Filomat 33:9 (2019), 2653-2665
https://doi.org/10.2298/FIL1909653T

Published by Faculty of Sciences and Mathematics,
University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Determination of a Time-Dependent Coefficient in a Wave Equation
with Unusual Boundary Condition
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Abstract. In this paper, an initial boundary value problem for a wave equation with unusual boundary
condition is considered. Giving an integral over-determination condition, a time-dependent potential is
determined and existence and uniqueness theorem for small times is proved. We characterize the estimates
of conditional stability of the solution of the inverse problem. Also, the numerical solution of the inverse
problem is studied by using finite difference method.

1. Introduction
In this paper, we consider the one dimensional wave equation

Uy = Py + a(Bu(x, t) + flx,t), (x,t)€Dr, (1)
with the initial conditions

u(x,0) = p(x), u(x,0) = ¢P(x), 0 <x <1, (2)
Neumann boundary condition

uy(1,6)=0,0<t<T, (3)
and unusual boundary condition

Ux(0,1) = buy(0,4) =0, 0 <t < T, 4)

for b > 0, where D7 = {(x,t): 0 <x <1, 0 <t<T}forsome fixed T > 0 and c is a constant.

This model can be used for the motion of the longitudinal vibration of a uniform elastic bar subjected to
a distributed force f(x,t) per unit length, where ¢* = %, E is Young’s modulus and p is the mass of density
of elastic bar. u = u(x, t) represents the displacement at the instant ¢ of the point located at x, a(f) is the time
dependent potential, and the function ¢(x) specifies the initial displacement, while 1(x) specifies its initial
velocity. The boundary condition (3) means that right end of uniform elastic bar is free. On the contrary of
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the common boundary conditions, the boundary condition (4) contains the term of maximal order u,,(0, t)
which is called unusual (non-classical) boundary condition. This boundary condition arises if the left end
of bar is restrained with a rotational spring and b is the rotational stiffness coefficient. In this paper, we take
c = 1 for simplicity.

For a given function a(t), 0 < t < T the problem (1) - (4) for the unknown function u(x, t) is called
direct (forward) problem. Direct problems for the wave equation with various boundary conditions are
satisfactorily investigated in [3], [5], [14], [22] and [29]. It is important to note that the papers [2], [19],
[20], [21] which investigate the solution of direct problem for the wave equation with non-local integral
boundary condition. For the some numerical aspects of initial and initial-boundary value problems of the
hyperbolic equations is considered for direct problem in [4].

If a(f), 0 < t < T is unknown, finding the pair of solution {a(t), u(x, t)} of the problem (1)-(4) with the
additional condition

1
f u(x, t)ydx =h(t), 0 <t<T. (5)
0

is called inverse problem.

Many physical models include unknown coefficients (i.e. potential, source) in the wave equation and
the solution of the inverse problems for the identification of these coefficients has become a very popular
area of research in recent years. The inverse problems for the wave equation with different boundary
conditions and space dependent coefficients are considered in [9], [17], [18] [23] and more recently in [10],
[30] . The inverse problem for the wave equation with time dependent coefficient with integral condition is
investigated in [15] and with non-classical boundary condition is studied in [1]. The time-dependent source
function of a time-fractional wave equation with integral condition in a bounded domain is determined in
[26].

On contrary to the inverse initial boundary value problem for the equation (1) with time-dependent
potential case, the finite difference method for the inverse problem for finding space-dependent potential,
or space dependent damping coefficient, or force function is well-known. The work [6] considers the
inverse problem for the wave equation which consists in determining an unknown time-dependent force
function by applying finite difference method. Same method is used for an unknown space-dependent
force function acting on a vibrating structure in the wave equation from Cauchy boundary data in [7]. In
[8], inverse problem of finding space-dependent potential or damping coefficients in the wave equation is
considered.

In present paper, we consider an initial boundary value problem for a wave equation with unusual
boundary condition. Giving an integral over-determination condition,we determine the time-dependent
potential and prove the existence and uniqueness theorem for small T, and we characterize the estimations
of conditional stability of the solution of the inverse problem. Also, we use the finite difference method to
the inverse initial boundary value problem for the equation (1) with time-dependent potential.

