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Approximation for Difference of Lupas and Some Classical Operators
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Abstract. The approximation of difference of two linear positive operators having different basis functions
is discussed in the present article. The quantitative estimates in terms of weighted modulus of continuity for
the difference of Lupas operators and the classical ones are obtained, viz. Lupas and Baskakov operators,

Lupas and Szdsz operators, Lupas and Baskakov-Kantorovich operators, Lupas and Szdsz-Kantorovich
operators.
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1. Introduction

Varied approximation properties for the difference of linear positive operators having same/different
basis functions have been extensively studied and investigated (cf. [1], [2], [3], [4], [5], [6], [8], [9], [16],
etc.). In the present article, we discuss the difference of Lupas operators and Baskakov operators, Lupas
and Szdsz operators, Lupag and Baskakov-Kantorovich operators, Lupag and Szdsz-Kantorovich operators.
We also refer some references here, wherein researchers have studied approximation properties of classical

linear positive operators (cf. [7], [10], [11], [12], [13], [14], [17], [18], [19], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [35)).

Throughout the paper, let C5[0, o0) denote the class of all continuous functions on positive real axis and
f(x) = O(1 + x?). N. Ispir [20] considered the following weighted modulus of continuity:

Q(f,0) = sup |f(x+m)— f(x)| [(1+2)(1+m?)] .

x=0,|m|<d
Also, let C,[0, ) denote the closed subspace of C;[0, ), for which, lim |f(x)| (1 + ¥*)™! < C, for some
constant C and ||.|l, = sup |f(x)| (1 + x?)7L,

x€[0,00)

Very recently, Gupta [9] established a general estimate for the difference of operators having different basis
functions for A,, and B,,, where

Anlfx) =Y cukl) Fi(P)

keZ*
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and

Bu(f,2) = ) dux(x) GI(f)

keZ*

Theorem A.[9] Let f € C;[0, 00) with f” € C,[0, o). Then, for any two positive linear operators A, and B,
we have

[(An = Bo)(f, 0l < %Ilf"llz (B1(x) + 2(x)) + 8 Q(f", 01) (1 + p1.(x)) + 8 Q(f”, 62) (1 + Ba(x))

+16 Q(f, 03) (1 + y1(x)) + 16 Q(f, 64) (1 + y2(x)),

where 109 = % 6() [1+ (F(en)1 T5',

f(0) = X dus() 11+ (GLlen1 Ty,

010 = T ansl) [1+ (Fe)?1 7

030 = L ) [1+ GlenP1 7",

o5(x) = keZp Cn k() [1+ (Ff(en)’] [Fj(er) — xT*,

oy(x) = kGZT dui(x) [1+ (G (e1) 1[G} (er) = xT%,

y1(¥) = kEZT Cn (%) [1+ (Fi(e1))*] and y2(x) = kEZT dui(x) [1+ (Gj(e1)]:

Here, ¢,(f) = /,7 = 0,1,2,...; Ty = File; - F'(e1)]" and §;(x) < 1,i = 1,2,3,4.

We extend the studies of [9] as we study quantitative estimates in terms of weighted modulus of continuity

and obtain the difference between Lupas operators and certain classical ones.

2. Preliminaries

In the year 1995, A. Lupas [21] proposed the following discrete operators:

L) = Youe f(4]

k=0

- L) secom »

Lemma 2.1. [15] First few moments of the Lupas operators (1) are given by
Lu(eo,x) = 1,

Ly(e1,x) = x,
Ly ( = + 2_x
ale2,x) = x o
6x 6x
- B4
Ln(e3/ x) = X n — + nz’
2% 3632  26x
_ 4
Ln(€4,X) = X + T + 7 ?,
R 20x*  120x  250x%  150x
Lu(es,x) = x+ —t o + e + pra
6 30x°  300x*  1230x° 2040x2  1082x
Lq(eg,x) = x°+ + + + + .

n n2 ns n4 nd
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Remark 2.2. Denote Fi(f) := f(%) Then, Fi(e1) = % and for m € IN, we have
T, = Files - Fi(en)]” = 0.

In the year 1957, V. A. Baskakov proposed a generalization of the Bernstein polynomials based on negative
binomial distribution. For f € C[0, o), the Baskakov operators are defined as

VG = Y b ()
k=0

o (n+k—1 xk k
2 o) ®

k=0
Lemma 2.3. [15] First few moments of the Baskakov operators (2) are given by

VVI (60/ x) = 1/

Vl’l(ell x) = X
2, .2

nx? +x% +x

Valer,x) = ———,
n

n2x3 + 3nx3 + 2x° + 3nx% + 3x%2 + x

Vn(€3, x) = 2 7
n

3t + 6mZxt + 11nx* + 6x* + 61n2x3 + 18nx> + 12x3 + 7nx? + 76 + x

Vrl(e4/ X) = ’

1’l3
[xS(n + 1)+ 2)(1n + 3)(n + 4) + 10x* (1 + 1)(n + 2)(n + 3)]

+25x3(n + 1)(n +2) + 15x%(n + 1) + x
Vn(€5, X) = 714 ’

X+ 1)(n+2)(n+3)(n +4)(n +5) + 15x°(n + 1)(n + 2)(n + 3)(n + 4)
+65x*(n + 1)(n +2)(n +3) +90x3(n + 1)(n +2) + 31x’(n + 1) + x

nd

Vn(eél x)

Remark 2.4. For Baskakov operators, denote G (f) := f (f) . Then, GZ(el) = f and for m € N, we have
G;(, n n m
Tm = Gk [61 - Gk(el)] =0.

