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More on Arhangel’skii Sheaf Amalgamations

Meiyan Liu?, Jiakui Yu?, Shuguo Zhang?
?College of Mathematics, Sichuan University, Chengdu, Sichuan, 610064 China

Abstract. We proceed to consider the topic of ideal-convergence. In particular, we introduce the

ideal-version of Arhangel’skii sheaf amalgamations, and exam the relations among the ideal-version of
Arhangel’skii sheaf amalgamations, ideal-version of QN-spaces and ideal-version of covering properties.

Some characterizations of ideal-version of Arhangel’skif sheaf amalgamations will be given. Our observa-
tions extend some classic results.

1. Introduction

All spaces are assumed to be infinite completely regular Hausdorff. For a given space X, and x € X, the
following notation, named as the sheaf at x, will be used throughout this note (see, [23]).

o I'; denotes the set of all nontrivial countable infinite sequences that converge to x.

In1972, A.V. Arhangel’skii [1] introduced the following local properties, which are named as Arhangel’skif
sheaf amalgamations (or Arhangel’skif a;-properties).

Definition 1.1. Let X be a topological space,

a1 -space: X is an aj-space if for each x € X, each sequence (O, : n € IN) of elements of I'y, there is a
single element O € I', such that O, \ O is finite for each n € IN.

ap -space: X is an ap-space if for each x € X, each sequence (O, : n € IN) of elements of I'y, there is a
single element O € I', such that O, N O is infinite for each n € IN.

a3 -space: X is an as-space if for each x € X, each sequence (O, : n € N) of elements of I'y, there is a
single element O € I', such that O, N O is infinite for infinitely many n € IN.

ay -space: X is an ay-space if for each x € X, each sequence (O, : n € IN) of elements of I'y, there is a
single element O € T', such that O, N O is nonempty for infinitely many n € IN.
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Lots of interesting notions (e.g, QN-spaces, wQN-spaces, covering properties) although defined for
essentially different purpose, are closely related to these a; properties. The idea of a;-properties was
applied to general selection principles theory (see, [18], [19] ). The references dealing with a;-properties
are too numerous to be listed here. When the ideal convergence appeared, for every theorem which deals
with convergence of sequences there is a natural question whether this theorem can be generalized in
some sense to the corresponding ideal-version? If not, then for which class of ideals such generalization
is possible. The ideal version of QN-spaces and wQN-spaces have been considered recently (see, [5], [9],
[26] ). There may be interesting questions to ask, for example, how about the ideal-version of Arhangel’skii
sheaf amalgamations? Is there any relation among ideal-QN spaces, ideal-covering properties and ideal-
Arhangel’skii sheaf amalgamations?

This paper is devoted to researching these questions. To beginning, we need to recall some necessary
notions.

Let IN be the set of all natural numbers. An ideal on IN is a nonempty family of subsets of IN closed
under taking finite unions and subsets of its elements. By Fin we denote the ideal of all finite subsets of IN.
If not explicitly said we assume that all considered ideals contain Fin and are proper (not contain IN). Let
X be a topological space. The set R¥ of all real functions: X — R is endowed with the Tychonoff product
topology. Let C,(X) be the set of all continuous real functions: X — R endowed with the topology which it
inherits as subset of RX.

Definition 1.2. Let X be a topological space, x € X, T being an ideal on IN.

e A sequence (x, : n € IN) of X is 7-convergent to x if for every open neighborhood U of x, {n € IN : x,, ¢
Ujer.

e A sequence (f, : n € N) from RX is 7-convergent to f if (f,(x) : n € IN) is 7-convergent to f(x) for
every x € X.

It is good to notice that the notion of ideal convergence is a generalization of the classical one. It was
first considered in the case of the ideal of sets of statistical density 0 by Steinhaus and Fast [14].

Let 7 be anideal on IN, x € X. we denote by 7-T', the set of all all nontrivial countable infinite sequences
that 7-converge to x. Now, we introduce the following key definitions.

Definition 1.3. Let 7, J be ideals on IN, X being a topological space.

(L, J)aq -space: Xisan (I, J)ar-space if for each x € X, each sequence (O, : n € N) from 7-T',, there is a single
element O € J-T', such that O, \ O is finite for each n € IN.

(L, J)ay -space: Xisan (I, J)az-space if for each x € X, each sequence (O, : n € N) from 7-T',, there is a single
element O € J-T', such that O,, N O is infinite for each n € IN.

(L, J)as -space: Xisan (I, J)as-space if for each x € X, each sequence (O, : n € N) from 7-T',, there is a single
element O € J-T, such that O, N O is infinite for infinitely many n € IN.

(L, J)ay -space: Xisan (I, J)as-space if for each x € X, each sequence (O, : n € N) from 7-T',, there is a single
element O € J-T, such that O, N O is nonempty for infinitely many n € IN.

