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and L-Fuzzy Pre-Uniformities

Ahmed Ramadan, Enas Elkordy

Maths and Comp. Sci. Dept., Faculty of Science, Beni-Suef University, Beni-Suef, Egypt

Abstract. In this paper, we introduce the notions of L-fuzzy topogenous orders and pre-uniformities as a
continuation of previous work. The continuity notion and the Galois correspondence are also discussed.

1. Introduction.

Ward et al. [13] introduced a complete residuated lattice which is an algebraic structure for many valued
logic. It is an important mathematical tool for algebraic structure for many valued logic. Considering the
concepts of topological structures, information systems and decision rules are investigated in complete
residuated lattices [1,3, 4-6,11,12]. Höhle [5,6] introduced L-fuzzy topologies with algebraic structure
L(cqm, quantales, MV-algebra).

Katsaras [8,9] introduced the concepts of fuzzy topogenous order and fuzzy topogenous structures in
completely distributive lattice which are a unified approach to the three spaces: Chang’s fuzzy topologies
[2], Katsaras’s fuzzy proximities [8] and Hutton’s fuzzy uniformities [7]. As an extension of Katsaras’s
definition, El-Dardery [10] introduced L-fuzzy topogenous order in view points of Sostak’s fuzzy topology
[3] and Kim’s L-fuzzy proximities [10] on strictly two-sided, commutative quantales and studied their
topological properties.

In this paper, we introduce a slightly different definition for L-fuzzy topogenous order and its rela-
tions with pre-uniformities as a continuation of previous work. The continuity notion and the Galois
correspondence are also discussed.

2. Preliminaries.

Definition 2.1 [2,4-6]. An algebra (L,∧,∨,�,→,⊥,>) is called a complete residuated lattice if
(L1) (L,≤,∨,∧,⊥,>) is a complete lattice with the greatest element > and the least element ⊥,
(L2) (L,�,>) is a commutative monoid,
(L3) x � y ≤ z iff x ≤ y→ z for x, y, z ∈ L.
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In this paper, we assume that (L,≤,�,→,∗ ) is
(1) a complete residuated lattice with an order reversing involution ∗ which is defined by

x ⊕ y = (x∗ � y∗)∗, x∗ = x→ ⊥ unless otherwise specified,
(2) an idempotence if x � x = x for each x ∈ L.
For α ∈ L, f ∈ LX, we denote (α→ f ), (α � f ), αX ∈ LX as

(α→ f )(x) = α→ f (x), (α � f )(x) = α � f (x), αX(x) = α,

>x(y) =

{
>, if y = x,
⊥, otherwise, >

∗

x(y) =

{
⊥, if y = x,
>, otherwise.

Lemma 2.2 [2,4-6]. For each x, y, z, xi, yi,w ∈ L, the following hold.
(1) > → x = x, ⊥ � x = ⊥,
(2) If y ≤ z, then x � y ≤ x � z, x→ y ≤ x→ z and z→ x ≤ y→ x,
(3) x ≤ y iff x→ y = >,
(4) x→ (

∧
i yi) =

∧
i(x→ yi),

(5) (
∨

i xi)→ y =
∧

i(xi → y),
(6) x � (

∨
i yi) =

∨
i(x � yi),

(7) (x � y)→ z = x→ (y→ z) = y→ (x→ z),
(8) x→ y ≤ (x � z)→ (y � z), (x→ y) � (y→ z) ≤ x→ z,
(9) x→ y = y∗ → x∗, x � y = (x→ y∗)∗,
(10) (

∧
i yi)∗ =

∨
i y∗i , (

∨
i yi)∗ =

∧
i y∗i ,

(11) z→ x ≤ (x→ y)→ (z→ y), y→ z ≤ (x→ y)→ (x→ z),
(12)

∨
i∈I xi →

∨
i∈I yi ≥

∧
i∈I(xi → yi),

∧
i∈I xi →

∧
i∈I yi ≥

∧
i∈I(xi → yi).

Definition 2.3 [1]. Let X be a set. A mapping R : X × X → L is called a L-fuzzy relation on X, then for
all x, y, z ∈ X the relation R is said to be

(1) reflexive if R(x, x) = >,
(2) symmetric if R(x, y) = R(y, x),
(3) transitive if R(x, y) � R(y, z) ≤ R(x, z).
A L-fuzzy relation on X is called a L-fuzzy pre-order if it is reflexive and transitive and called a L-fuzzy

equivalence relation if it is reflexive, symmetric and transitive.

