Filomat 33:9 (2019), 2571-2582
https://doi.org/10.2298/FIL1909571R

Published by Faculty of Sciences and Mathematics,
University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

c—Credibility Measure

Nebojsa M. Ralevié?, Marija Paunovié®

®Department of Fundamental Sciences, Faculty of Technical Sciences, University of Novi Sad

Abstract. In this paper we introduce the concept of credibility measure and we show some of its basic
properties. In this frame we present several results for credibility mappings. Our results generalize the
notion of the credibility measure of Lee.

1. Introduction

Credibility theory (CT) in actuarial mathematics can be used to calculate the premium rate, as well as
to determine the future premium rate based on experience and provision. Given that goal is to set the
appropriate premium rates for the future, it is important to adjust the past premium rates to the expected
value in the future period. Credibility factor Z is used to weight the observation, and its complement is
attached to the other information in the given application. Alternative version of credibility theory in a
fuzzy environment (CTF) and the credibility measure are formulated in Liu and Liu [6], and Liu [10].

Credibility measure, as a concept for the measure of a fuzzy event, is a set function satisfying normality,
monotonicity, self-duality and maximality. Another difference in CTF refers to the weighted average based
on the concepts of possibility measure and necessity measure.

In this paper, a generalized credibility theory is proposed. In that purpose in Section 2 the background
knowledge are briefly introduced,terms of the operations defined on [0, 1] interval (triangular norm, conorm
and uninorm, fuzzy complement and aggregation function) as well as their properties. The third section
contains an overview of the fuzzy measure. In Section 4, a new fuzzy measure is introduced, called
c— credibility measure. Some properties of the c—credibility measure are proved, such as, for example,
subadditivity and semicontinuity.

Furthermore, an integral based on this measure is defined, in analogy to the existing integrals, and its
properties. In the next section, the credibility in a fuzzy environment is introduced as the aggregation of
the possibility and necessity measures. Examples of the application of such credibility and its comparison
with the classical credibility are also shown.
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2. Aggregation functions

In this section, we recall some basic terms and properties of the operations defined on the interval [0, 1]
which will be used in the paper (see Klement, Mesiar and Pap [4], Klir and Yuan [5], Yager and Rybalov

[12]).
Definition 2.1. Let the binary operation F : [0, 1]> — [0, 1], satisfying the following axioms:

1. (VYa, by, by € [0,1]) by < by = F(a, b1) < F(a, by) (monotonicity);
2. (Va,b €[0,1]) F(a, b) = F(b, a) (commutativity);
3. (Ya,b,c €[0,1]) F(a, F(b,c)) = F(F(a, b), c) (associativity);
4. (e € 10,1])(Ya € [0,1]) F(a, e) = a (e is neutral element);.
then we say that F is a norm. If e = 0, then F is a triangular conorm(shortly t—conorm) and instead of F we write S.

Ife =1, then F is a triangular norm (shortly t—norm) and instead of F we write T. If e € (0, 1), then F is a uninorm
and instead of F we write U.

Remark 2.2. From the conditions given in the previous definition follows the monotonicity by coordinates, i.e. for
all a1,a,,by,by € [0,1] it holds that

Mm<aAb <b=> F(ﬂl, bl) < P(ﬂz, bz)

By replacing the given condition with the monotonic axiom in the definition of the t—norm, an equivalent definition
is obtained.

If, in the definition, instead of the axiom of monotonicity, a strict monotonicity is valid, i.e.
a1 <a; Aby <by = F(&ll, bl) < P(a2, bz),
for all a1, a5, b1, b, € [0,1], we say that F is strict.

Definition 2.3. The power of the norm is given by formulas:
Fl(al/a2) = F(all aZ)/ Fn(all wees Oy ﬂn+1) = F(Fnil(all s ai’l)/ ﬂn+1).