The article is organized as following: In Section 2, we present auxiliary spectral problem of this problem
and its properties. In Section 3, the series expansion method in terms of eigenfunctions converts the inverse
problem to a fixed point problem in a suitable Banach space. Under some consistency, regularity conditions
on initial and boundary data the existence and uniqueness of the inverse problem is shown by the way
that the fixed point problem has unique solution for small T. In this section, we also give the theorem for
continuous dependence upon the data in a certain class of data. In section 4, the inverse problem of finding
time-dependent potential is studied by using the finite difference method.

2. Auxiliary Spectral Problem

We attempt to apply the Fourier method of eigenfunction expansion to the problem (1)-(5). Auxiliary
spectral problem of the problem (1)-(4) is
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X"(x)+AX(x)=0,0<x<1,

(6)
X'(1) =0, bX’(0) + AX(0) =
The problem (6) is considered in [12] and has eigenfunctions
Xu(x) = V2 cos \//\_n(l -x),n=0,1,2,.. (7)

with positive eigenvalues A, determined from the equation

tan VA = #.

The zero index is assigned to an arbitrary eigenfunction and all remaining eigenfunctions are numbered
increasing order of eigenvalues. This characteristic equation has no roots outside the positive part of the
real line on the complex plane. The asymptotic formula for the eigenvalues has the form

b 1
VA= o+ 2+ O(5)

for sufficiently large n and u, = @n.

The system X,,(x), n = 1,2, ... is bi-orthogonal to the system

Y, (x) = o~ ﬂ cos\/_l X) — COS\/_ \/_(1—x) n=12,..

CcOos

and the system X,,(x), n = 1,2, ... forms a Riesz basis in L, [0, 1]. Also, the system Y, (x),n =1,2,...is a Riesz
basis in L [0, 1] and is complete.

The pair {a(t), u(x, t)} from the class C[0, T] x C2(Dr) for which the conditions (1)-(5) are satisfied, is called
a classical solution of the inverse problem (1)-(5). Since we are seeking the classical solution of the inverse
problem (1)-(5), the uniformly convergence of the Fourier series expansion in the system X, (x), n = 1,2, ...
is important.

Lemma 2.1 (Corollary 1, [12]). Let the function g(x) € C[0, 1] and

1
g(0) + f g(x) cos \/)\—0(1 —x)dx =0
0

b
os VAo

is satisfied. Then this function can be expanded in a Fourier series in the system X, (x), n = 1,2, ... and this expansion
is uniformly convergent on [0, 1].

Let us introduce the functional space

n=1

s s 1/2
B2 = u(x,t>=2un<t>xn(x>: un<t)eC[0,T],JT<u)=[Z (Aiﬂg%wn(tnﬂ < +oo

with the norm ||u(x, i’)”B;n = [r(u) which relates the Fourier coefficients of the function u(x, t) by the

eigenfunctions X, (x), n = 1,2, .... Itis shown in [13] that B 1s Banach space. Obviously E3/ 2= ([0, 7] ><B3/ 2
with the norm ||z|| Br = IIa(if)Ilc[O 7 + llu(x, f)”Bs/z is also Banach space, where z = {a(t), u(x, t)
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3. Solution of the Inverse Problem

In this section, we will examine the existence and uniqueness of the solution of the inverse problem
(1)-(5) with time-dependent potential and conditional stability of the solution of this inverse problem.

Definition 3.1. The pair {a(t), u(x, t)} from the class C[0, T] x C22(Dy) for which the conditions (1)-(5) are satisfied
is called the classical solution of the inverse problem (1)-(5).

Since the function a(t) is solely time dependent, seeking the solution of the problem (1)-(5) in the
following form is suitable:

u(, ) = ) un(HXa(¥) 8)
n=1
where u,(t) = fol u(x, )Y, (x)dx,n =1,2,....
From the equation (1) and initial condition (2), we obtain
uil/l,(t) + /\Tlul’l(t) = Fn(t/ ﬂ, u)/

n=172,. 9)
u,(0) = ©Ons u;(O) =y,

where Fy(t;a,u) = a(®ua(t) + £(0), fol)) = [ f6DYu0dx, o = [ p)Y2@dx, P = [ P Yu()dx,
n=12,...

