive integer i
such that [|x - x| < £.Let0 <6 < 1. Then

A—{T’IEN.W{p(}’l)<k§5](7’l).|xk—L1|Zz}<3}€F(I)
and
B= nEN';{p(n)<k<q(n)'|xi - L | 61+1}<§ € F(I)
" (q(n) —p )" S e TR 3 '
Since AN B € F(I) and ¢ ¢ F(I), we can choose n € AN B. Then
1 { ; & 0
1 oy <k<qm: -1 z—} <2
@ —p) IV 900~ L = 3] < 3
and
1 { i+1 81+1 6
N <k<qm): ¢ —Li| 2 E2 }<-
@ —pm) IV 900 < i = Lina| 2 57 ] < 3
and so
1 { 1 Eiv1
————— Npm) <k<qn):|x —L; >—Vx“r il > == }<6<1.
@) —p ) I 100~ L 2 5 v L2 5
Hence, there exists a k € (p (n),q (n)] for which |x | 7 and ‘x’“ i+1| > “#. Then, we can write
|L,‘ - Li+1| < |L1' - x}() + |x;€ - xl+1| + (x’“ L,’+1|

IA

e = L+ i = L |+ [ = ]|+ [l =21
< % %+%+gzl < e

This implies that {L;};c is a Cauchy sequence in R, and so there is a real number L such that L; — L, as

i — 0. We need to prove that x — L (DS;‘/Q (I)) . For any ¢ > 0, choose i € N such that ¢; <
IL; — L| < §. Then

m|{p(n)<kﬁq(n);|xk_L|ZE}‘

m ) <k g : | =Ll + =il #1012
m {P(n)<kSq(n);|x;{_Li|+ +ZZ€}
m {”(”)<kﬁq(n):|x;_Li|2 %} .

This implies that

{ne]N:m|{p(n)<kSq(n):|xk—L|25})<6}

{p(n)<ksq(n):|x;—Li| > %} <6}EF(I).

1
N: —m8m8 —
{” SN G-y
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So

1
N:——
{n © (q(n) —pm)*

and so

|{p(n)<k§q(n):|xk—L| 25}| <6}€F(I),

1
N:——
{n © (q () —p (n))*

This gives that x — L({DS%_(I)), and this completes the proof of the theorem. [
g ¥ p p

|{p(n)<k§q(n):|xk—L| 2€}|26}€I.

Theorem 2.5. Let a € (0,1]. Then Dw* [p,q](I) € Ds;, (I) and the inclusion is strict.

Proof. First part of proof is easy, so omitted. To show the strictness of the inclusion, choose g (1) = n and
p (n) = 0 and define a sequence x = (x;) by

— 42
xk={ Vi, k=n

0, k#n?

Then for every ¢ > 0 and } < @ < 1, we have

[ vi]

1
m|{p(n)<k5’1(”)i|xk—0|2£}|§ —
and for any 6 > 0 we get
{ne]N:;|{P(n)<ksq(n):ka—OIZs}(zé}g ”E]Niﬂzé .
(q(n) —pm)" l

Since the set on the right-hand side is a finite set and so belongs to I, it follows that for 1 < a < 1,

xe = 0(DS, (D).
On the other hand, forO0 < a <landr =1,

L@ vl v
(q(n)_p(n))apéllxk—m - ne —
and fora =1,
Vilvi
na

Then
L [il[
N:——— -0">1 = N:———=>1
ne @) —p0) p%il e =0 > } {ne p >
= {mm+1,m+2,..}

for some m € IN which belongs to F (I), since I is admissible. So xx + 0(Dw? [p,q](I)). O

Theorem 2.6. Let 0 < a <1, liminf, ;% > 1and g(n) — p(n) < p(n), then S*(I) C Ds;, (.
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f, li(n) t ﬂ(n)

Proof. Suppose that limin > 1; then there exists a 2 > 0 such tha

which implies that

> 1 + a for sufficiently large n,

qn)—-pm) _ a q(n)—pm)\* a \ 1 a® 1
p(n) Z1+a:>( p(n) )Z(1+a) :p(n)“Z(1+a)a(q(n)—p(n))a'

If x — L (5% (1)), then for every ¢ > 0 and for sufficiently large n, we have

ka—L|>e}| '{p(n)<k§q(n):|xk—L|2£}|

1
>
( ) T opm°

a® 1

1 +a)" (q(m) —pm)”

[l () << q(n): b — L1 > e)].

For 6 > 0, we have

{ne]N: %|{p(ﬂ)<k§g(rz):|xk—L|28})26}
(q(n)—p(n

oa“
c {ne .p S =L > }| (1+a)}€1

this proves the proof. [J

Theorem 2.7. Iflim, o inf M > 0and q(n) < n, then S(I) € DSy (I).

M > 0, then for each ¢ > 0 the inclusion

Proof. Let lim,_,o inf
k<n:lxx—Ll>e}d{pm) <k<qn):|x—L| > ¢}

is satisfied and so we have the following inequality

%HkSTlZlX'k_LIZé'H > %Hp(”)<k$ﬁ](”)ilxk—L|2€}|
(g =pm)* 1 )
- : TR lp () <k<qm): -1l =e)|.
Hence we can write
{”EN:ml{wkkw(m:|xk—L|z€})za}
< {ne]N Lite<n: L|>g|>oM}€I

Therefore S (I) C Ds;, (. O

Theorem 2.8. Let a and B be two real numbers such that 0 < a < g <1, then Dw? [p,q] (I) € Du [p,q] (1) and the
inclusion is strict.