The most commonly used triangular norms are:

1. T(a,b) = min(a, b) = a A b (standard intersection);

2. T(a,b) = ab (algebraic product);

3. T(a,b) = max(a + b — 1,0) (bounded difference);
a, b=1

4. T(a,b)=2 b, a=1 (drastic intersection);
0, otherwise

The most common triangular conorms are:
1. S(a,b) = max(a,b) = a vV b (standard union);
2. S(a,b) = a + b — ab (algebraic sum);
3. S(a,b) = min(1,a + b) (bounded sum);
a, b=0

4. S(a,b)=3 b, a=0 (drastic union).
1, otherwise

Definition 2.4. The function c : [0,1] — [0, 1] is a fuzzy complement, if it satisfies the following conditions:
c1) c(0) =1and c(1) = 0, (boundary conditions)



N. M. Ralevi¢, M. Paunovié / Filomat 33:9 (2019), 2571-2582 2573
c2) (Va,be[0,1]) a < b = c(a) = c(b) (monotonicity).

If c(c(a)) = a holds, for all a € [0, 1], then the function c is involutive.
If c is a continuous function, then we say that c is a continuous fuzzy complement.

Lemma 2.5. ([5]). If c : [0,1] — [0, 1] is an involutive, monotonic and non increasing function, than follows that c
is a continuous bijective function for which boundary conditions are valid.

The most commonly used continuous involutive fuzzy complements are:
1) c(a) =1 —a, (standard fuzzy complement);
2) cila) = ﬁ, A € (1, 00) (Sugeno class fuzzy complement);
3) ci(a) = (1 —a")*, A € (0,0) (Yager class).
Definition 2.6. The equilibrium of fuzzy complement is element € € [0, 1], such that c(€) = € is satisfied.

Theorem 2.7. Every fuzzy complement has at most one equilibrium.
If fuzzy complement ¢ has an equilibrium, then

aze=>e>cla), a<e=e<c@).
If c is a continuous fuzzy complement, then c has a unique equilibrium.
Lemma 2.8. De Morgan’s laws hold, i.e.
claVvb)=c(@)Ac®), clanb)=c@)Vcb).

Definition 2.9. An aggregation function is a function A : J [0, 1]* — [0, 1] such that
nelN

A1) A, ...,0) =0and A(1, ..., 1) = 1 (boundary condition).

Az) A(x1, ..., xn) < A(y1, ..., yu) whenever x; < y; for all i € {1, ..., n} (A is monotonically nondecreasing function
in all its arguments).

As3) A(x) = x for all x € [0,1] (A is idempotent function).

The aggregation function A is

1. idempotent if A(x, ..., x) = x for all x € [0, 1] (A is idempotent function).

2. continuous if A is continuous function.

3. commutative if A is symmetric function in all its arguments, i.e. A(xy, ..., x;) = A(xp,, ..., Xp,) for any
permutation (py, ..., pn) of set {1, ..., n}.

Remark 2.10. Theaggregation function is also defined as a function A : |J I" — I, where I is nonempty subinterval

nelN
of the extended real, such that

Aq) 1£11fn A(x) = inf I and sup A(x) = sup I (boundary condition).

xeI"

Az) A(x) < A(y) whenever x = (x1,...,%1) < (Y1, Yn) =y © (Vi € {1,..,n}) x; < y; (A is monotonically
nondecreasing function in all its arguments).

As3) A(x) = x for all x € [0,1] (A is idempotent function).

Some examples of aggregation functions:
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n
1) WAM(x1,x2,...,x,) = ), w;, x; weighted arithmetic mean associated with weight vector

=1
n
w = (wy,wy,...,w,), ¥, w; =1,w; €[0,1].
i=1
n
2) Mg(x1, x2, ..., Xy) = f‘1<% Y f( x,-)) (f : [0,1] = [—o0, +00] continuous and strictly monotonic func-
i=1

tion) quasi-arithmetic mean;

3) The power of the norm.

