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Abstract. In this paper, we extend the notion of y—operation by using the fuzzy soft ideal notions.
Furthermore, we introduce some forms of fuzzy soft continuity in fuzzy soft topological spaces via fuzzy
soft ideals. The decomposition of these forms is investigated.

1. Introduction

It is well known that the conception of fuzzy sets, firstly defined by Zadeh [39] in 1965. Chronologically
in 1968 and 1976, Chang [8] and Lowen [25] redound the concept of fuzzy topological spaces to literature
substantively by using this conception. In 1999, Molodtsov [29] introduced the concept of soft set theory
which is a completely new approach for modeling uncertainty. In his paper, Molodtsov established the
fundamental results of this new theory and successfully applied the soft set theory into several directions,
such as smoothness of functions, operations research, Riemann integration, game theory, theory of proba-
bility and so on. Maji et al. [27] defined and studied several basic notions of soft set theory in 2003. Shabir
and Naz [33] introduced the concept of soft topological space and studied neighborhoods and separation
axioms.

Maji et al. [28] initiated the study involving both fuzzy sets and soft sets. In his paper, the notion of
fuzzy soft sets was introduced as fuzzy generalizations of soft sets and some basic properties of fuzzy soft
sets are discussed in detail. In 2011, Tanay et al. [34] gave the topological structure of fuzzy soft sets. Kandil
et al. introduced the concept of fuzzy soft connected sets[19-21], fuzzy soft hyperconnected spaces [22].

On the other hand; some properties of the concept of ideal or topological ideal obtained by delineate
of Vaidyanathaswamy [38] in 1945 and Kuratowski [24] in 1966. In 1960 Vaidyanathaswamy [37], and
Jankovic” [12] in 1990 studied intensity on this subject. In 2015, Kandil et al.[16] intiated the notion of soft
ideal topological spaces for the first time and studied its properties. Recently, in 2016, Kandil et al. [17, 18]
introduced the concepts of fuzzy soft ideal and fuzzy soft local function. These concepts are discussed
with a view to find new fuzzy soft topologies from the original one, called fuzzy soft topological spaces via

fuzzy soft ideal (X, 7, E,T).
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Our aim of this paper is to introduce and study some types of subsets of fuzzy soft topological spaces
due to [10] to fuzzy soft topological spaces via fuzzy soft ideals. Also, we extend the idea of decomposition
of continuity due to [9, 11, 23, 31, 40] to fuzzy soft topological spaces via fuzzy soft ideals.

2. Preliminaries

Throughout this paper X denotes initial universe, E denotes the set of all possible parameters which
are attributes, characteristic or properties of the objects in X, and the set of all subsets of X will be denoted
by P(X). In this section, we present the basic definitions and results of fuzzy soft set theory which will be
needed in the sequel.

Definition 2.1. [8] A fuzzy set A of a non-empty set X is characterized by a membership function pa
: X > [0;1] = I whose value pa(x) represents the “degree of membership” of x in A for x € X. Let IX
denotes the family of all fuzzy sets on X.

Definition 2.2. [29] Let A be a non-empty subset of E . A pair (F, A) denoted by Fj is called a soft set over X
, where F is a mapping given by F : A — P(X). In other words, a soft set over X is a parametrized family of
subsets of the universe X . For a particulare € A, F(e) may be considered the set of e -approximate elements
of the soft set (F, A) and if e ¢ A, then F(e) =¢ieF ={F(e):e€ ACE F:A — P(X)}.

Proposition 2.1. [7] Every fuzzy set may be considered a soft set.

Definition 2.3. [28] Let A C E. A pair (f, A) , denoted by fa, is called fuzzy soft set over X , where f is a

mapping given by f : A — IX defined by fa(e) = y?A; where = Oife ¢ A, and y‘}A #0 ife € A, where

0(x) = OV x € X . The family of all these fuzzy soft sets over X denoted by FSS(X)r . Note that, a fuzzy soft
set is a hybridization of fuzzy sets and soft sets, in which soft set is defined over fuzzy set. The family of all
fuzzy soft sets over X with a fixed set of parameter E is denoted by FSS(X)E.

Definition 2.4 [28] The complement of a fuzzy soft set (f,A) , denoted by (f, A)° , is defined by (f, A)*
= (f5,A), (fa) : A — IX is a mapping given by “ffA)f =1- pi Vee A wherel(x) = 1Vx € X . Clearly,

() = fi ! )
Definition 2.5. [34] A fuzzy soft set fr over X is said to be a null- fuzzy soft set, denoted by O, if for all
e €E, fe(e) = 0.

Definition 2.6. [34] A fuzzy soft set f over X is said to be an absolute fuzzy soft set, denoted by TE, if
fee) = 1VecE. Clearly we have (65)"’ = TE and (TE)C = 0Of.

