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Abstract. In this article, we use the (M,N)-Lucas polynomials to define a new family Hx(A; x) of normalized
holomorphic and bi-univalent functions and to establish the bounds for |a,| and |as|, where a5, a3 are the

initial Taylor-Maclaurin coefficients. Further we investigate Fekete-Szeg6 inequality for functions in the
family Hy(A; x) which we have introduced here.

1. Introduction

Let A denote the family of functions which are holomorphic in the open unit disk

D={z:zeC and |z]<1}
and have the following normalized form:

fz)=z+ Z a,z". 1)
n=2

We also denote by S the subclass of A consisting of functions which are also univalent in ID. According
to the Koebe-one quarter theorem [2], every function f € S has an inverse f! defined by

U (f@)=z (zeD)

and

fF@)=e (< oz ),

where
f‘l(w) =w—aw + (Zag - a3) w — (5{12 — bazas + a4) whoo (2)

A function f € A is called bi-univalent in ID if both f and f~! are univalent in D, We indicate by ¥ the
class of normalized bi-univalent functions in ID given by (1). For a brief historical account and for several
interesting examples of functions in the class X; see the pioneering work on this subject by Srivastava et al.
[20], which actually revived the study of bi-univalent functions in recent years. From the work of Srivastava
et al. [20], we choose to recall the following examples of functions in the class X :
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1+z)

1
—log(1 -2z2) and 3 log(1 —

1-2’
We notice that the class L is not empty. However, the Koebe function is not a member of .

In a considerably large number of sequels to the aforementioned work of Srivastava et al. [20], several
different subclasses of the bi-univalent function class £ were introduced and studied analogously by the
many authors (see, for example, [1, 5, 6, 9-16, 18, 21, 23, 24]), but only non-sharp estimates on the initial
coefficients |a;| and |as| in the Taylor Maclaurin expansion (1) were obtained in several recent papers. The
problem to find the general coefficient bounds on the Taylor-Maclaurin coefficients

la.l  (neN; nz3)

for functions f € X is still not completely addressed for many of the subclasses of the bi-univalent function
class X (see, for example, [14, 21, 23]). The Fekete-Szego functional |a3 - 6a§| for f € S is well known for its
rich history in the field of Geometric Function Theory. Its origin was in the disproof by Fekete and Szeg6
[3] of the Littlewood-Paley conjecture that the coefficients of odd univalent functions are bounded by unity.
The functional has since received great attention, particularly in the study of many subclasses of the family
of univalent functions. This topic has become of considerable interest among researchers in Geometric
Function Theory (see, for example, [17, 19, 22]).

Let the functions f and g be analytic in ID, we say that the function f is subordinate to g, if there exists a
Schwarz function w, which is analytic in ID with

w(0)=0 and lw(z)] <1 (zeD),

such that
f@ = g(0@).
This subordination is indicated by
f<g or f(z)<g(z) (zeD).
The Lucas polynomials plays an important role in a variety of disciplines in the mathematical, statistical,
physical and engineering sciences (see, for example [4, 8, 25]).

For the polynomials M(x) and N(x) with real coefficients, Lee and Asc1 [7] considered the (M,N)-Lucas
polynomials Lygnk(x), which are given by the following recurrence relation:

Lyni(x) = M(x)Lyng (x) + N()Lmng-2(x) (k2 2),
with
Luno(®) =2, Luni(x) = M(x) and  Lyna(x) = M?(x) + 2N(x). (©)
The generating function of the (M,N)-Lucas polynomial Ly;n(x) (see [7]) is given by

) 2 — M(x)z
T{LM,N/k(x)}(Z) = ; LM’N’k(x)Zk - 1- M(X)Z - N(x)zz.

2. Main Results

We begin this section by defining the new class Hyx(A; x) as follows:
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Definition 2.1. For 0 £ A £ 1, a function f € X is called in the class Hx(A; x) if it fulfills the conditions:

2@ 2f'(e)  APf@)+2f (@)
f@) " f'(2) B Azf'(z) + (1 = M) f(z) =< T{LM,N,k(x)}(Z) -1

1+

and

144 ’

1) -1 A2 (F1(w)) -1
+w@<m)+w0<m?_ wU'wp+wU<m)<TL w1,
@ @) Aew) =) )
where f~! is given by (2).

Example 2.2. For A =1, a function f € X is called in the class Hx(1;x) =: Sx.(x) if it fulfills the conditions:

zf'(z)
@ = Tiaww)® 1

and ( )/
w(f(w)
W < T{LM,N,k(x)}(w) -1,

where f~! is given by (2).
Example 2.3. For A =0, a function f € X is called in the class Hx(0; x) =: Cx(x) if it fulfills the conditions:

TG

7@~ Houwl® 1

" ( )//
w(f(w)
’ W < T{LM,N/k(x)}(w) -1,

where f~! is given by(2).
Our first main result is asserted by Theorem 2.4 below.
Theorem 2.4. For 0 £ A =1, let f € Abe in the class Hx(A; x). Then

IM()| vIM(x)]

V2| = DME@) - 2 - AP NG|

laz| <

and
M?(x) IM(x)|

2-17> 2B-21)

Proof. Suppose that f € Hy(A; x). Then there are two analytic functions ¢, 1 : ID — ID given by

|as| £

P(z) =11z + 1oZ% 4+ 1325 + - (z e D) 4)
and
Y(w) = s1w + W +s3w° + -+ (weD), 5)

with

d0)=1¢(0)=0 and max{|¢)(z) I,D(ZU)|} <1l (z,weD),

7
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such that

L@ SR AR+ E)