1
The root-power mean M,(x1, X2, ..., X;) = (% Y xf)p, p € (—,0) U (0, +o0) is special case of 2).

Marginal members of these classes are My = G = Mgy, Which is the geometric mean, while M., = max
and M_., = min which are not in the class of quasi-arithmetic means.

For details on aggregation functions see for example Grabish, Marichal, Mesiar and Pap [2] or Dubois
and Prade [1].

Dual aggregation function of aggregation function A with respect to a fuzzy complement c is a function
A (briefly A) defined by
AC(-xll a4 xn) = C(A(C(xl )/ s C(xn)))~

Lemma 2.11. Dual aggregation function is aggregation function.

Proof. A1) From boundary conditions of function A, we have
A0, ...,0) = c(A(c(0), ..., c(0))) = c(A(1, ..., 1)) = ¢(1) = 0,

A1, ..., 1) = c(A(c(D), ..., (1)) = c(A(O, ..., 0)) = c(0) = 1.

Aj) Suppose x; < y; for alli € I = {1,..,n}. The complement c is non-increasing function, then
c(x;) = c(yi), i € 1, and because A is monotonically non-decreasing function in all its arguments, it follows

A(C(xl)/ e C(Xn)) 2 A(C(yl)/ ceer C(yn))/

c(Alc(xr), .y c(xn))) < c(Alc(yr), s c(Yn)),

KC(xll sty xl’l) S ZC(]/L sy ]/n)
As) The function A is idempotent

A(x) = e(Aex) = e(e(x) = x,

if ¢ is involutive.
1. If A is an idempotent aggregation function, we have

Kc(x, ey X) = c(A(c(x), ..., c(x))) = c(c(x)) = x,

if c is involutive fuzzy complement.

2. If Ais a continuous function, supposing that complement c is continuous function, and from properties
that composition of the continuous functions is a continuous function, it follow that ZC is a continuous
function.

3. Assuming A is a symmetric function in all its arguments, for any permutation (p1, ..., ps) of set {1, ..., n},
we have . _

Ac(xt, ooy xn) = c(Ac(x1), ..., €(x))) = c(A(C(Xp,), s €(Xp,)) = Ac(Xpy,s ooes Xp, ),

i.e. A;is a commutative function. 0O
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3. Fuzzy measure

Definition 3.1. Let X be a nonempty set and ¥. be a nonempty class of subsets of X, such that O € L. The map
m: X — [0, oo] is called a fuzzy measure (fuzzy measure in the narrow sense) m on X if it holds that

FM;) m(©@) =0,

FM,) (VA,BeX)A CB = m(A) < m(B) (monotonicity)

FM3) Ay CApr1, Avel, nelN, UA,eX = m(U Ay) = lim m(A,) (continuity from below)
n=1 n=1 n—00

FMy) Ay D Api1, AneX, nelN, () A, € X and there exist ng € N such that m(A,,) < co

n=1

= m(() An) = lim m(A,), (continuity from above)
n=1 n—eo

If also condition m(X) = 1, where X € X holds, then it is a regular fuzzy measure. The triple (X, X, m) is
a space with fuzzy measure or space with semi-continuous fuzzy measure.

We say m is lower or upper semi-continuous fuzzy measure if FM;), FM5), and FM3) or FM;), FM,) and
FMy) are satisfied. If only one of those conditions holds, then m is a semi-continuous fuzzy measure. If for
m also FM;) and FM) hold, then it is a fuzzy measure in the broader sense.

Usually, ~ is a monotone class, semiring, c—ring, c—algebra, plump class or P(X) (power set of X). (see

[13])

Definition 3.2. Possibility function pos (see [14]) is a fuzzy measure on (X, L) if

pos(|_J Ai) = sup pos(Ay),
iel

i€l

for any family {A;li € I} in ¥ such that | J A; € X, where I is an arbitrary index set.

iel

Definition 3.3. Necessity function nec (see [14]) is a fuzzy measure on (X, X) if

nec(ﬂ A;j) = infnec(A;),
i€l iel
for any family {A;li € I} in £ such that | J A; € L, where I is an arbitrary index set.
iel
Let X be a nonempty sample set, P(X) the power set of X, and pos a possibility measure defined on X. Then

the triplet (X, P(X), pos) is called a possibility space. The functions pos and nec are dual, i.e. nec(A) =1 —pos(Z)
and pos(A) =1 - nec(A).