Lemma 2.4 [5]. For a given set X, define a map S : LX
× LX

→ L by

S( f , 1) =
∧

x∈X( f (x)→ 1(x)).

Then, for each f , 1 ∈ LX and for all α ∈ L the following hold.
(1) S is a L-partial order on LX,
(2) f ≤ 1 iff S( f , 1) ≥ >,
(3) If f ≤ 1, then S(h, f ) ≤ S(h, 1) and S( f , h) ≥ S(1, h) ∀ h ∈ LX,
(4) S( f , 1) � S(k, h) ≤ S( f � k, 1 � h) and S( f , 1) � S(k, h) ≤ S( f ⊕ k, 1 ⊕ h),
(5)

∧
i S( fi, 1i) ≤ S(

∧
i fi,

∧
i 1i),

(6) S( f , 1) =
∨

h∈LX S( f , h) � S(h, 1),
(7) If φ : X→ Y is a map, then for f , 1 ∈ LX and h, k ∈ LY,

S( f , 1) ≤ S(φ→( f ), φ→(1)), S(h, k) ≤ S(φ←(h), φ←(k))

and the equalities hold if φ is bijective.

Lemma 2.5 [5]. For each f , 1 ∈ LX, define two maps u f ,1 ,u−1
f ,1 : X × X→ L by

u f , 1(x, y) = f (x)→ 1(y) and u−1
f , 1(x, y) = u f , 1(y, x).
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Then, the following hold
(1) >X×X = u⊥X ,⊥X = u>X ,>X ,
(2) If f2 ≤ f1 and 11 ≤ 12, then u f1, 11 ≤ u f2, 12 ,
(3) For any u f , 1 ∈ LX×X and h ∈ LX, it holds that u f , h ◦ uh, 1 ≤ u f , 1 where

u f , h(x, y) ◦ uh, 1(y, z) =
∨

y∈X( f (x)→ h(y)) � (h(y)→ 1(z)),

(4) u∨
i∈I fi, 1 =

∧
i∈I u fi, 1 and u f ,

∧
i∈I 1i =

∧
i∈I u f , 1i ,

(5) u f1,11 � u f2,12 ≤ u f1�11, f2�12 ,
(6) u f1,11 � u f2,12 ≤ u f1⊕11, f2⊕12 ,
(7) uα� f , 1 = α→ u f , 1 and u f , α→1 = α→ u f , 1,
(8) uα� f , α�1 ≥ u f , 1 and uα→ f , α→1 ≥ u f , 1,
(9) u f , 1 =

∧
z∈X( f (z)→ u>z, 1) and u f , 1 =

∧
z∈X(1∗(z)→ u f ,>∗z ),

(10) u f , 1 =
∧

y,z∈X( f (y)→ (1(z)→ u>y,>∗y )),
(11) u−1

f , 1 = u1∗, f ∗ .

Definition 2.6 [12]. A mapU : LX×X
→ L is called a L-fuzzy pre-uniformity on X if

(U1)U(u f , 1) ≥
∨

x∈X f (x)→
∧

x∈X 1(x),
(U2) If v ≤ u, thenU(v) ≤ U(u),
(U3) For every u, v ∈ LX×X, U(u � v) ≥ U(u) �U(v),
(U4)U(u f , 1) ≤ S( f , 1) for each f , 1 ∈ LX.
A L-fuzzy pre-uniformity is called
(QU) a L-fuzzy quasi-uniformity on X if U(u) ≤

∨
{U(v) �U(w) | v ◦ w ≤ u} where

v ◦ w(x, z) =
∨
y∈X

v(x, y) � w(y, z),

(St) stratified if U(α→ u) ≥ α→U(u) for each α ∈ L,
(SE) separated if U(u>x,>x ) = > for each x ∈ X,
(P) perfect if U(

∧
i∈I ui) =

∧
i∈IU(ui).

Let (X,U) and (Y,V) be two L-fuzzy pre-uniform spaces and φ : X→ Y ba a mapping. Then, φ is said
to be LF-uniformly continuous if

V(v) ≤ U((φ × φ)←(v)) ∀ v ∈ LY×Y.

The category of L-fuzzy pre-uniform spaces and LF-uniformly continuous mappings for morphisms is
denoted by L-FPUNS.

Remark 2.7 [12].
(1) LetU be a L-fuzzy pre-uniformity on X, then by (U1) we have

U(u>X ,>X ) ≥
∨
x∈X

>X(x)→
∧
x∈X

>X(x) = > → > = >,

(2) Define a mapUs : LX×X
→ L asUs(u) =U(u−1). Then,Us is a L-fuzzy pre-uniformity on X.