Solving the problem (9), we get

¢
uy(t) = @y cos \/A—nt + Py sin \/)\_nt + \/L/\_ f F,(t;a,u)sin \/A—n(t — 7)dT. (10)
n Jo

1
Vau

Integrating the equation (1) from 0 to 1 with respect to x and using the over-determination condition (5)
and the equality (10), we obtain the first component of the pair {a(t), u(x, t)} as

a(t) = h(t) W () — ff(xt Y+ \/_Z\/_(pncos\/—t

+%¢n sin \/A—,,t + %jg F,(t;a,u)sin \/)\_n(t - T)d’f) sin \//\_n] (11)

Substituting (10) into (8), the second component of the pair is

u(x,t)—Z[gonCOS\/_t+ 1,bnsm\/—t+\/_fl-"(’[au)sm\/_t—T)dT] 2COS\/_(1 -x) (12)

Thus, the solution of the inverse problem (1)-(5) is reduced to the solution of system (11)-(12) with
respect to the unknown functions {a(t), u(x, t)}.
Let us denote z = [a(t), u(x, )] and consider the operator equation

z = O(2). (13)
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The operator @ is determined in the set of functions z and has the form [¢1, $»]7, where

1 1 .
$1(2) = o [h"(t) - fo fx, Hdx + V2 Z:; VA, ((pn cos VAut

t
+%% sin Aut + \/L/\_nfo Fo(t;a,u) sin /A, (t - T)dT) sin \//\_n]

$2(2) = i [(Pn cos VAut + ——=1, sin VAt

1
= Vau

¢
+ \/1/\_71\[0 F,(t;a,u)sin \//\_n(t - T)d’[} V2 cos \//\_n(l - x)

2657

(14)

(15)

Let us show that ® maps Es/ ? onto itself continuously. In other words, we need to show ¢1(z) € C[0, T]

and ¢(z) € B}'; for arbitrary z = [a(t), u(x, )]" with a(t) € C[0, T], u(x, t) € B}'7.
We will use the following assumptions on the data of problem (1)-(5): >

(A1) p(x) € C10,1], (0) + —L= [ p(x) cos VAo(L - 1)dx = 0, ¢/(0) = ¢ (0) = 0, /(1) =

(A2) Y(x) € C[0,1], (0) + o fol () cos V(1 - x)dx =0, ¥'(0) = y'(1) =

(As) h(t) € C2[0, T], h(t) # 0, ¥t € [0, T], h(0) = [ p(x)dx, W (0) = [, p(x)dx,

(As) f(x,t) € C(Dr), fu, frr € CI0, 1], VE € [0, T], £(0,8) = £(1,1), f(O, f)+ﬁ70 fol f(x,£)cos VAp(1-x)dx = 0.

By using integration by parts under the assumptions (A1)-(Ay), it easy to see that

Pn = /\3/2 Cossz ¢""(x)sin \/_(1—x)dx

Yy = i 1 coszrf " (x) cos \/_(1 — x)dx,
1 —
fn(t) = /\—nw L fxx(x, l’) cOos \//\_n(]- - x)dx.

From these equalities, we have

220:1 \//\_n|(Pn| < Cl |

(P,/I(x)”Lz[O,l] ,

Yot |1/’n) <G | Qb"(x)“Lz[o,l] ’

Tt 0] < Cr | fucl B -

o)

by using Cauchy-Schwartz inequality and Bessel inequality where C; = (Zn 1 %)1/2.