Liu in his Uncertainty theory introduced the credibility measure (see [10], [7], [8], [9], [11]).

Definition 3.4. Let X be a nonempty set and I an arbitrary index set. A set function Cr : P(X) — [0, 1] such that
forall A,B C X:

C1) Cr(X) = 1 (normality);

Cy) A € B = Cr(A) < Cr(B) (monotonicity);

C3) Cr(A) + Cr(A) = 1 (self-duality);

Cy) Cr(lJ Aj) = sup Cr(A;), for any sets A; C X, i € I for which it is sup Cr(4;) < 1/2,
i€l i€l

i€l
is called the credibility measure.
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4. c—Credibility

Definition 4.1. Lef ¢ : [0,1] — [0, 1] be an involutive fuzzy complement, whose equilibrium is €. The c—credibility
measure on X is a set function cr : P(X) — [0,1] such that

CRy) cr(0) = 0;
CRy) (VA,Be P(X)) Ac B = cr(A) <cr(B);
CRs) (VA € P(X)) cr(A) = c(cr(A));
CRy) Cr(U Aj) = sup cr(A;), for any sets A; € P(X), i € 1, for which it is sup cr(Ai) < €, where I is an arbitrary
indf;c set. “ <
The triplet (X, P(X), cr) is called c—credibility space.
The fuzzy complement c is involutive function so

cr(A) = c(cr(A)).

It is clear that cr(X) = cr(@) = c(cr(@)) = c(0) = 1. Also 0 < cr(A) < 1. Indeed 0 c A € X = 0 = cr(0) <
cr(A) <cr(X) =1.

Theorem 4.2. Let cr be a c—credibility measure, then for all A, B € P(X)
i) crf(AUB)<e = cr(AUB)=cr(A)V cr(B).
ii) cr(ANB)>€e = cr(AnB)=cr(A)Acr(B).

Proof. i) If cr(A U B) < ¢, then from monotonicity cr(A) < cr(A U B) and cr(B) < cr(A U B), itis cr(A) v cr(B) <
cr(A U B), i.e. cr(A) V cr(B) < €, due to CR4) we have cr(A U B) = cr(A) Vv cr(B).
If cr(A U B) = € and we suppose cr(A U B) > cr(A) V cr(B), must be that cr(A) V cr(B) < €, so we can apply
CR4)I
cr(AUB) =cr(A) ver(B) <e,

which gives contradiction with the assumption.

if) From cr(ANB) > €, monotonicity of the fuzzy complement and the fact that € is equilibrium, it follows

€ = c(€) > c(cr(ANB)). Now from CR,) we have c(cr(ANB)) = c(cr(A U B)) = cr(AUB) and from the property
i), we have
cr(A N B) = c(cr(A N B)) = c(cr(A U B)) = c(cr(A) V cr(B)) = c(cr(A)) A c(cr(B)) = cr(A) Acr(B) O

Theorem 4.3. (Subadditivity Law) Let ¢ be an involutive fuzzy complement, such that c(x) > 1 —x for all x € [0, 1].
Then subadditivity holds, i.e.
(VA,B e P(X)) cr(AUB) <cr(A)+cr(B).