Definition 2.8 [1]. Suppose that F : D→ C, G : C → D are concrete functors, then
(1) C andD are said to be isomorphic if F ◦ G = idC and G ◦ F = idD,
(2) The pair (F,G) is called a Galois correspondence between C andD if for each Y ∈ C, idY : F ◦ G(Y)→ Y

is a C-morphism, and for each X ∈ D, idX : X→ G ◦ F(X) is aD-morphism.
If (F,G) is a Galois correspondence, then it is easy to check that F is a left adjoint of G, or equivalently

that G is a right adjoint of F.
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3. L-fuzzy Topogenous Orders and L-fuzzy Pre-Uniformities.

Definition 3.1. A mapping ξ : LX
× LX

→ L is called a L-fuzzy semi-topogenous order on X if it satisfies
the following axioms for every f , f1, fi, 1, 11, 1i ∈ LX

(ST1) ξ( f , 1) ≥
∨

x∈X f (x)→
∧

x∈X 1(x),
(ST2) ξ( f , 1) ≤ S( f , 1),
(ST3) if f1 ≤ f , 1 ≤ 11, then ξ( f , 1) ≤ ξ( f1, 11).
A L-fuzzy semi-topogenous order ξ on X is called
(ST4) L-fuzzy topogenous order if for every f1, f2, 11, 12 ∈ LX, we have

ξ( f1 � f2, 11 � 12) ≥ ξ( f1, 11) � ξ( f2, 12),
ξ( f1 ⊕ f2, 11 ⊕ 12) ≥ ξ( f1, 11) � ξ( f2, 12),

(St) stratified if for every α ∈ L,

ξ(α � f , 1) ≥ α→ ξ( f , 1) and ξ( f , α→ 1) ≥ α→ ξ( f , 1),

(P) perfect if ξ(
∨

i fi, 1) ≥
∧

i ξ( fi, 1), ξ( f ,
∧

i 1i) ≥
∧

i ξ( f , 1i),
(SE) separated if ξ(>x,>x) = ξ(>∗x,>∗x) = >,
(TS) L-fuzzy topogenous space if ξ( f , 1) ≤

∨
h∈LX ξ( f , h) � ξ(h, 1).

Let ξX and ξY be two L-fuzzy topogenous orders on X and Y, respectively. A mapping φ : (X, ξX) →
(Y, ξY) is said to be a L-topogenous map if

ξY( f , 1) ≤ ξX(φ←( f ), φ←(1)) ∀ f , 1 ∈ LY.

The category of L-fuzzy topogenous orders with L-topogenous maps as morphisms is denoted by
L-FTGS.

Remark 3.2. Let ξ be a L-fuzzy topogenous order, then by (ST1) we have

ξ(>X,>X) ≤
∨
x∈X

>X(x)→
∧
x∈X

>X(x) = > → > = >.

So, ξ(>X,>X) = ξ(⊥X,⊥X) = >.
Theorem 3.3. LetU be a L-fuzzy pre-uniformity on X. Define a map ξU : LX

× LX
→ L as

ξU( f , 1) =
∧

x∈X( f (x)→U(u>x, 1)) ∀ f , 1 ∈ LX.

Then, the following hold
(1) ξU is a L-fuzzy topogenous order on X,
(2) IfU is stratified, then ξU is stratified,
(3) IfU is perfect, then ξU is perfect,
(4) IfU is perfect and stratified, then

ξU( f , 1) =
∧

x,z∈X

(
f (x)→ (1∗(z)→U(u>x,>∗z ))

)
, ξU( f , 1) =U(u f , 1),

(5) IfU is separated, then ξU is separated,
(6) IfU is a L-fuzzy quasi-uniformity on X, then ξU is a L-fuzzy topogenous space on X.

Proof. (1) (ST1) By lemma 2.2 (1),(2),(5), (U1), we have

ξU( f , 1) =
∧

x∈X

(
f (x)→U(u>x, 1)

)
≥

∧
x∈X

(
f (x)→ (

∨
x∈X >x(x)→

∧
x∈X 1(x))

)
=

∨
x∈X f (x)→

∧
x∈X 1(x).
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(ST2) By (U4), we have

ξU( f , 1) =
∧

x∈X( f (x)→U(u>x, 1)) ≤
∧

x∈X( f (x)→ S(>x, 1))
=

∧
x∈X( f (x)→ 1(x)) = S( f , 1).