Proof. The inclusion part of the proof follows from the following inequality:

1 q(n) 1 4(n)
@ -pmy s —Lf.
@) =p @) pz‘ L T I

(n)+1 p(n)+1
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To show that the inclusion is strict define x = (x;) such that

_J 1, ifkissquare
Yk = 0, otherwise

Then x € D [p, q] (I) for I<Bp<ilbutx¢Dut[pg]()forO<a<i. O

Theorem 2.9. Let o, € (0,1] (0 < @ < B < 1), then Ds; () < DSﬁlq(I) and the inclusion is strict.

Proof. First part of proof is easy, so omitted. To show the inclusion is strict, let us define a sequence by

1, k=n?
=10 k#n?

then x € DSﬁ/q(I) for 5 < <1,butx ¢ DSy (I) for 0 < a < 3, whereq(n) =3n—Tandp(n) =2n-1. O

Corollary 2.10. If a sequence is DSy, , (I) —convergent to L, then it is DSy, ; (I) —convergent to L.
Theorem 2.11. Let 0 <@ < 1and 0 <r <s < oo, then Dw¢ [p,q] (I) € Dw¥ [p, q] (D).
Proof. Omitted. [J

Theorem 2.12. Let {p (n)},{q ()}, {p’ ()} and {q’ (n)} be four sequences of non-negative integers such that

pm)y<qgn),p’ (n)<q (n) andgqm)—pn) <q (n)—p’ (n) foralln e N (2)
and a, B be fixed real numbers such that 0 < o < <1, then
@) If
lim inf (q(n)——p(n))ﬁ >0
n—o0 (q/ (n) _ p/ (Tl))
B a
then DS, .(I) < DS, (D),
(i) If
lim LM —p (n)ﬁ _
"= (g (n) —p(n)
then DSZ,(I) € DS}, (D).
Proof. (i) Let (3) be satisfied. For given ¢ > 0 we have
)y <k<q ) :lx—Ll>e}2{pn) <k<qgm):|x—Ll>e},

and so
_
(@ () —p ()’
(q(n) —p(n))"* 1
(7 () —p’ ()Y’ (q(n) = p(m)*

Hence for all n € N we have

“P' (n)<k<qg (n):|x—Ll= g}|

ltp(m) <k<qn):|x—LI> el
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{ne]N:m|{p(n)<k§q(n):ka—L|2s})26}

1 ) ) (q(n) —p(n))"
c N:—— 1 k<q () —L > el 2 oo P2 ey
- {ne (@ () —p )Y o <k )b =11z e 2 }e

(@ ) —p' )
Therefore DS}, (I) € DSS,(1).
(1)) Omitted. O

Theorem 2.13. Let {p(n)},{q(n)},{p’ (n)} and {q’ (n)}be four sequences of non-negative integers defined as in (2)
and o and B be two real numbers such that 0 <a < < 1.

(i) If (3) holds then Dwf v, 911 c Dw [p,q] (),
(i1) If (4) holds and x = (x) be a bounded sequence, then Dw? [p,q] (I) C Dw‘f v, q1D.

Proof. Omitted. O

Theorem 2.14. Let {p (n)},{q (n)},{p’ (n)} and {q’ (n)} be four sequences of non-negative integers defined as in (2)
and o and B be two real numbers such that 0 < a < g < 1. Then

(i) Let (3) holds, if a sequence is strongly Dw’ [p’, '] (I)— convergent to L, then it is DSy (I)— convergent to L,
(if) Let (4) holds and x = (x) be a bounded sequence, if a sequence is DS} ,(I)— convergent to L then it is strongly

Du} [P, q'] (I)—convergent to L.

Proof. (i) Omitted.

(i) Suppose that DSglq(I) —limx; = L and {x;} € {s. Then there exists some M > 0 such that |x; — L| <M
for all k, then for every ¢ > 0 we may write

1 q'(n)
Y -1y
(¢ () —p () p/(nzm i
1 q'(n)—p’(n) 1 q(n)
S o = LI + ————— e = LI
@Dy O it @) -p @) p%‘:l ‘
@ W=-p ) -@m-pe) 1 f 1
(@ (n)—p’ ()’ @ ) —p ) oh
@ —p ) -@m-pw) . i o
@ ) -p ) (@ (n) p ) &
q/ (1’1) _ pz (1’[) ) - 1 q(n) .
S —_— I — L
[(q (m) —p ()’ @ (m) = p' (WY ,gil "
|xx—L|>e
q(1)
1 b — LI
(q (T’l) - p (n))ﬁ p(n)+1
|xx—L|<e

(q/(?l)—}?’(i’l) _1)Mr+ M |{p(n)<k§q(n)|xk_L|Z€}’

(q(n) - pm)y (q(n) —p ()"
q (n) —p’ (n) o
(q(n) p ()’
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and so

1 q(m)
nE]N:—ﬁ lxy —=L|" > 6
(q" (n) = p’ (n)) p(m+1
{HENIm|{p(ﬂ)<kﬁq(ﬂ):|Xk—L|Z€})Z%}EI,

for all n € N. Using (4) we obtain that Dw/: [, 4’1 (D) — limx; = L, whenever DSy (I) - limx, = L. [
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