Definition 2.7.[34] Let fa, gp € FSS(X)r . Then f, is fuzzy soft subset of gp , denoted by fa C gs,if ACB
and y;A (x) £ pg,(x) Yx € X and Ve € E . Also, g is called fuzzy soft superset of f4 denoted by g5 2 fa.

Definition.2.8. [36] Two fuzzy soft sets f4 and g on X are called equal if f4 C gz and gz C fa.
Definition 2.9. [32] The union of two fuzzy soft sets f4 and gp over the common universe X , denoted by
faUgp,is also a fuzzy soft set hc , where C=AUB and forall , e € C, hc(e) = y;C = y;iA \Y; y;B Ve e C.

Definition 2.10. [34] The intersection of two fuzzy soft sets f4 and gp over the common universe X ,
denoted by fa M gs, is also a fuzzy soft set hc, where C = AN B and forall , e € C hc(e) = pj,_ = y;A A U,
Yee C

Definition 2.11. [35] The difference of two fuzzy soft sets f4 and gp over the common universe X, denoted
by fa — g , is the fuzzy soft set hc, where C= ANB# ¢pand Yee C,x € X, (%) = min{y;/‘ (), 1= pg, (0}

Clearly, we have fi — g = f4 M g5.

Definition 2.12. [30, 34, 36] Let 7 be a collection of fuzzy soft sets over a universe X with a fixed set of
parameters E , then 7 is called fuzzy soft topology on X if:

(1)65 , 1g € T, where Og(e) = 0 and 1e(e) = 1Ve€E,

(2) the union of any members of 7 belongs to 7.

(3) the intersection of any two members of T belongs to 7.

The triplet (X, 7, E) is called fuzzy soft topological space over X. Also, each member of 7 is called fuzzy soft
open ste in (X, 7, E).

Definition 2.13. [34? ] Let (X, 7, E) be a fuzzy soft topological space. A fuzzy soft set f4 over X is said to
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be fuzzy closed soft set in X, denoted by f4 € ¢, if its relative complement (f4)° is fuzzy open soft set.
Definition 2.14. [30, 32, 34? ] Let (X, 7, E) be a fuzzy soft topological space and f4 € FSS(X)g . The fuzzy
soft closure of f4 , denoted by Fcl(fa) is the intersection of all fuzzy closed soft super sets of f4 . i.e.
Fcl(fa) = Mihc; he is fuzzy closed soft set and fa C hel. Clearly, Fcl(fa) is the smallest fuzzy soft closed set
over X which contains f4, and Fcl(f4) is fuzzy closed soft set.

Definition 2.15.[30, 32, 34? ] The fuzzy soft interior of gp , denoted by Fint(gs), is the fuzzy soft union of all
fuzzy open soft subsets of g .i.e.Fint(gs) = Ulhc; hc is fuzzy open soft set and h¢ C gg}. Clearly, Fint(gs) is
the largest fuzzy soft open set contained in gp and Fint(gg) is fuzzy open soft set.

Definition 2.16. [26] The fuzzy soft set f4 € FSS(X) is called fuzzy soft point if there exist x € X and e € E
such that

;a=e

Xa ‘
fA(ﬂ)={6 aeE—{a} ;0<ax<1

This fuzzy soft point is denoted by x4, or f, . The set of all fuzzy soft points in X will be denoted by FSP(X)E.
Definition 2.17. [26] The fuzzy soft point x, is said to be belonging to the fuzzy soft set f4 , denoted by x¢,
€ fy4, if for the element e € A, a < yj( ().

A —_—
Definition 2.18. [17, 18] A non-empty collection I of fuzzy soft sets over a universe X with a fixed set of
parameters E is said to a fuzzy soft ideal on X if it satisfies the following conditions:
() Iffael, gs¢ Cfa=gpel, [, (heredity)
(i) If fa, g € = fallgs € T. (finite additivity)
We denote (X, 7,E,I) as a fuzzy soft ideal topological space on X.
Definition 2.19. [17] Let (X, 7, E, Dbea fuzzy soft ideal topological space on X. Then fA*(I T) or fa* = Lifx
EFSS(X)g; faNgs ¢ T Vgp € 1(x5,)} is called the fuzzy soft local function of f4 with respect to Tand 7 where
7(x¢) is the set of all fuzzy soft open sets contains x,
Definition 2.20.[17, 18] In a fuzzy soft ideal topological space (X, 7, E, I), the collection 7*(I) means an exten-
sion of fuzzy soft topologlcal space finer than 7 via fuzzy soft ideal T which is constructed by considering
the class p = {fa — Zhe; faet, hcel } as a base. Each member of T (I) is called fuzzy soft x-open set and its
relative complement is called fuzzy soft x-closed set. Clearly, T C (D).
Theorem 2.1.[17, 18] Let (X,7,E,I) be a fuzzy soft ideal topological space on X. Then the operator
Fcl* : FSS(X)p — FSS(X)p defined by: Fcl*(fa) = fa U fa* is a fuzzy soft closure operator satisfies Ku-
ratwski’s axioms. _
Definition 2.21.[17, 18] Let (X, 7, E, I) be a fuzzy soft ideal topological space on X. The fuzzy soft x-closure
of a fuzzy soft set f4, denoted by Fcl*(fa), in a fuzzy soft ideal topological space (X, ,E, I) defined as
Fcl*(fa) = fa U fa*. The fuzzy soft x-interior of a fuzzy soft set f4, denoted by Fint*(fa), in a fuzzy soft
ideal topological space (X, 1, E, I) is the largest fuzzy soft open subset of f4 in 7*(I).
Definition 2.22.[6, 10] Let FSS(X)r and FSS(Y)k be families of fuzzy soft sets over X and Y, respectively. Let
u:X— Yandp: E— Kbe mappings. Then the map f,, is called fuzzy soft mapping from FSS(X)g to
FSS5(Y)k, denoted by f,, : FSS(X)r — FSS(Y)k, such that:
(1) If gp € FSS(X)g, then the image of gz under the fuzzy soft mapping f,, , denoted by f,.(gp), is a fuzzy
soft set overY defined by:

i [ (93(6))](36) if x € u(y),
fou(g)(R)(Y) = {”g’ Vk € p(E),Yy €Y,

;otherwise

(2) If hc € FSS(Y)k, then the inverse image of hic under the fuzzy soft mapping f,,, denoted by fp‘u1 (hc), is a
fuzzy soft set over X defined by:
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YK),Vx e X

Fl ) O) = {hc(P(e))(u(x)) dorple) e G\ o

; otherwise

Definition 2.23.[15] The fuzzy soft mapping f,, is called surjective (respectively, injective, bijective) if p and
u are surjective (respectively, injective, bijective), also f,, is said to be constant if p and u are constant.
Definition 2.24. [30] Let (X, 7, E) and (Y, 0,K) be two fuzzy soft topological spaces and f,, : FSS(X)r —
FSS(Y)k be a fuzzy soft mapping. f,, is called fuzzy soft continuous if f,,!(ic) € 7 for every hc € a.
Definition 2.25. Let (X, 7, E) be a fuzzy soft topological space and fa € FSS(X)E.

(1) fa is called fuzzy soft semi-open set if f4 C Fcl(Fint( fa)) [13? ,14].

(2) fa is called fuzzy soft pre-open set if f4 C Fint(Fcl(fa)) [1, 5].

(3) fa is called fuzzy soft p-open set if fo C Fcl(Fint(Fcl(fa)) [2, 19].

(4) fa is called fuzzy soft a-open set if fa C Fint(Fcl(Fink( fa)) (3,4

The collection of all fuzzy soft semi-open (respectively, fuzzy soft pre-open, fuzzy soft f-open, fuzzy soft
a-open) sets will be denoted by FSSO(X)g (respectively, FSPO(X)g, FSBO(X)g, FSaO(X)E).

3. Subsets of fuzzy soft topological space via fuzzy soft ideal

In this section, we extend some spacial subsets of a fuzzy soft topological space (X, 7, E) via fuzzy soft
ideal.
Definition 3.1. Let (X,7,E,I) be a fuzzy soft ideal topological space and f4 € FSS(X)e. Then, f4 is called
fuzzy soft I—open if fo C Fint(f: ") A fuzzy soft set f4 is said to be fuzzy soft I-closed if its complement is a
fuzzy soft I- -open. We will denoted the set of all fuzzy soft I- -open sets ( fuzzy soft T-closed sets) by FSIO(X)g
(FSIC(X)E).
Definition 3.2. Let (X,7,E,I) be a fuzzy soft ideal topological space and (X, 7", E,T) be its fuzzy soft -
topological space. A mapping y : FSS(X)r — FSS(X) is said to be an y-operation on FSO(X)¢ if fa C y(fa)
for every fa € FSO(X)g.

The collection of all fuzzy soft y-open sets is denoted by FSO())e = {fa; fa C y(fa), fa € FSS(X)e}. The
complement of fuzzy soft y-open set is called fuzzy soft y-closed. i.e., FSC(y)e = {(fa); fa is fuzzy soft
y-open fa € FSS(X)g} is the family of all fuzzy soft y-closed sets.

Definition 3.3. Let (X, 7, E, ) be a fuzzy soft ideal topological space and f4 € FSS(X)g. Different cases of
y-operations on FSS(X)g are as follows:

(1) If y = Fint(Fcl"), then y is called fuzzy soft pre—I—open operator. We will denoted the set of all fuzzy soft
pre-I-open sets by FSPIO(X)g and the set of all fuzzy soft pre-I-closed sets by FSPIC(X)g.