(ST3) If f ≤ f1, 1 ≤ 11, then by lemma 2.6 (2) and (U2), we have

ξU( f1, 11) =
∧

x∈X( f1(x)→U(u>x, 11 )) ≥
∧

x∈X( f1(x)→U(u>x, 1))
≥

∧
x∈X( f (x)→U(u>x, 1)) = ξU( f , 1).

(ST4) For every f1, f2, 11, 12 ∈ LX, by Lemma 2.6 (5), (U2),(U3), we have

ξU( f1, 11) � ξU( f2, 12) =
∧

x∈X( f1(x)→U(u>x, 11 )) �
∧

x∈X( f2(x)→U(u>x, 12 ))
≤

∧
x∈X

(
( f1(x) � f2(x))→ (U(u>x, 11 ) �U(u>x, 12 ))

)
≤

∧
x∈X

(
( f1 � f2)(x)→U(u>x, 11 � u>x, 12 )

)
≤

∧
x∈X

(
( f1 � f2)(x)→U(u>x, 11�12 )

)
= ξU( f1 � f2, 11 � 12).

Similarly, by Lemma 2.5 (6) we can prove that

ξU( f1 ⊕ f2, 11 ⊕ 12) ≥ ξU( f1, 11) � ξU( f2, 12).

Hence, ξU is a L-fuzzy topogenous order on X.
(2) (St) By lemma 2.2 (5),(7), lemma 2.5 (7) and (U5), we have

ξU(α � f , 1) =
∧

x∈X

(
(α � f (x))→U(u>x, 1)

)
=

∧
x∈X

(
α→ ( f (x)→U(u>x, 1))

)
= α→

∧
x∈X( f (x)→U(u>x, 1)) = α→ ξU( f , 1).

ξU( f , α→ 1) =
∧

x∈X( f (x)→U(u>x,α→1))
=

∧
x∈X( f (x)→U(α→ u>x,1))

≥
∧

x∈X

(
f (x)→ (α→U(u>x,1))

)
= α→

∧
x∈X( f (x)→U(u>x,1)) = α→ ξU( f , 1).

(3) (P) By lemma 2.2 (4) and lemma 2.5 (4), we have

ξU(
∨

i∈I fi, 1) =
∧

x∈X(
∨

i∈I fi(x)→U(u>x, 1))
=

∧
i∈I

∧
x∈X( fi(x)→U(u>x, 1)) =

∧
i∈I ξU( fi, 1).

ξU( f ,
∧

i∈I 1i) =
∧

x∈X( f (x)→U(u>x,
∧

i∈I 1i ))
=

∧
x∈X( f (x)→

∧
i∈IU(u>x, 1i ))

=
∧

i∈I
∧

x∈X( f (x)→U(u>x, 1i )) =
∧

i∈I ξU( f , 1i).

(4) By Lemma 2.5 (8), we have

ξU( f , 1) =
∧

x∈X( f (x)→U(u>x, 1))
=

∧
x∈X

(
f (x)→U(

∧
z∈X(1∗(z)→ u>x,>∗z ))

)
≥

∧
x∈X

(
f (x)→

∧
z∈X(1∗(z)→U(u>x,>∗z ))

)
=

∧
x,z∈X

(
f (x)→ (1∗(z)→U(u>x,>∗z ))

)
.

By Lemma 2.5 (9), we have

ξU( f , 1) =
∧

x∈X( f (x)→U(u>x, 1)) ≤ U(
∧

x∈X( f (x)→ u>x, 1)) =U(u f , 1).
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(5) By lemma 2.5 (1) and for each x ∈ X, we have

ξU(>x,>x) =
∧

x∈X

(
>x(x)→U(u>x,>x )

)
= > → > = >,

ξU(>∗x,>∗x) =
∧

x∈X

(
>
∗
x(x)→U(u>∗x,>∗x )

)
= ⊥ → > = >.

(6) (TS) By (3), (QU) and Lemma 2.5 (3), we have∨
h∈LX ξU( f , h) � ξU(h, 1) =

∨
h∈LXU(u f ,h) �U(uh,1)

≥ {U(u f ,1) | u f ,h ◦ uh,1 ≤ u f ,1} = ξU( f , 1).

Hence, ξU is a L-fuzzy topogenous space on X.

Theorem 3.4. Let (X,UX) and (Y,UY) be two L-fuzzy pre-uniformities. If a map φ : (X,UX) → (Y,UY)
is LF-uniformly continuous, then the map φ : (X, ξUX )→ (Y, ξUY ) is LF-topogenous map.