Proof. If cr(A), cr(B) € [0, €), then from CRy) follows
cr(A U B) = cr(A) Vv cr(B) < cr(A) + cr(B).
Letcr(A) € [e,1] or cr(B) € [¢,1]. Let cr(A) > €. Then

cr(A) = c(cr(A)) < c(e) = e.
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FromA=ANBUB)=(ANB)UANB) and fromANBCA=cr(AnB)<cr(A) <e, ANBCA=
cr(A N B) < cr(A) < €, we can use property i), so

cr(A) = cr((A N B) U (AN B)) = cr(A N B) v cr(A N B).
From Lema 2.8 we have c(x V y) = c(x) A c(y) and it follows that
cr(A) = c(cr(A)) = c(cr(A N B)) A c(cr(A N B)).
Now, from property (x A y) +z = (x + z) A (y + z) we get

cr(A) + cr(B) = [c(cr(A N B)) + cr(B)] A [c(cr(A N B)) + cr(B)]

= [c(cr(A U B)) + cr(B)] A [c(cr(A U B)) + cr(B)]
= [cr(A U B) + cr(B)] A [cr(A U B) + cr(B)].
In order that subadditivity is fulfilled, i.e. cr(A) + cr(B) > cr(A U B), it must be
cr(AUB) +cr(B)>cr(AUB) i cr(AUB)+cr(B) > cr(AU B).

The second inequality is obvious. To show the first we assume the oppositei.e. cr(AUB) > cr(AU B) +cr(B).
If we use axioms CR;) and CR3) and assumption ¢(x) > 1 — x, we have

cr(A U B) > cr(A U B) + cr(B) > cr(B) + cr(B) = c(cr(B)) + cr(B) > 1,

and that is impossible. Thus, the second inequality is true and subadditivity is fulfilled. O

Theorem 4.4. Let A, |, i.e. Ay D Ays1, Ay C X, n € Nand lim cr(A,) = 0. Then for all A € P(X):
lim cr(AU A,,) = lim cr(A \ A,) = cr(A).
n—o0 n—o0

Proof. From monotonicity and subadditivity of cr, we obtain
ACAUA, = cr(A) <cr(AUA,) <cr(A) + cr(Ay).

From the squeeze theorem, because of lim cr(A,) = 0, it follows that lim cr(A U A,) = cr(A).
Analogously
A\A, CAC(A\A)UA, =
cr(A\ A,) <cr(A) <cr((A\A,) UA,) <cr(A\ A,) +cr(Ay).
And follows lim cr(A \ A,) < cr(A) < lim cr(A \ A,) = cr(A), then we have
n—00 n—oo

lim cr(A\ A,) =cr(4). O

n—oo

Theorem 4.5. (Semicontinuity Law) For any series {A,}, lim cr(A,) = cr(lim A,) is true if one of the following

conditions is satisfied
i) A, T Aand (cr(A) < eor lim cr(A,) < e€);

ii) Ay | A and (cr(A) > € or lim cr(4,) > €).
n—oo
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Proof. i) First, we can notice that for all monotone series of sets {A,} there exits lim A, and itis equal |J Ay,

n—oo nelN
ie. (1 AywhenA, T A, ie A, | A, respectively. Also exits lim A, and we have lim A4, = lim A,
nelN n—o0 n—oo n—oo
Since cr(A) < ¢, from the credibility monotonicity it follows A, ¢ |J A, = A = cr(A4,) < cr(A) < € for
nelN
alln € IN.

From A, C A,+1 we have cr(4,) < cr(A,+1), then series of real numbers {cr(A,)} which is limited (from
the upper side) converges to its supremum.
Hence from CR4) we have cr(A) = cr( U A,) = sup cr(4,) = lim cr(A,).
neN nelN n—eo
In the case that ’}im cr(An) < € from the previous consideration we have lim cr(A,) = sup cr(4,) < €, by
—00 n

1—00

using axiom CRy), it follows cr(A) = cr( gN Ay = suﬂg cr(A,) = Jg’l(.;lo cr(A,).
n ne.

if) Assuming cr(A) > € from CR3) we have cr(A) = c(cr(A)) < c(e) = €, and from A, | A, ie. A, D Aps1,
n € IN and from the fuzzy complement monotonicity follows A_n Cc A1, n €N, ie. A_n T A. Now, from i),

lim cr(A,) = cr(A) and from the continuity of c (follows from Lemma 2.5), we have
lim cr(A,) = lim c(cr(A,)) = c(lim cr(A,)) = c(cr(A)) = cr(A).