(2) If y = Fint(Fcl*(Fint)), then y is called fuzzy soft a- I—open operator. We will denoted the set of all fuzzy
soft a- iopen sets by FSalO(X)g and the set of all fuzzy soft a-I-closed sets by FSalC(X)E.

(3) If y = Fcl*(Fint), then y is called fuzzy soft semi-I- -open operator. We will denoted the set of all fuzzy
soft seml—l—open sets by FSSIO(X)E and the set of all fuzzy soft semi-I-closed sets by FSSIC(X)E.

(4) It Y= Fcl(Fint(Fcl)), then y is called fuzzy soft f-I-open operator. We will denoted the set of all fuzzy
soft p-I-open sets by FSBIO(X)e and the set of all fuzzy soft p- -I-closed sets by FSBIC(X)E.

Theorem 3.1. Let (X,7,E, I) be a fuzzy soft ideal topological space and y : FSS(X)g — FSS(X)r be an
y-operation on FSO(X)g. If y = (Fint(Fcl*), Fint(Fcl*(Fint)), Fcl*(Fint), Fcl(Fint(Fcl*))}, then:

(1) 1¢ and O are fuzzy soft y-open sets.

(2) arbitrary union of fuzzy soft y-open sets is a fuzzy soft y-open.

(3) arbitrary intersection of of fuzzy soft y-closed sets is a fuzzy soft y-closed.

Proof.

(1) Immediate.
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(2) We give the proof for the case of fuzzy soft pre-T—open operator, i.e. y = Fint(Fcl"). Let {( fA pJ€EJC
FSPIO(X)g. Then, ¥Yj € ], (fa); C Fint(Fcl* (fa)j). It follows that I_I(fA c l_l Fint(Fcl*(fa);) c Fmt(chl*

(fa)j) = Fint(Fcl*( !JI(fA)] ). Hence, !_II(fA)] € FSPIO(X)g. The other cases are s1m11ar
je je

(3) It follows directly by (2).

Remark 3.1. A finite intersection of fuzzy soft y-open sets where y = {Fint(Fcl*), Fcl*(Fint), Fcl(Fint(Fcl*))}
need not to be a fuzzy soft y-open as shown by the following example:

Example 3.1.

(1) Let X = {a, b}, E = {e1, e2}, I = {0} and 7 = {115, O, {(e1, {206, bor)), {(e1, {01, bo2})}). Then, fi = {(e1, {ao2,
bos))} and ge = {(e1, {a0, bo. 2})} are fuzzy soft pre—I—open sets but fr M gg ¢ FSPIO(X)E.

(2) Let X = {a, b}, E = {e1, 2}, I = {Og} and 7 = {1, O, {(e1, {ao2)}, {(ex, {bo2D)}, {(e1, {02, bo2})}} - Then, fe = {(e1,
{aos, boa})} and gg = {(e1, {a01, bo 5})} are fuzzy soft seml—I—open sets but fr M ge ¢ FSSIO(X)E.

(3) Let X = {a, b}, E = {e1, e2}, [ = FSS(X); and 7 = {1, Og, {(e1, {ao2D)}, {(e1, {bo2h)}, {(en, {a0.2, bo2)}}-Then,
fe = {(e1, {a02, bo1})} and gg = {(e1, {bos})} are fuzzy soft - I—open sets but fr M gr ¢ FSPIO(X)E.

Remark 3.2. Note that the family of all fuzzy soft y-open sets on a fuzzy soft ideal topological space
(X, 7, E,I) forms a fuzzy soft supra topology, which is a collection of fuzzy soft sets contains 1, 0O and
closed under arbitrary union.

Proposition 3.1. Let (X, 7, E, Dbea fuzzy soft ideal topological space and f4 € FSS(X)e. Then, we have:

(1) If T = {0}, then fa is fuzzy soft pre- -I- (respectively, semi- I, a-l-, B- -I) open < f, is fuzzy soft pre-
(respectively, semi-, a-, f-) open.

(2) If I = FSS(X)g, then fa is fuzzy soft pre—I— (respectively, semi-I-, a-I-, ﬁ—T—) open < f, is fuzzy soft
T-open.

Proof. As a sample we will prove the case of fuzzy soft a-T—open operator. i.e., y = Fint(Fcl*(Fint)).

(1) Let 1= {65}. Then, f, = Fcl(fa) and hence Fcl*(fa) = Fcl(fa) for every fa € FSS(X)r. Therefore,
Fint(Fcl*(Fint(fa))) = Fint(Fcl(Fint(f4))) and hence FSalO(X)g = 1,.

(2) Let 1= FSS(X)e. Then, f; = 0r and hence Fcl'(fa) = fa for every fa € FSS(X)r. Therefore,
Fint(Fcl*(Fint(fa))) = Fint(Fint(fa)) = Fint(fs) and hence © = FSalO(X).

The other cases are similar.