Proof.
ξUX (φ←( f ), φ←(1)) =

∧
x∈X

(
φ←( f )(x)→UX(u>x, φ←(1))

)
=

∧
x∈X

(
f (φ(x))→UX(uφ←(>φ(x)), φ←(1))

)
=

∧
x∈X

(
f (φ(x))→UX((φ × φ)←(u>φ(x), 1))

)
≥

∧
φ(x)=y∈Y

(
f (y)→UY(u>y, 1)

)
= ξUY ( f , 1).

Theorem 3.5. LetV be a L-fuzzy pre-uniformity on X. Define a map ξV : LX
× LX

→ L as

ξV( f , 1) =
∨

v

{
V(v) | v ≤ v f , 1

}
∀ f , 1 ∈ LX.

Then, the following hold
(1) ξV is a L-fuzzy topogenous order on X,
(2) IfV is stratified, then ξV is stratified,
(3) IfV is perfect, then ξV is perfect,
(4) IfV is separated, then ξV is separated,
(5) IfV is a L-fuzzy quasi-uniformity on X, then ξV is a L-fuzzy topogenous space on X,
(6) ξVs ( f , 1) = ξV(1∗, f ∗).

Proof. (1) (ST1) By (U1) and (U2), we have

ξV( f , 1) =
∨

v

{
V(v) | v ≤ v f , 1

}
≥ V(v f , 1) ≥

∨
x∈X

f (x)→
∧
x∈X

1(x).

(ST2) By (U4), we have ξV( f , 1) =
∨

v

{
V(v) | v ≤ v f , 1

}
≤ S( f , 1).

(ST3) By lemma 2.5 (2), we have

ξV( f1, 11) =
∨

v

{
V(v) | v ≤ v f1, 11

}
=

∨
v

{
V(v) | v ≤ v f1, 11 ≤ v f , 1

}
= ξV( f , 1).

(ST4) For every f1, f2, 11, 12 ∈ LX and by lemma 2.5 (5), (U2), we have

ξV( f1, 11) � ξV( f2, 12) =
∨

v

{
V(v) | v ≤ v f1, 11

}
�

∨
w

{
V(w) | w ≤ v f2, 12

}
=

∨
v�w

{
V(v) �V(w) | v � w ≤ v f1, 11 � v f2, 12

}
≤

∨
v�w

{
V(v � w) | v � w ≤ v f1� f2, 11�12

}
= ξV( f1 � f2, 11 � 12).

Similarly, by Lemma 2.5 (6) we can prove that

ξV( f1 ⊕ f2, 11 ⊕ 12) ≥ ξV( f1, 11) � ξV( f2, 12).
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Hence, ξV is a L-fuzzy topogenous order on X.
(2) (St) By Lemma 2.5 (7) and (U5), we have

α→ ξV( f , 1) = α→
∨

v

{
V(v) | v ≤ v f , 1

}
≤

∨
v

{
V(α→ v) | α→ v ≤ α→ v f , 1

}
=

∨
v

{
V(α→ v) | α→ v ≤ vα� f , 1

}
= ξV(α � f , 1).

(3) (P) By lemma 2.5 (4) and (U3), we have

ξV(
∨

i∈I fi, 1) =
∨

v

{
V(v) | v ≤ v∨

i∈I fi, 1

}
=

∨
v

{
V(v) | v ≤

∧
i∈I v fi, 1

}
≥

∧
i∈I

∨
v

{
V(v) | v ≤ v fi, 1

}
=

∧
i∈I ξV( fi, 1).

In a similar way, we can prove that ξV( f ,
∨

i∈I 1i) ≥
∨

i∈I ξV( f , 1i).
(4) (SE) By lemma 2.5 (1) and for each x ∈ X, we have

ξV(>x,>x) =
∧

v

{
V(v) | v ≤ v>x,>x

}
≥ V(v>x,>x ) ≥ >.

Similarly, ξV(>∗x,>∗x) = >.
(5) (TS) By (U3), (QU) and lemma 2.5 (3), we have∨

h∈LX ξV( f , h) � ξV(h, 1) =
∨

h∈LX
∨

u

{
V(u) | u ≤ u f , h

}
�

∨
v

{
V(v) | v ≤ vh, 1

}
=

∨
h∈LX

∨
u,v

{
V(u) �V(v) | u ≤ u f , h, v ≤ vh, 1

}
≥

∨
w

{
V(w) | u ◦ v ≤ w, u f , h ◦ vh, 1 ≤ w f , 1

}
=

∨
w

{
V(w) | w ≤ w f , 1

}
= ξV( f , 1).