Suppose that lim cr(A,) > €. Based on the previous one, from the assumption A, | A, we get A, TA.
n—oo

From Lemma 2.5 it follows that fuzzy complement c is a bijective function, and then it is a monotonic
decreasing function. Therefore lim cr(A,) > € = c(lim cr(A,)) < c(€). Now, from continuity of c we have
n—o0o n—o0o

lim cr(A,) = lim c(cr(A,)) = c(lim cr(A4,)) < c(e) = €.

By using i), we have lim cr(4,) = cr(lim A,), i.e. lim c(cr(A,)) = cr(lim A,), and from c(lim cr(A,)) =
n—oo n—o0 n—oo n—oo n—oo
c(er(lim A,)), finally lim cr(A,) = cr(lim A,). O

Theorem 4.6. A credibility measure on X is additive if and only if there are at most two singletons in P(X) taking
nonzero credibility values.

Proof. Let the credibility measure cr be additive. Suppose there are more than two singletons taking nonzero
credibility values, for example {x1}, {x2} i {x3} such that cr({x1}) > cr({x2}) > cr({x3}) > 0.

If cr({x1}) > €, then from CRifollows Cr(@) = c(cr({x1})) < c(e) = €, and we have {x;,x3} C {x1}, from
CR;) we obtain cr({x,, x3}) < cr({x1}) <e.
By using CR4) we get

cr({xz, x3}) = cr(fxz2}) v cr({xs}) < cr({xz}) + cr({xs}),

and that is a contradiction with the additivity assumption.
If cr({x1}) < €, then cr({x3}) < cr({x2}) < €, and by using CRy):

cr({xo, x3}) = cr({xz}) v cr(fxs}) <e.

It follows
cr(fxa, x3}) = cr({xa}) v cr({xs}) < cr({xz}) + cr({xs}),

an it is contradiction with the additivity assumption, hence there are at most two singletons taking nonzero
credibility values.

Conversely, suppose that there are at most two singletons, for example {x1}i {x,} such thatcr({x;}), cr({x,}) >
0.



N. M. Ralevié¢, M. Paunovi¢ / Filomat 33:9 (2019), 2571-2582 2579

Let us consider two arbitrary disjunctive sets A and B. If cr(A) = 0 or cr(B) = 0, then from subadditivity
theorem we have
cr(A U B) <cr(A) + cr(B) = cr(A) v cr(B),

and by using credibility monotonicity A, B ¢ AUB = cr(A), cr(B) < cr(AUB), wehave cr(A)ver(B) < cr(AUB),
and then cr(A U B) = cr(A) V cr(B), holds and in this case subadditivity too.

In case that cr(A) > 0 and cr(B) > 0, follows that each set A and B must contain one of the elements
x1 and xp, for example x; € A and x, € B. Otherwise, for example if x1,x, ¢ A, we would have cr(A) =

cr(U {x}) = sup({x}) = 0. For the same reason, any set (A U B) that does not contain x; and x; is of measure
xeA xeA

0,i.e. cr(AUB) =0.
From monotonicity and subadditivity of the credibility measure, we have

Ccr(AUB) <cr(AUBUAUB) <cr(AUB)+cr(AUB) =cr(AUB),

and from crflAUBUAUB) =cr(X) =1, thencr(AUB) = 1.
Similarly
cr(A) <cr(AUAUB) <cr(A) + cr(AU B) = cr(A),

cr(A U AU B) = cr(A), then
cr(A) +cr(B)=cr(AUAUB)+cr(B) 2crflAUAUBUB) =cr(X) =1,

and it must be that cr(A) + cr(B) = 1.
Therefore, cr(A U B) = cr(A) + cr(B), and the additivity is proved. O

5. Integral based on c—credibility measure

Integrals based on different fuzzy measures can be defined in various ways (see for example [2], [3], [5],
[10], [13]).
We will introduce integral based on c—credibility measure. Suppose that (X, P(X), cr) is c—credibility

space and S continuous t—conorm on [0,1] and y € M = {y |,u X - [0,1]} fuzzy sets on X, i.e. their
membership functions.