(16)
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First, let us show that ¢1(z) € C[0, T]. Under the assumptions (A1)-(A4) and considering the estimates
(16), we obtain from (14)

max 1 @)] < Ri(T) + Ra(T) la(®)llcomy I, Dl a7

where Ri(T) = i1 Ollcgorry + || fint ) oy +2 V2C1( UGICO] AR i ANC ]| RPN )

1 " vz . L
Ro(T) = z‘l}‘lgiélcof, fu(t) = fo f(x,t)dx, and C, = (Zn:1 Alﬁ) . Since the right hand side is bounded,

¢1(z) € C[O, T1].
Now, let us show that ¢,(z) € B2/7%, i.e. we need to verify that

o0 12
Jr(¢2) = [Z (/\3/ max |¢)2 (t)|) } < +00,

n=1

qom(x)“Lz[O,l] + |

where

t
P2u(t) = @y cos \/)\_nt + \/LA_I]D,, i \/1)\_[ F.(t;a,u)sin \/)\_n(t — 7)dT.
n n 0

After some manipulations on the last equality under the assumptions (A1)-(A4), we get

il(f\ ma 0] < Ra(T) + o) (max o)) Z (W2 max o)) (18)

—_ —_ 2
where Ry(T) = 4T%,and Ri(T) = 4Tl + 4 X5, || +4T2 28, (5“?’% Inn(t)l) with
<t<
a, = Z«Ff @' (x) sin \/_(1—x
By = _—Zf @” (x) cos YA,(1 - x)dx,
1+ cos b\/ﬂ 0
B
) = e [ fatcos VA - 2.
1+ cosb + Jo

2
From the Bessel inequality and ), (/\3/ 2max [ty (t)|) < +09, series on the right side of (18) are conver-

gent. Thus Jr(¢2) < +o0 and ¢ is belongs to the space B3/ 2
Now, let z; and z, be any two elements of E%/ 2. We know that ||D(z1) — D(z7)|| 2 = ||¢1(zl) - qi)l(zz)“ cont

“q)z (z1) — P2(22) H33,2 Here z; = [a'(t), u'(x, )]7,i=1,2.
Under the assumptlons (A1)-(A4) and considering (17)-(18), we obtain

[D(z1) = @(22)ll2 < A(M)C@', u?)||z1 ~ 2|l

where A(T) = 2T (1 + ”l:gﬁcl[izrl ) and C(a', u?) is the constant includes the norms of ”al(t)H o and ||u2 (x, t)“ g

For sufficiently small T, 0 < A(T) < 1. This implies that the operator ® is contraction mapping which
maps E?}/ % onto itself continuously. Then according to Banach fixed point theorem there exists unique
solution of (13).

Thus, we proved the following theorem:
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Theorem 3.2 (Existence and uniqueness). Let the assumptions (A1)-(As) be satisfied. Then, the inverse problem
(1)-(5) has a unique solution for small T.

Now, let us investigate the stability of the solution of the inverse problem. Because of the presence of the
term a(f)u(x, t) in the equation (1), finding the pair of solution {a(t), u(x, t)} of the inverse problem (1)-(5) is
non-linear. Therefore we can not apply the standard stability criteria but we can characterize the estimation
of conditional stability. Thus we can obtain a stability estimate under a priori assumption on the smallness
of a(t) . This type of stability results are studied by V.G. Romanov in [23] and more recently in [11], [24],
[25], [27], [28].

Such an estimate can be obtained by setting a certain class of data J(a, Ny, N1, N,, N3) for the functions
@(x), P(x), h(t), f(x,t) and a class N(My) for the function a(t) if they satisfy

”fHC(BT) < No, (P||c3[0,1] <Ny, l#”(:2[0,1] <N,
Whllczor; < N3, 0 <a < ()],

and
la@®)llcpo,r < Mo,

respectively.

It is easy to seen that, since @(x), Y(x), h(t), f(x,t) € 3(a, No, N1, N2, N3) and a(t) € N(Mp),

e, Dl < My

where M, = m<T2N0 + N7 + Nz)
Let {a(t), u(x, t)} and {a(t), u(x, t)} be the solutions of (1)-(5) corresponding to data ¢(x), Y(x), h(t), f(x,t)

and @(x), E(x),ﬁ(t), ?(x, t), respectively. Then, we obtain from (11) and (12)

a(t) —a(t) =

{E(t) [h"(t) — [ e Bix+ VIEE, VA (pucos VAt

1
I(Bh(E)

+Pusin VAt + = fot F(t;a,u)sin VA, (t - T)d"[) sin \/)\_n]