Hence, ξV is a L-fuzzy topogenous space on X.
(6) By lemma 2.5 (11) and remark 2.7 (2), we have

ξVs ( f , 1) =
∨

v

{
(Vs)(v) | v ≤ v f , 1

}
=

∨
v

{
V(v−1) | v−1

≤ v−1
f , 1

}
=

∨
v

{
V(v−1) | v−1

≤ v1∗, f ∗
}

= ξV(1∗, f ∗).

Theorem 3.6. Let (X,VX) and (Y,VY) be two L-fuzzy pre-uniformities. If a map φ : (X,VX) → (Y,VY)
is LF-uniformly continuous, then the map φ : (X, ξVX )→ (Y, ξVY ) is a LF-topogenous map.

Proof. For f , 1 ∈ LY, we have

ξVY ( f , 1) =
∧

v

{
V
∗

Y(v) | v ≤ v f , 1∗
}

≥
∧

v

{
V
∗

X((φ × φ)←(v)) | (φ × φ)←(v) ≤ (φ × φ)←(v f , 1∗ )
}

=
∧

v

{
V
∗

X((φ × φ)←(v)) | (φ × φ)←(v) ≤ vφ←( f ),(φ←(1))∗
}

= ξVX (φ←( f ), φ←(1)).

Theorem 3.7. Let ξ be a L-fuzzy topogenous order on X. Define a map Uξ : LX×X
→ L as

Uξ(u) =
∨
{ξ( f , 1) | u f , 1 ≤ u} ∀ f , 1 ∈ LX.

Then, the following hold
(1)Uξ is a L-fuzzy pre-uniformity on X,
(2) If ξ is stratified, thenUξ is stratified,
(3) If ξ is separated, thenUξ is separated,
(4) If ξ is perfect, thenUξ is perfect,
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(5) If ξ is a L-fuzzy topogenous space on X, thenUξ is a L-fuzzy quasi-uniformity on X,
(6) ξ = ξUξ and UξU ≤ U.

Proof. (1) (U1),(U2),(U4) Easy to be proved.
(U3) For every u, v ∈ LX×X and by (ST4) and lemma 2.5 (5), we have

Uξ(u) �Uξ(v) =
∨
{ξ( f1, 11) | u f1, 11 ≤ u} �

∨
{ξ( f2, 12) | u f2, 12 ≤ v}

=
∨
{ξ( f1, 11) � ξ( f2, 12) | u f1, 11 � u f2, 12 ≤ u � v}

≤
∨
{ξ( f1 � f2, 11 � 12) | u f1, 11 � u f2, 12 ≤ u f1� f2, 11�12 ≤ u � v} =Uξ(u � v).

(2) (St) By lemma 2.2 (2), lemma 2.5 (7) and (St), we have

α→Uξ(u) = α→
∨
{ξ( f , 1) | u f , 1 ≤ u}

=
∨
{α→ ξ( f , 1) | α→ u f , 1 ≤ α→ u}

≤
∨
{ξ(α � f , 1) | uα� f , 1 ≤ α→ u} =Uξ(α→ u).

(3) Easily proved.
(4) (P) Suppose that there exist ui ∈ LX×X for all i ∈ I such that

Uξ(
∧
i∈I

ui) �
∧
i∈I

Uξ(ui).

Then for each i ∈ I, there exist u fi, 1i ≤ u such that

Uξ(
∧
i∈I

ui) �
∧
i∈I

ξ( fi, 1i) fi, 1i ∈ LX.

For each i ∈ I, there exist ji, ki ∈ I with f ji = fi, u f ji , 1i ≤ ui and 1ki = 1i, u fi, 1ki
≤ ui,

such that J = { ji : i ∈ I}, K = {ki : i ∈ I}, J ∪ K = I, and

Uξ(
∧
i∈I

ui) �
∧
i∈I

ξ( fi, 1i) = ξ(
∨
i∈I

fi,
∧
i∈I

1i).

On the other hand, since u∨
ji∈J f ji ,

∧
ki∈K
1ki

=
∧

i∈I u fi, 1i ≤
∧

i∈I ui, then we have

Uξ(
∧
i∈I

ui) ≥ ξ(
∨
ji∈J

f ji ,
∧
ki∈K

1ki ) = ξ(
∨
i∈I

fi,
∧
i∈I

1i) ≥
∧
i∈I

ξ( fi, 1i).

Which contradicts the assumption at first. Hence, Uξ(
∧

i∈I ui) ≥
∧

i∈IUξ(ui). And by (U2), we have
Uξ(

∧
i∈I ui) ≤

∧
i∈IUξ(ui). Thus,Uξ is perfect.