Definition 5.1. An integral based on c—credibility measure, of u € M is defined as
fy (x)der = inf S(a,cr(ANn“u)),
a€l0,1]
A
where “u = {x € X|u(x) > a}.

Theorem 5.2. Let cr, cry and cry be the c—credibility measures. For arbitrary sets A,B C X and u, u1, up € M, the
following statements hold:

i) [u)der € [0,1]; i) m<p = [m@der < [p(x)der;
A A A
i) AcB = [u(x)der < [ pxder; i) cry<crz = [upder < [u(x)dery;
A B A A
v)  cr(A)=0 = [u)der=0; vi) kel[0,1] = [kdcr=cr(A)Ak.
A A

Proof. i) How infimum preserves the order, ie. f(a) < g(a) = inff(a) < infg(a), from 0 <
[24 [24
S(a,cr(An“u)) <1 follows the claim.
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if) From the property of a—cut u; < yp = “p; C *u, monotonicity of measures and conorms, and
properties of infimum, we have AN %y C AN, = cr(AN®u) <cr(AN®uy) = S(a,cr(AN®u)) <
S(a,cr(Anuy)) = i%fl] S(er(An®uy)) < if(l)fl] S(er(An®uy)).
a€l0, a€gll,

ii)ACB = AN“ucBn?u = cr(An®u)<cr(BNn%u) = S(a,cr(An?u)) <S(a,cr(BN*u)) =

inf ANY < inf BnNna .
nf S(a,or(Anw) < inf S(a,cr(BN"w)

iw)crp<crn = cri(ANtu)<crn(Antu) = S(a,crn(AN®u)) <S(a,cn(AN%u) =

ag(l)/fl] S(a,cri(ANn®u)) < aé{(l),fl] S(a,crn(ANu)).

ANuCcA = cr(Anu)<cr(d)=0 = cr(Anu) =0 = S(a,cr(An®u)=S(@,0) =a =
if(l)fl] S(a,cr(An®u)) =0.
a0,

vi)Based onthe factsa € [0,k] = “%k={xeXk>a}=X, ac (k1] = “k ={x € Xk > a} = 0,we obtain

[kdcr = inf S(a,cr(An<k)
! a€l0,1]

inf S(a,cr(AN®k)) A inf S(a,cr(A N k)
a€l0K] ae(k1]

inf A inf

ag(l)/k] S(a,cr(A) A ag}(,l] S (a,cr(0))

inf A) A inf
Jnf S(a,cr(A)) ok, S(a,0)

= 5(0,cr(A)) A S(k,0)
=cr(A) Ak O

6. Possibility, Necessity and Credibility of a Fuzzy Events

Liu and Liu in [6] introduced the credibility in a fuzzy environment as the average of the possibility and
necessity measures:

Cr(A) = %(pos(A) + nec(A)),

where A is a set on the possibility space (X, P(X), pos). In the classical credibility theory the main task is to
find the weight of measures, but as we can see here a choice of 0.5 is preliminary made. Further we will
generalize credibility measure.

Let X be a triangular fuzzy number on (X, P(X), pos), with the membership function

=
~

, t<x<m
pux) =3 = m<x<r .
0, x<fvr<x

<3
RS

1—

<

Possibility of a fuzzy event {X < x} is defined with

pos({X < x}) = sup u(z)

z<x

and for triangular fuzzy number is given by

0, x<{

posa(IX <x}) =4 =L, t<x<r .

1, r<x

Necessity of a fuzzy event {X < x} is given with
0, x<m
nec({X <x}) =1-pos({IX>x}) =1-supu(z) =4 =, m<x<r .