Definition 3.3. Let (X, 7, E, I) be a fuzzy soft ideal topological space and fr € FSS(X)g. Then:

(1) %4 is called y—fuzzy soft interior point of fz if 3 g € FSO(y)r such that x%, € g C fr. The set of all y—fuzzy
soft interior points of fr is called the y—fuzzy soft interior of fr and is denoted by yFint(fg). Consequently,
yFint(f) = U{ge; gr € FSOO)E, gk C fel. _

(2) x¢, is called y—fuzzy soft cluster point of fr if fe M g # O Ygr € FSO(y)e.The set of all y—fuzzy soft
cluster points of fg is called the y—fuzzy soft closure of fr and is denoted by yFScl(fg). Consequently,
yEScl(fe) = ™ge; ge € FSC())E, fe C ge)

Theorem 3.2. Let (X,7,E, I) be a fuzzy soft ideal topological space, y : FSS(X)p — FSS(X)g be one of
the operations of Definition 3.3 and fg, gr € FSS(X)r. Then, the following properties are satisfied for the
y—fuzzy soft interior operators denoted by yFint(f) :

1 yFmt(OE) = OE and yFint(1g) = 15

(2) yFint(fz)  fe.

(3) yFint(fg) is the largest fuzzy soft y—open set contained in fz.

(4) If fr C g, then yFint(fz) C yFint(ge).

(5) yFint(fg) U yFint(ge) € yFint(fe U g).

(6) yFint(yFint(fg)) = yFint(fg).

(7) yFint(fe 1 gg) C yFint(fg) 1 yFint(ge).

Proof. Immediate. _

Theorem 3.3. Let (X, 1,E,I) be a fuzzy soft ideal topological space, y : FSS(X)r — FSS(X)r be one of
the operations of Definition 3.3 and fr, g € FSS(X)g. Then, the following properties are satisfied for the
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y—fuzzy soft closure operators denoted by yFScl(fE) :

(1) yFScl(0) = Og and yFScl(1g) = 1g.

(2) fe € yFSCl(fe).

(3) YFScl(fg) is the smallest fuzzy soft y—closed set contains f.
(@) If f¢ C g, then yFScl(fr) € yFScl(gE).

(5) yFScl(fe) U yFScl(ge) € yFScl(f: U ge).

6) yFScl()/FScl(fED = yFScl(fr).

(7) yEScl(fe M ge) € yFScl(fe) 1 yFScl(ge).

Proof. Immediate.

4. Relations between subsets of fuzzy soft topological space via fuzzy soft ideal

Theorem 4.1. Let (X, 7, E,I) be a fuzzy soft ideal topological space. The following statements are hold:
(1) Every fuzzy soft open set is fuzzy soft serni-T-open,
(2) Every fuzzy soft semi—T—open set is fuzzy soft semi-open.
Proof. —
(1) Let fa be a fuzzy soft open set. Then, Fint(fa) = fa. Therefore, fa C Fcl*(Fint(fa)) = FcI*(fa). Hence fa
is a fuzzy soft semi—T—open set.
(2) Let fa be a fuzzy soft semi-T-open set. Then, f4 C FcI*(Fint(fa)) = Fin(fa) U [Fint(f)]* C Fint(fa) U
Fcl(Fint(fa)) = Fcl(Fint(fa)). Therefore, f4 is a fuzzy soft semi-open set.

The following example shows that the converse of Theorem 4.1 is not true in general.
Example 4.1. Let X = {a, b, ¢}, E = {e1, e, e3}, f& = {(e1, {a0.1, bo1}), (e2, {a0.1, bo2, co1})) and ge = {(e1, {a03, boa,
cos)), (€2, {804, boa, co1})}. We put T = {1g, O, fe}. If we take I = {0g}, then g is fuzzy soft semi-I-open set
but gg is fuzzy soft open, since gg = Fcl(gg). If we take I= FSS(X)E, then gg is fuzzy soft semi-open set but
is fuzzy soft semi—T—open, since g7 = 55.
Theorem 4.2. In fuzzy soft ideal topological space (X, 7, E,I), the following statements are hold:
(1) every fuzzy soft open set is a fuzzy soft pre—FIv—open,
(2) every fuzzy soft pre-T—open set is a fuzzy soft pre-open,
(3) every fuzzy soft T—open set is a fuzzy soft pre-T—open.
Proof. _ _
(1) Let (X, 7, E, I) be a fuzzy soft ideal topological space and f4 € 7. Then Fint(fa) = fa. Since fa C Fcl*(fa),
then fa = Fint(fa) C Fint(Fel*( fa)). Hence, f4 is a fuzzy soft pre—T—open.
(2) Let f4 € FSPIO(X)g. Then, f4 C Fint(Fcl*(f4)). Since Fcl*(f4) € Fcl(fa), then f4 C Fint(Fcl(fa)) and so fy is
a fuzzy soft pre-open.
(3) Let fs € FSIO(X)g. Then, f4 C Fint(f;). Since f; C Fcl'(fa), then fy C Fint(Fcl'(f4)) and so f4 €
FSPIO(X)g.