Yo TP @+ A-0f@

= —1 + Lyno(x) + Ly (0)(2) + Ly ()% (z) + -+ - (6)

and

144

Le@) (@) A (@) o w)
[ (w) (@) Aw(f @) + 1= A)f(w)
= =1+ Lyn,o(x) + L1 ()9 (@) + Lynp (0 (w) + -+ ()
Combining (4), (5), (6) and (7), yield

N zf'(z) N zf"(2)  AZf"(2) +zf(2)
f(z) f'(2) Azf'(z) + (1 = A)f(z)

=1+ LM,N,l(x)ﬁZ + [LM,N,l(X)I"z + LM,N,Q(X)T%] 22 + .- (8)

and

14 ”

Lolrw) e(fw) e (@) (@)
f(w) (F @) Aw(flw)) + 1 - A)f(w)

=1+ Lunai(x)siw + [LM,N,l(x)SZ + LM,N,Z(X)S%] W ©)

It is well-known that, if
max{|¢(z)| , |1,b(w)|} <1 (z,we D),
then

[nl<1  and |51 (VjeN). (10)

Now, by comparing the corresponding coefficients in (8) and (9), and after simplifying, we find that

(2—=A)az = Lpni(x)r, (11)

23 - 2A)a3 = (5= (A +1)°) @3 = Luni (x)ra + Luna (073, (12)

(A =2)ay = Lyn1(x)s1 (13)
and

(7 -8+ (A + 1)2)a§ —2(3 = 2A)az = Ly, (%)s2 + Lyna(x)s3. (14)

It follows from (11) and (13) that

r = -5 (15)
and

22— A) a3 =Ly, ()07 +57). (16)
If we add (12) to (14), we obtain

2(1+ (A = 1))a3 = Luni(0)(r2 + 52) + Luna(0)(73 + 3). 17)
Substituting the value of r% + sf from (16) in the right hand side of (17), we deduce that

Lain,2(x)

2{1+ (A -1)* -
Liana ™)

(2= A |a3 = Lini(x)(72 + 52). (18)
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Moreover computations using (3), (10) and (18), we find that

IM(x)] IM(x)|

\/2 (A = 1) M2(x) = (2 - A)? N(x)l.

laz| £

Next, if we subtract (14) from (12), we can easily see that
43 = 2MA)(a3 — a3) = Lyn1 (X)(r2 — $2) + Lign2(x)(r3 — s7).
In view of (15) and (16), we get from (19)

2
LM,N,l (.X') ) 2

- 2(2-7)7 (ry +s7) + L1 ()

& 13 -2))

(r2 — 52).

Thus applying (3), we conclude that

M3(x) IM(x)]
2-1)?2 20B-21)

las| <

0
Putting A = 1 in Theorem 2.4, we obtain the following result:

Corollary 2.5. If f € A be in the class Sx(x), then

il < M | |
and
s < M2y + .

Putting A = 0 in Theorem 2.4, we obtain the following result:

Corollary 2.6. If f € A be in the class Cx(x), then

IM(x)] IM()|

\/2 IM2(x) + 4N ()|

laz| <

and
M) M)

<
las| < 1 5

In the next theorem, we present the ”"Fekete-Szego inequality” for f € Hx(A; x).

Theorem 2.7. For0 £ A <1and 0 € R, let f € A be in the class Hy(A; x). Then

IM(x)|
2(3-24)

1 (2-A)°N(x)

)

IIA

os - o0
IM(x)Plo-1|
2|(A-1)M2(x)-(2- 1)’ N(x)|

1 (2=A)°N(x)
(|5—1|g m')\—l— M2(x)

)

3365

(19)
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Proof. By making use of (18) and (19), we conclude that

L?M,N,l(x)(rZ +52) Ly (x)(r2 — 52)

2[((A =12 +1) 12, = @ = 1 Luna(0)] 4(3-21)

1 1
= Ly (x) [((P((S? X) + m) 7y + ((p(é; X) — m)sz] ,

ﬂ3—6ﬂ%=(1—6)

where )
LM/N/l(x)(l - 0)

2[((A =12 +1) 12, (1) = @ = 1)’ Luna@)]

P(6;x) =

Thus, according to (3), we find that

IM(x)|
2(3-21)

(0 = o) < 5%m)

IA

|a3 - 6a§|
2IM@). |p(5; )|

(lp@:2)| 2 5557).

which, after some computations, yields

IM@)|
2G-21)

1 (@-APN(x)
(|5—1|g s [A -1 - G

)

Jas — 605 <
IM@)P15-1]
2|(A-1)M?(x)-(2-1)*N(x)|

1 (2—=1)°N(x)

|
Putting A = 1 in Theorem 2.7, we obtain the following result:
Corollary 2.8. If f € A be in the class Sx(x), then

M)l
2

(1o -1 = 553)

IM(x)Plo-1|
2ING)]

Jas — 03| <

(15112 5.

Putting A = 0 in Theorem 2.7, we obtain the following result:
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Corollary 2.9. If f € A be in the class Cx(x), then

M)l
6

1 4N(x)
(lé - 1| S 3 |1 + M2(x)

)

Jas — 003 <
IM(x)Pl6-1]
2|M2(x)+4N ()|

1 AN(x)
(16-112 41+ e

)

Putting 6 = 1 in Theorem 2.7, we obtain the following result:

Corollary 2.10. If f € A be in the class Hx(A; x), then

IM(x)|
jas - 23] < 2(?(%)
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