(5) (QU) Suppose that Uξ(u) �
∨
{Uξ(v) � Uξ(w) | v ◦ w ≤ u} for some u ∈ LX×X. By the definition of

Uξ(u) and by (U2), we have

Uξ(u f , 1) ≤ Uξ(u) �
∨
{Uξ(v) �Uξ(w) | v ◦ w ≤ u}.

By the definition ofUξ(u), then we have

Uξ(u f , 1) �
∨
h∈LX

Uξ(u f , h) �Uξ(uh, 1).

Since u f ,h ◦ uh,1 ≤ u f ,1 ≤ u and by Theorem 3.6 (2), we have

Uξ(u f , 1) =
∨
h∈LX

Uξ(u f , h) �Uξ(uh, 1) ≤
∨
{Uξ(v) �Uξ(w) | v ◦ w ≤ u}.
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Which is a contradiction. Hence,Uξ is a L-fuzzy quasi-uniformity on X.
(6) ξUξ ( f , 1) =

∨
u{Uξ(u) : u ≤ u f , 1} = ξ( f , 1),

UξU (u) =
∨
{ξU( f , 1) : u f , 1 ≤ u} ≤ U(u).

Theorem 3.8. Let (X, ξX) and (Y, ξY) be two L-fuzzy topogenous spaces. If a map φ : (X, ξX)→ (Y, ξY) is
a LF-topogenous map, then the map φ : (X,UξX )→ (Y,UξY ) is LF-uniformly continuous.

Proof. For every v ∈ LY×Y, we have

UξX ((φ × φ)←(v)) =
∨
{ξX(φ←( f ), (φ←(1))) : uφ←( f ), φ←(1) ≤ (φ × φ)←(v)}

=
∨
{ξX(φ←( f ), φ←(1)) : (φ × φ)←(u f , 1) ≤ (φ × φ)←(v)}

≥
∨
{ξY( f , 1) : u f , 1 ≤ v} =UξY (v).

Theorem 3.9.
(1) Υ : L-FPUNS→ L-FTGS defined as Υ(X,U) = (X, ξU) and Υ(ϕ) = ϕ is a concrete functor,
(2) Φ : L-FTGS→ L-FPUNS defined as Φ(X, ξ) = (X,Uξ) and Φ(ϕ) = ϕ is a concrete functor,
(3) The pair (Υ,Φ) is a Galois correspondence between L-FPUNS and L-FTGS.

Proof.
(1) Follows from theorems 3.5 and 3.6 and (2) Follows from theorems 3.7 and 3.8.
(3) By Theorem 3.7 (6), if (X, ξ) is a L-fuzzy topogenous space, then

(Υ ◦Φ)(X, ξ) = Υ(Φ(X, ξ)) = Υ(X,Uξ) = (X, ξUξ ) = (X, ξ).

Hence, the identity map Υ ◦Φ = idξ is a LF-topogenous map.
By Theorem 3.7 (6), if (X,U) is an L-fuzzy pre-uniformity, then

(Φ ◦ Υ)(X,U) = Φ(Υ(X,U)) = Φ(X, ξU) = (X,UξU ) ≤ (X,U).

Hence, the identity map Φ ◦ Υ = idU is LF-uniformly continuous. Therefore, the pair (Υ,Φ) is a Galois
correspondence.

Example 3.10. Let R ∈ LX×X be a reflexive L-fuzzy relation. Define a map U : LX×X
→ L as

U(u) =
∧

x,y∈X

(R(x, y)→ u(x, y)).

Then, (U1), (U2), (U3) can be easily proved.
(U4)

U(u f , 1) =
∧

x,y∈X(R(x, y)→ u f , 1(x, y))
=

∧
x,y∈X(R(x, y)→ ( f (x)→ 1(y)))

≤
∧

x∈X(R(x, x)→ ( f (x)→ 1(x))) = S( f , 1).

Hence,U is a L-fuzzy pre-uniformity on X.
For R1(x, y) = >X×X, we obtain

U1(u) =
∧

x,y∈X

(R1(x, y)→ u(x, y)) =
∧

x,y∈X

(>X×X(x, y)→ u(x, y)) =
∧

x,y∈X

u(x, y).

For R2(x, y) = 4X×X, where

4X×X(x, y) =

{
>, if y = x,
⊥, otherwise,
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we obtain

U2(u) =
∧

x,y∈X

(R2(x, y)→ u(x, y)) =
∧

x,y∈X

(4X×X(x, y)→ u(x, y)) =
∧
x∈X

u(x, x).