The Széasz-Mirakyan operators are generalizations of the Bernstein polynomials to infinite intervals. For
f € C[0, o), the Szasz operators are defined as

Sn(fr X) = Z‘sn,k(x) f(%)

k=0

= Yt (5) ©

k=0
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Lemma 2.5. [15] First few moments of the Szdsz-Mirakyan operators (3) are given by
Sn (60/ x) = 1/

Sn(el/x) = X,

5 X

Sp(ez,x) = x"+-—,

n

32 x
Su(es,x) = X+ —+ =
n( 3/ ) n nzl

6x>  7x2

_ A

Snley,x) = X+ ——d -t g,
S 5 10t 25%% 1527 x
ales,x) = x4+ . + " + e +ﬁ’

o  15x° 65xt 90x® 31x* «x
n(ee,x) = x —-
Sn(es, x) + t— ot —

n n n n n

Remark 2.6. For Szisz-Mirakyan operators, denote Hi(f) := f (%) - Then, H}(e1) = X and for m € N, we have

T, := H}les - Hi(en)]" = 0.

The Baskakov-Kantorovich operators are defined as

k+1

R(f0) = Y bu@n [ o)
k=0 A

= ) bux) JE() (4)
k=0

where b, «(x) is the Baskakov basis function defined in (2).
Lemma 2.7. By simple computation, first few moments of the Baskakov-Kantorovich operators (4) can be obtained as

Ru(eo,x) = 1,

Ry(e1,x) = x+ ol
2+ 1
X+ x2+x) +

Rn (82/ .X) n 37’12

k+l
Remark 2.8. We have Ji'(f) :==n f f(t) dt. Then, [} (e1) = 2’;—;1 and by simple computation, we have
k

n

Ji 2 _ 1
Ty = Jiler = Ji(e)]” = o’
I” L 6 _ 1
T = Jiler = Ji ()] = ase

The Szasz-Kantorovich operators are defined as

k+1
)

U (fx) = ) su)n f £(b) dt
k=0 &

(o]

= Y @ L), (5)

k=0



D. Soybas, N. Malik / Filomat 34:10 (2020), 3311-3318 3315
where s,, x(x) is the Szasz basis function defined in (3).

Lemma 2.9. By simple computation, first few moments of the Szdsz-Kantorovich operators (5) can be obtained as

Un (60/ X) = 1/

1
= + —
Un(ellx) X an
2x 1
Uuer,x) = 2>+ =+
n(ez x) X n 37’12

Remark 2.10. We have I}(f) :=n f(t) dt. Then, I}'(e1) = 21;_:1 and by simple computation, we have

n L 2 _
I3 = Lle - L)l = 5o,

n 1
— 6 _
Ty = I'ler - I'(en)]° = v

3. Difference of operators/Quantitative Estimates

We compute the magnitude of difference of the two operators having the different basis functions. As
an application of Theorem A, we have the following quantitative estimates for the difference between the
operators.

Theorem 3.1. Let f € C,[0, 00) with f” € C,[0, 00). Then, we have

1.
Ly = Va)(f, 0l < 16 Q(f,63) (1 + y1(x) + 16 Q(f, 64) (1 + y2(x)),
where
g _ 120 386 144007 1082¢ 12 26x
s = T R
5 _ox ox 3l 27x%  7x% 3x% 180x°
e B
210x®  48x>  6x> 390x* 515x*  138x*
T Tttt T i e
6x*  360x° 510x° 157x°  6x°  120x°
L T S R B
178x%  61x  3x6
oA e e
2
yl(x)=1+x2+—x
n
and

yo(x) = 1+ 2% + X +x),
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ILn = S)(f, 01 < 16 Q(f,63) (1 +y1(x)) + 16 Q(f, 64) (1 + y2(x)),

where
o 127 38623  1440x2  1082x 124  26x
O5(x) = " + e + pr + 5 + s +?,
3x* 36x3 27x* x 3% «x
4 _ Aot A
6w = w2 nt o nb w2 on¥
2
yl(x)=1+x2+—x
n
and
X
=1+x2+=.
y2(x) 2
1 44 44
[(Ln — R)(f, x)l < Ellf ll2 B2(x) + 8 Q(f”, 62) (1 + f2(x))
+16 Q(f, 63) (1 + y1(x)) + 16 Q(f, 04) (1 + y2(x)),
where
1 S, 1y 2x 1 }
= — 1+=)+—+—,
po(x) 12n2 {1+x ( n) n  4n?
1 1 2x 1
4 = 2 1+—)+—+ —}
%20 = Tgis {1+x( +n) n a2
o 127 38623  1440¢2  1082x 124  26x
O5(x) = " + e + pr + 5 + s +?,
S = L dsr ox 17712 129307
4 © 64n®  16m*  4nd  2n3  16md 16n4
29x%  3x%2  380x° 405x° 141x3  6x°
2n3 +?+ nd° * nt * 2n3 +?
+1185x4 N 2985x* + 351x* N 23x* 4 432x° N 600x°
2nd 4n4 2n3 4n2 nd nt
176x°  6x° 120x® 178x° 61x® 3x°
n3 ?Jr nd * n4 * n3 2’
2
yl(x):1+x2+—x
n
and
1 2x 1
_ 2 _ - .
Y2(x) =1+x (1+n)+ ” +4n2

3316
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I(Ly — Un)(f, 0] < %Ilf”llz Ba(x) + 8 Q(f", 62) (1 + P2(x))
+16 Q(f,63) (1 + y1(x)) + 16 Q(f, 64) (1 + y2(x)),

where

1 5 2x
ﬁz(x)—m{1+x +7+—},

1 2x 1
40N _ 2, 2 -
62(x)_—448n6 {1+x + - + },

s _ 1260 386 14400 1082x 122 26x
30 = R I R
i 1 1 450 9x 12932 3% 109 11y
4 64n°  16n*  4n5 218 16n* n? 2n3 4n2’

yl(x):1+x2+2n—x

and
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