The following example shows that the converse of Theorem 4.2 is not true in general.
Example 4.2. Let X = {a,b,c}, E = {e1,e5,...,e;} and 7 = {1g, Op, fr = {(e1, {05, Do, coe})}} be a fuzzy soft
topology defined on X.
(1) If T = {0g} and g = {(e1, {a05, bos, cos))}, then gg € FSPIO(X)g. But g ¢ 7.
2) IfI = FSS(X)E, then gr = {(e1, {a05, bo, cos))} is a fuzzy soft pre-open set, but g ¢ FSPIO(X)E.
(3) If I = FSS(X)E, then fe € FSPIO(X)g. But fg ¢ FSIO(X)E.
Theroem 4.3. In a fuzzy soft ideal topological space (X, 7, E,I), the following statements hold:
(1) Every fuzzy soft open set is fuzzy soft a-T—open.
(2) Every fuzzy soft a—T—open set is fuzzy soft a-open.
(3) Every fuzzy soft a—T—open set is fuzzy soft semi—T—open.
(4) Every fuzzy soft semi—T—open set is fuzzy soft ﬁ—T—open.
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(5) Every fuzzy soft a—T—open set is fuzzy soft pre-T—open.
(6) Every fuzzy soft pre—T—open set is fuzzy soft ‘B—T-open.
Proof. _ _
(1) Let fo € 7. Then Fint(fs) = fa and so Fcl*(Fint(fa)) = Fcl'(fa) 2 fa. Therefore, fa = Fint(fa) C
Fint(Fcl*(Fint(fa))). Hence, fa € FSalO(X)g.
(2) Let fo € FSalO(X)g. Then, we have f4 C Fint(Fcl*(Fint(fa))). Since © C 7*, then Fcl*(Fint(fa)) C Fcl
(Fint(fa)). Therefore, fa C Fint(Fcl* (Fint(fa))) C Fint(Ecl (Fint(fa))). This shows that f4 is a fuzzy soft
a-open.
(3) Since fa € FSalO(X)g, then fa EFint(Fcl*(Fint(fA))) C Fcl*(Fint (fa))- Hence, fa € FSSIO(X)E.
(4) Let f4 € FSSIO(X)g. Then, fa C Fcl*(Fint(fa)). Since T C t*, then Fcl*(Fint(fa)) € Fcl(Fint(fa)). Therefore,
fa C Fcl(Fint(f4)) € Fcl(Fint(Fcl*(fa)). Hence, fa € FSBIO(X)E.
(5) Let fa € FSalO(X)g. Then, f4 c Fint(Fcl*(Fint(fa))) C Fint(Fcl* (fa))- Hence, fa € FSPIO(X)E.
(6) Let f4 € FSPIO(X)g. Then fa C Fint(Fcl*(f4)) C Fcl(Fint(Fcl* (f4)). Hence, fa € FSBIO(X)E.

The following example shows that the converse of Theorem 4.3 is not true in general.
Example 4.3.
(1) Let X = {a, b, c}, E = {e1, e2}, I = {0¢} and 7 = {1, O, {(e1, {ao1, boa, coal)}, {(er, @02, boa, cosh}}. The fuzzy
soft set fr = {(e1, {a0.1, bo 1, €02})} is a fuzzy soft a-I-open set but f¢ is not fuzzy soft open.
(2) The fuzzy soft seml-l—open set may not be fuzzy soft a—I-open Let X = {a, b, c}, E = {e1, e2}, I = {0} and
T= {1 E, OE, {(e1, {a0.1, bo3, coa})}}). The fuzzy soft set fr = {(e1, {a03, bos, cos})} is fuzzy soft semi—T—open set but
it is not fuzzy soft a—T—open
(3) The fuzzy soft pre-I-open set may not be fuzzy soft a- I—open Let X ={a,b,c}, E = e, ez},T: {55} and
T= {1;5, OE, {(e1, {ao1, bo 2, c021)}}. The fuzzy soft set fr = {(e1, {a0.1, bo1, co.1})} is fuzzy soft pre—FIv-open set but
it is not fuzzy soft a—I—open
(4) Let X = {a, b}, E = {e1, €2}, T= {OE} and T = {15, OE, (61, a05, bo4})}}). The fuzzy soft set fr = {(e1, {203, bos})}
is a fuzzy soft 8- I—open set but fg is not fuzzy soft seml—I—open
(5) Let X = {a, b}, E = {e1, e2}, T={0g}and 7 = (1, O, {(e1, {a0.1, boa})}}. The fuzzy soft set fe = {(e1, {a03, bo2})}
is a fuzzy soft ﬁ-I-open set but fg is not fuzzy soft pre- I-open
(6) Let X ={a, b, c}, E ={e1, e}, = FSS(X)g and 7 = {1f, OE, 1 = {(e1, {ao. 5, L bo4, cos})}}. The fuzzy soft set
ge = {(e1, {a05, bos, cos))} is a fuzzy soft a-open set but t g i is not fuzzy soft a- I—open
(7)Let X ={a, b, c}, E = {ey, €2}, 1 = FSS(X)g and 7 = {1, OE, fE = {(e1, {a05, bos, cos})}}- The fUZZy soft set fE
is fuzzy soft oz—I-open set but it is not fuzzy soft I—open
(8) Let X = {a, b} = {e1, e}, T= {OE} and T = {15, OE, {(e1, {a0.1, bo2})}}. The fuzzy soft set fr = {(e1, {a0.1, bo1})}
is a fuzzy soft I—open set but fg is not fuzzy soft a—l—open
Lemma 4.1. Let (X, 7, E, I) be a fuzzy soft ideal topological space and fs € FSS(X). Then, f4 is a fuzzy soft
a- I—open set if and only if f4 is both fuzzy soft semi-I-open and fuzzy soft pre—I—open
Proof. Necessity. This is obvious by Theroem 4.3 (3, 5).