2 1 r<x

7
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Credibility of a fuzzy event {X < x} is

0, x<{
1 2(’;1;_65), f<x<m
Cr(iX <x}) = E(POS({X <) +mec(X <) =9 Hrom ooy
2(r—m) ’ =
1, r<x

Now, we can define the c—credibility in a fuzzy environment in the relation on aggregation function h

with
cru(A) = h(pos(A), nec(A)).

Theorem 6.1. The c—credibility in a fuzzy environment is a reqular fuzzy measure in the broader sense.
Proof. cr,(0) = h(pos(D), nec(@)) = h(0,0) = 0.

cr(X) = h(pos(X), nec(X) = h(1,1) = 1.

A C B = pos(A) < pos(B) A nec(A) < nec(B)
= crp(A) = h(pos(A), nec(A)) < h(pos(B), nec(B)) = cry(A). O

If c is a standard fuzzy complement, then we also have additional property

cry(A) = 1 - cri(A).

Indeed,
cri(A) = h(pos(A), nec(A)) = h(1 — nec(A), 1 — pos(A)) = h(1 — pos(A), 1 — nec(A)) = 1 — h(pos(A), nec(A)) =
1 —cr;(A).

If aggregation function is weighted arithmetic mean: h(x,y) = A-x+ (1 - A) -y, A € [0, 1] (which is not
symmetric in the general case), then c—credibility in a fuzzy environment is

Cra(A) = A-pos(A) + (1 — A) - nec(A),

and c—credibility (in a fuzzy environment) of a fuzzy events {X < x} is given with (see figure)

0, x<¢

A=t {<x<
or(1X <)) = A-pos((X <) + (1= A)-mee(iX < ¥ =4 G <xx <"; .

1, o r<x

The c—credibility (in a fuzzy environment) (in the relation with aggregation function %) of a fuzzy events
{X < x}is given with

0, x<?
h(%L,0), €¢<x<m
h(1,350), m<x<r

1, r<x

cr({X < x}) = h(pos({X < x}), nec({X < x})) =

The expected value (which we will use in applications) we define by

+00 0
E(X) = fcrA({X > x})dx — fcr,\({X < x})dx.

0 oo
y y y
1 I |
] — CrX<x) N , ety (X<x) o) L er(X<x)

[

0 I, . X 0 I om , X 0 . . X
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Credibility is the estimate of the prediction value in the given application that the actuary assigns to a
particular set of data. As we mentioned before, in the classical credibility theory the main task is to find the
weight of measures i.e. Z in equation

Estimated = Z - [Observation] + (1 — Z) - [Other information], 0<Z <1.

In the next example we will show comparative results in determining indicated premium rate changes
using classical credibility and c—credibility.

Example 6.2. The main task is to determine the new premium rates for each premium class in the function of the
potential loss measure, which together gives the total average rate change. For each risk classification variables there is
a vector of differentials. Suppose that there are 3 classes of risk variables x,y and z, with the differentials respectively
i, jand k, and that the differentials are multiplicative. The previous formula can be transformed to

Adopted differential = Z - D; + (1 — Z) - DE.

Formulated in the case of the c—credibility (the aggregation function is root-power mean, see Remark 2.10)

. LR; R!
New differential = {|Z - D} + (1 — Z)D,, where D = D}S&, Dp = ==,
! LR, Ry

Territory | Current | Earned premium | Incurred

Base rates | at current rates Losses

x 150 850000 330000

y 64 970000 525000

z 100 600000 290000

Territory | Current | Loss | Indicated Z | Adopted | New (p=1) | New (p=2) | New (p=3) | New (p=4)
diff. Ratio
x 2,344 | 0,388 | 1,681 0,850 | 1,781 1,781 1,796 1,814 1,834
Yy 1,000 | 0,541 1,000 | 1,000 | 1,000 1,000 1,000 1,000 1,000
z 1,563 | 0483 | 1,395 | 0,550 | 1471 1,471 1,473 1,475 1,478
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