(19)
—h(t) [E”(t) ~ [ Feo tdx + V2EE, VL (@, cos Vit
+ﬁ$n sin VA, + ﬁ fot F,(t;a,u)sin VA, (f — T)dT) sin \/A_,,]}
and
u(x, t) —u(x, t) = Yooy [(pn cos VAt + ﬁg{)n sin VAt
+# fot F,(t;a,u)sin VA, (t — T)d’C] V2 cos VA,(1 - x)
(20)

_ye [@, cos VAt + 1, sin VI,

+# fot F,(t;a,u)sin VA, (t — T)dT] V2 cos VA1 =x)
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_— e - - 1— — 1_ — 1—
where F,(57,1) = a®)un(t) + f,(8), f,() = [[ f@Yu@dx, §, = [ 90)Ya(@)dx, P, = [ P(@)Y,(x)dx,
n=12,...
Denote the difference between two functions with the tilde (~),i.e. 2 = a — 4, u = u — u, etc. Then,under
the conditions(A1)-(A4) by using the estimates given above we obtain from (19) and (20)

”E(t)“c[o,ﬂ = % {W C2[0,T] " H(?)“@[O,ll * “ﬂ|€2[0,11 " Hfﬂc@)} @

where D = max {%(2N3 + Ny +2 V2C1(No + Ny + Ny) + 2TMoMy),
% (1 +2V2C1N3) - 4Ty, %2 V2C1N; — 4dy ), A(T) = dyds—dads # 0,dy = 1-22TC1N3My, dy = 22TC;CoN3My,

d3 = 4T2C2M0, d4 =1- 4T2C2M1.
Similarly, we get the estimate

||u(x i'L)”B*/2 = A(T) {‘H c2[0,] Hﬂ|C3[0 nt “ﬂ)Cz 0] Hfﬂ } .

where D, is dependent only the parameters a, No, N1, N, N3, My and M;.

Theorem 3.3 (continuous dependence upon the data). Let {a(t), u(x,t)} and {a(t), u(x,t)} be two solutions of

the inverse problem (1)-(5) with the data @(x), Y(x), h(t), f(x,t) and @(x), @(x),ﬁ(t), ?(x, t), respectively, which are
satisfied the conditions of the Theorem 3.2. Then the estimates (21)-(22)are true for small T. The constants D1 and
D, depend only on the choice of the classes 3(a, No, N1, N2, N3) and 8(Mp).

4. Numerical Method and Examples

In this section,we describe the numerical method applied to the inverse initial boundary value problem
(D-(5).

The discrete form of our problem is as follows: We divide the domain (0,1) x (0, T) into nx and nt
subintervals of equal length hx and ht, where hx = 1/nx and ht = T/nt, respectively. We denote by
U;‘ = Ulxj, ty), a" = a(t,) and f]” := f(xj,ty), where x; = jhx, t, = nht for j = 0,..,nx, n = 0,...,nt. Then, a
central difference approximation to the equations (1)-(4) at the mesh points (x;, t,) is

Upt = r2U, + 200 = AU + 72U, - U+ (k) @"U + f), (23)

j=1,.,nx-1,n=1,.,nt-1,

ut -yt
0 _ . :_ ] T s _
U]. =¢j, j=0,..,nx, o - Y, j=1,..,nx-1, (24)
U = Upiyy
Uy — (2 + bhx)Uj + (1 + bhx)Uj = 0, — - 0,n=0,..,nt, (25)

wherer = % Equation (23) represents an explicit finite difference method which is stable for r < 1. Putting
n = 0 in the equation (23) and using (24), we obtain

1
Ujl. = E(T’z(p]’+1 +2(1 - rz)(pj + rz(pj_l +2hty; + (ht)z(ao(pj + fjo)), (26)

j=1,..,nx-1.
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Consider (5) in the equation (1), we obtain

oy = OO0 =)

1
where fi(t) = fo f(x,t)dx and for the over-determination condition (5) we use trapezoidal rule approxima-
tion.