(1) From theorem 3.3, we obtain a L-fuzzy topogenous order ξU : LX
× LX

→ L as

ξU( f , 1) =
∧

x∈X( f (x)→U(u>x, 1))
=

∧
x∈X( f (x)→

∧
x,y∈X(R(x, y)→ u>x, 1(x, y)))

=
∧

x∈X( f (x)→
∧

x,y∈X(R(x, y)→ (>x(x)→ 1(y))))
=

∧
x,y∈X( f (x)→ (R(x, y)→ 1(y))) =

∧
x,y∈X(R(x, y)→ ( f (x)→ 1(y))).

For R1(x, y) = >X×X, we have

ξU1 ( f , 1) =
∧

x,y∈X(R1(x, y)→ ( f (x)→ 1(y)))
=

∧
x,y∈X(>X×X(x, y)→ ( f (x)→ 1(y))) =

∧
x,y∈X f (x)→ 1(y).

For R2(x, y) = 4X×X, we have

ξU2 ( f , 1) =
∧

x,y∈X(R2(x, y)→ ( f (x)→ 1(y)))
=

∧
x,y∈X(4X×X(x, y)→ ( f (x)→ 1(y))) =

∧
x∈X f (x)→ 1(x) = S( f , 1).

(2) From theorem 3.5, we obtain a L-fuzzy topogenous order ξV : LX
× LX

→ L as

ξV( f , 1) =
∨

v{V(v) | v ≤ v f , 1} =
∨

v{
∧

x,y∈X(R(x, y)→ v(x, y)) | v ≤ v f , 1}.

For R1(x, y) = >X×X, we have

ξV1 ( f , 1) =
∨

v{
∧

x,y∈X(R1(x, y)→ v(x, y)) | v ≤ v f , 1}

=
∨

v{
∧

x,y∈X(>X×X(x, y)→ v(x, y)) | v ≤ v f , 1}

=
∨

v
∧

x,y∈X{v(x, y) | v ≤ v f , 1}.

For R2(x, y) = 4X×X, we have

ξV2 ( f , 1) =
∨

v{
∧

x,y∈X(R2(x, y)→ v(x, y)) | v ≤ v f , 1}

=
∨

v{
∧

x,y∈X(4X×X(x, y)→ v(x, y)) | v ≤ v f , 1}

=
∨

v
∧

x∈X{v(x, x) | v ≤ v f , 1}.

(3) From theorem 3.7, we obtain a L-fuzzy pre-uniformityUξ : LX×X
→ L as

UξU (u) =
∨
{ξU( f , 1) : u f , 1 ≤ u}

=
∨
{
∧

x,y∈X(R(x, y)→ ( f (x)→ 1(y))) : u f , 1 ≤ u} ≤ U(u).
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[5] U. Höhle, S.E. Rodabaugh, Mathematics of Fuzzy Sets, Logic, Topology and Measure Theory, The Handbooks of Fuzzy Sets

Series, Kluwer Academic Publishers, Dordrecht, 1999.
[6] B. Hutton, Uniformities in fuzzy topological spaces, J. Math. Anal. Appl., 58 (1977), 74–79.
[7] Ju-Mok Oh and Yong Chan Kim, The relations between Alexandrov L-fuzzy preuniformities and approximition operators

topologies, J. Int. Fuzz. Syst., 33 (2017), 215–228.



A.A. Ramadan, E.H. Elkordy / Filomat 34:1 (2020), 67–77 77

[8] A.K. Katsaras, Fuzzy proximity spaces. J. Math. Anal. Appl., 68 (1979), 100–110.
[9] A.K. Katsaras, C.G. Petalas, A unified theory of fuzzy topologies: fuzzy proximities and fuzzy uniformities, Rev. Roum. Math.

Pures Appl., 28 (1983) 845–896.
[10] Y.C. Kim, K.C. Min, L-fuzzy proximities and L-fuzzy topologies, Inf. Sci., 173 (2005), 93–113.
[11] H. Lai and D. Zhang, Concept lattices of fuzzy contexts: Formal concept analysis vs. rough set theory, Int. J. Approx. Reasoning

50 (2009), 695-–707.
[12] A.A. Ramadan, E.H. Elkordy, Relations between L-Fuzzy Pre-Proximities and L-Fuzzy Pre-Uniformities, Submitted for publica-

tion.
[13] S.E. Rodabaugh, E.P. Klement, Topological and Algebraic Structures In Fuzzy Sets, The Handbook of Recent Developments in

the Mathematics of Fuzzy Sets, Kluwer Academic Publishers, Boston, Dordrecht, London, 2003.