Sufficiency. Let f4 be fuzzy soft semi-I-open and fuzzy soft pre-I-open set. Then, f4 C Fint(Fcl*(fa)) C
Fint(Fcl*(Fcl*(Fint(fa)))) C Fint(Ecl*(Fint ( fa))). This shows that fA is a fuzzy soft a- I—open set.
Theorem 4.4. In any fuzzy soft ideal topological space (X, 7, E, 1), the following properties are hold:
(1) Every fuzzy soft open set is a fuzzy soft ﬁ—T—open.
(2) Every fuzzy soft ,B—T-open set is a fuzzy soft f-open.
(3) Every fuzzy soft pre—T—open set is a fuzzy soft ﬁ—T—open.
(4) Every fuzzy soft semi-open set is a fuzzy soft ﬁ-T-open.
(5) Every fuzzy soft Af—open set is a fuzzy soft ﬁ—}:open.

Proof.
(1) Let fa € 7. Then, we have f4 = Fint(fa) C Fcl(Fint(f)) C Fel(Fint(fa U f3)) = Fel(Fint(Fcl*(f))). This
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shows that f4 € FSBIO(X)E.
(2) Let fa € FSBIO(X)g. Then, fa c Fcl(Fint(Fcl*(fa))) = Fcl(Fint  (fa U f})) c Fcl(Fint[fa U Fcl(fa)]) =
Fcl(Fint(Fcl(fa))). This shows that f, is a fuzzy soft f-open.
(3) Let fa € FSPIO(X)g. Then, fa EFint(Fcl*(fA)) C Fcl(Fint(Fcl* (fa)))-This shows that f4 € FSBIO(X)E.
(4) Let fa € FSSIO(X)g. Then, fa c Fcl(Fint(fa)) C Fcl(Fint(f4 U f1)) = Fcl(Fint(Fcl*(fa))). This shows that
fA [S PS‘BIO(X)E
(5) Let fa € FSIO(X)g. Then, fa EFint(f;‘) EFCZ(Fint(f;‘)) EFcl(Fz'nt(fA U f)) = Fcl(Fint(Fcl*(fa))). This shows
that f4 € FSBIO(X)E.

The following example show that the converses of Theorem 4.4 is not true in general.
Example 4.4.
(1) Let X = {a, b, ¢}, E = {ey, e}, 1= {65} and 7 = {Tg, 65, {(e1,1a05,b04,c06})}}. The fuzzy soft set fr =
{(e1,1a05, bos, cos))} is a fuzzy soft ,B-T-open setin (X, T,T,E) but fr ¢ 7.
(2) Let X={a,b,c}, E={e, e}, sg= {(61, {ag2,bo2, C0,5})}, Up = {(81, {aos, bo7, 60,4})} are fuzzy soft sets in X. We
putt = {TE,EE, Sg, Ug, Sg Mug, sg Uug} and we find that:

(i) If we take [ = FSS(X)E, then fr = {(e2,{a0.2, bo.3, co4})} is a fuzzy soft f-open but fr ¢ FSPIO(X)E.

(ii) If we take [ = {65}, then gr = {(e1, {2038, bos, cosl)} is a fuzzy soft ‘B—T—open setin X but gg ¢ FSIO(X)e
and gg ¢ FSPIO(X)E.

(iii) If we take I = {65}, then ke = {(e1, {a0.1, boo, cos})} is a fuzzy soft ,B—T-open setin X but hg ¢ FSSO(X)g
and so hg ¢ FSSIO(X)E.
Proposition 4.1. Figure 1 shows the relation between different types of fuzzy soft open subsets of fuzzy
soft topological space via fuzzy soft ideal.