After discretizing last equation, we have

(WY = 20" + BN (i) + (U — U fhx — £

g = - int, (27)
n=1,..,nt-1
ot ("t — 2=l 4 h”“z)/(ht)2 + (U;’t — Ugt)/hx — l’;ft
a = hnt Vi (28)
o (2 =21+ 10)/(ht)? — (U = UQ)/(hx)* = fis
a = 0 . (29)

Now let us consider (27)-(29) in (23), we obtain the system with respect to U}? ,j=0,.,nx,n=0,.,nt
which can be solved explicitly. Then using the calculated values of U;? in (27)-(29), we obtain the values of
a’,n=0,..,nt

Example 4.1. Consider the inverse IBVP (1)-(5) with the input data

flx,t) = (1+2nx—sinmnx) - 8n? sin(2mx)) exp(t) — (1 + 2nx — sin(2mx)),
px) = (142nx—sin(2nx)), P(x) = (1 + 2nx — sin(2nx)), h(t) = (1 + w)exp(t),
b 1, xe€[0,1], t€[0,1].

According to the Theorem 3.2, the solution of the inverse problem exist and is unique. In fact, it can easily be
checked by direct substitution that the analytical solution is given by

{a(t), u(x, 1)} = {1/ exp(t), (1 + 2mx — sin(2mx)) exp(t)}.

The direct and inverse numerical solutions for u(x, t) at the interior points are shown in Figure 1 for nx = 200, nt = 200,
and also, the absolute error between them is included. One can notice that an excellent agreement is obtained. Figure
2 shows the inverse numerical solution in comparison with the exact a(t).

Example 4.2. Consider the inverse IBVP (1)-(5) with the input data

fa) = 67 =200 - 1) - 2exp(),
PO = (=20, 90 = (- 20, hD) = ~Zeap(t),
b = -1, x€][0,1], t€[0,1].

Ome can easily check that the input data does not satisfy the conditions (A1) — (A4). As the conditions of Theorem
3.2 are not satisfied we can not conclude the unique solvability of the inverse problem. However, the solution at least
exists and given by

la(t), u(x, 1)} = {1/ exp(?), (x2 — 2x) exp(t)}

which can easily check by direct substitution. Figure 3 shows the exact and numerical solution of {a(t), u(x, t)} for
nt = 100 and nx = 100. Next, we investigate the stability of numerical solution with respect to the noisy over-
determination data (5), denoted by the function h,(t) = h(t)(1 + y0) where y is the percentage of noise and 0 are
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random variables generated from a uniform distribution in the interval [-0.5,0.5] which are generated using rand
command in MATLAB. Figs. 4, 5 show the exact and numerical solutions of {a(t), u(nx/2,t)} when the input data
(5) is contaminated by y = 1% and 5% noise. Figs. 6, 7 show the exact and numerical solutions of {a(t), u(nx/2,t)}
obtained after mollification, when the input data (5) is contaminated by y = 1% and 5% noise. This mollification
procedure has been performed using MATLAB version of the computational program supplied by D. A. Murio in [16].
From these figures it can be seen that the application of the mollification to stabilize the noisy function h,(t), produce
stable numerical solutions for{a(t), u(nx/2, t)}.

5. Conclusion

The inverse problems for linear wave equations with unusual boundary conditions connected with
recovery of the coefficient are scarce. The paper considers the of inverse problem of recovering a time-
dependent potential in an initial boundary value problem for a wave equation. The series expansion
method in terms of eigenfunction of a Sturm-Liouville problem converts the considered inverse problem
to a fixed point problem in a suitable Banach space. Under some consistency and regularity conditions on
initial and boundary data, the existence and uniqueness of inverse problem is shown by using the Banach
fixed point theorem and conditional stability of the solution of inverse problem is shown in a certain class
of data. Numerically, the inverse problem has been discretized by using finite difference method, which
has been solved using the MATLAB. Numerical results show that accurate, and stable solutions have been
obtained.
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Figure 1: Direct and inverse numerical solutions for u(x, t) and the absolute error for the direct and inverse
numerical solutions for Example 4.1.
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Figure 4: Exact and numerical coefficient solutions of the problem (1)-(5) for Example 4.2 with 1% and 5%

noise.
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Figure 5: Exact and numerical u(x, ) solutions of the problem (1)-(5) for Example 4.2 with 1% and 5% noise.
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