FSO(X)p — FSalO(X)p — FSSIO(X): — FSPIO(X); — FSBO(X)r
N /! /
FSIOX): — FSPIO(XX): — FSPO(X)g

5. Decompositions of some types of mappings on fuzzy soft topological spaces via fuzzy soft ideals

In this section, we introduce some types of continuity of fuzzy soft topological space with fuzzy soft
ideal and study the relations between them.

Definition 5.1. Let (X, 7,E,I) be a fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X — Y and p : E — K be mappings. Let

fpu : (X/ T/ E/B - (Y/G/K)

be a function. Then, _
(1) fpu is called fuzzy soft I-continuous function if fp’u1 (g8) € FSIO(X)E for every gp €
sigma. N
(2) fpu is called fuzzy soft pre-I-continuous function if fp‘u1 (g8) € FSPIO(X)E for every gg € 0.
(3) fyu is called fuzzy soft semi-I-continuous function if f’g‘u1 (g8) € FSSIO(X)E for every gp € 0.
(4) fyu is called fuzzy soft a-I-continuous function if fp’u1 (g98) € FSalO(X)g for every gp € 0.
(5) fpu is called fuzzy soft -I-continuous function if flﬂ‘u1 (g8) € FSBIO(X)E for every gp € 0.

Theorem 5.1. Let (X, 7, E,I) be a fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X — Y and p : E — K be mappings. Let

fpu : (X/ T/ EIB - (Y/G/K)

be a function. Then every fuzzy soft T-continuous function is a fuzzy soft pre—T—continuous function,
Proof. This is an immediate consequence of Theorem 4.2 (3).
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Theorem 5.2. Let (X, 7,E, ) be a fuzzy soft ideal topological space and (Y, 0, K) be a fuzzy soft topological
space. Letu: X — Y and p : E — K be mappings. Let

fou s (X, T, E, 1) = (Y,0,K)

be a function. Then every fuzzy soft pre-T-continuous function is fuzzy soft pre-continuous.
Proof. This is an immediate consequence of Theorem 4.2 (2).

Theorem 5.3. Let (X, 7, E,I) be a fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X —» Y and p : E — K be mappings. A fuzzy soft function f, : (X,7,E,I) — (Y,0,K) is a

fuzzy soft a-I-continuous function < it is fuzzy soft semi-I-continuous and fuzzy soft pre—I—contmuouS
Proof. This is an immediate consequence of Lemma 4.1.

Theorem 5.4. Let (X, 7, E,I) be a fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X — Yand p : E — K be mappings. Let

fou: X, T,ET) = (Y,0,K)
be a function. Then:

(1) every fuzzy soft a-I-continuous function is a fuzzy soft semi- -I-continuous.

(2) every fuzzy soft a- -I-continuous function is a fuzzy soft pre-I-contmuous
Proof. This is an immediate consequence of Theorem 4.3 (3, 5).

Theorem 5.5. Let (X, 7, E,I) be a fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X — Y and p : E — K be mappings. Let

fpu (X, ErFf) — (Y,0,K)
be a function. Then:

(1) every fuzzy soft pre—T—continuous function is a fuzzy soft ﬁ—T—continuous.

(2) every fuzzy soft semi-I-continuous function is a fuzzy soft ,B—T-continuous.

Proof. This is an immediate consequence of Theorem 4.3 (4, 6).

Proposition 5.1. Let (X, 7, E,I)bea fuzzy soft ideal topological space and (Y, g, K) be a fuzzy soft topological
space. Letu : X — Yand p : E — K be mappings. Let

fou s (X, T, E, ) —> (Y,0,K)

be a fuzzy soft function. Then, the following properties hold:
(1) If T = {Og}, then fouisa fuzzy soft semi-I-continuous (respectively, fuzzy soft pre- -I-continuous, fuzzy soft

ﬁ-I-contmuous fuzzy soft a- I-continuous) function <= fpu is a fuzzy soft semi-continuous (respectively,
fuzzy soft pre-continuous, fuzzy soft g-continuous, fuzzy soft a—continuous).

QI = FSS(X)E, then f,, is a fuzzy soft semi-I-continuous (respectively, fuzzy soft pre—I—contmuous,

fuzzy soft I-continuous, fuzzy soft a- [-continuous) function & fpu is a fuzzy soft continuous.

Proof. This proof is obviously by using Proposition 3.1.

Proposition 5.2. The following diagram shows the decompositions of fuzzy soft mappings on fuzzy soft
topological spaces via fuzzy soft ideals.

Fuzzy soft a-I—cts — Fuzzy soft semi — I — cts — Fuzzy soft ‘B—T— cts N\
N e Fuzzy soft f—cts

Fuzzy soft - cts —  Fuzzysoftpre —[ —cts — Fuzzysoftpre—cts
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