It is easy to see that the (Fin, Fin)a;-spaces coincide with the corresponding a;-spaces. For convenience,
we denote by Ja;-spaces the (Fin, I)a;-spaces. The following is obvious,

(I/j)al = (I/j)az = (Irj)a3 = (I,j)014
Note that for any ideals 71, 7, J1 and J, on N such that 71 € 75, J1 € J>,
Xisan (Lo, J1)ai-space = X is an (11, J2)ai-space.

The paper is organized as follows: Section 2 introduces basic notions, and Section 3 discusses the 7 a5,-
spaces and J as-spaces. Section 4 is devoted to investigation of Zaj-spaces. Finally, the relations among
our main definitions and the (7, J-a1), (£, J-a4) introduced in [5] will be discussed in Section 5.
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2. Preliminaries

We shall use standard terminology and notations of topology and set theory (see [3, 12]). For any set X,
P(X) denotes the power set of X; |X| denotes the cardinality of X. Let 7 be anidealon N, 7* = {A CIN :
A¢Tl},I"={ACIN:A°eI},where A°isIN \ A.

2.1. Selection Principles on Covers

Let X be a topological space. A collection U of subsets of X is a cover of X if | J U = X and X ¢ U. Recall
that a cover U of X is a y-cover if for every x € X, x is contained in all but finitely many members of U. Let
O(X) denote the family of all open covers of X, and I'(X) be the collection of all open y-covers. When X is
clear from the context, we shall write O, I instead of O(X), I'(X). Similarly, let I'r, 'y, I's denote the families
of all countable closed y-covers of X, all clopen y-covers and all Borel y-covers respectively.

In [24], Marion Scheepers began a systematic study of selection principles in topology and their relations
to game theory and Ramsey theory. Let A, B be families of subsets of X, let’s recall the following types of
selection principles:

e 51(A, B): For any sequence (U, € A : n € IN), thereisa U, € U, for each n € N such that {U, : n € N}
€ B.

® S¢in(A, B): For any sequence (U, € A : n € IN), there is a finite V,, C U, for each n € IN such that
Unen Vi € 8.

o Usiy(A, B): For any sequence (U, € A : n € N), there is a finite V,, C U, for each n € N such that
UV, :neN}eB.

2.2. Sequence Selection Property

A space X has the sequence selection property if for every x € X, S1(I'y, I'y) holds. The sequence selection
property was introduced by M. Scheepers in [22]. It is well known that X is an a,-space iff X has the
S51(I'y, I'y)-property. We modify this notion by ideals on IN as follow.

Definition 2.1. Let 7 be an ideal on IN. A space X has J-sequence selection property if for every x € X,
51y, Z-T';) holds.

In the space C,(X), let 0 denote the zero function.
e T'j denotes all countable infinite sequences from C,(X) that converge pointwise to 0;
e I-I' denotes all countable infinite sequences from C,(X) that 7-converge point-wise to 0.

Note that C,(X) is homogeneous (as a topological group), so C,(X) has property S1(I'y, I'g) if and only if
Cp(X) has the sequence selection property.

2.3. QN-Spaces and wQN-Spaces
The notions of QN-spaces and wQN-spaces are introduced in [7], and they are extended in [9] as follow
(see also, [26]).

Definition 2.2. Let J be an ideal on IN, and X be a topological space.

(1) Xiscalled a JQN-space if any sequence (f, : n € IN) € I is JQN-convergent (there exists a sequence
(e >0:n€N) e J-Tysuchthatforeveryx € X, {n € N : |f,(x)| > &,} € T).

(2) Xis called a JwQN-space if for any sequence (f, : n € IN) € I, there exists a sequence (1 : k € IN) of
natural numbers such that (f,, : k € N) is JQN-convergent to 0 (there exists sequence (¢ > 0 : 1 €
IN) € J-T such that for every x € X, {k € N : |f, ()] > &¢} € )
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The notions of (7, J)QN-spaces, (£, J)wQN-spaces are defined analogously. The relations among
a;-spaces, QN-spaces and wQN-spaces were revealed by the following result.

Theorem 2.3. ([4, 21, 23]) For any Tychonoff space X, the following hold.
(1) Xis a QN-space if, and only if, C,(X) is an ay-space.
(2) Xis a wQN-space if, and only if, C,(X) is an ay-space.

2.4. Orderings

Let 7, J be ideals on IN. For a map ¢ : N — N, the image of 7 is defined by ¢(J) = {A CIN: pI(A) e
J}). Clearly, ¢(J) is closed under subsets and finite unions and IN ¢ ¢(J). Moreover, if ¢ is finite-to-one
then () is an ideal.

Definition 2.4. Let 7, J be ideals on IN.
<k : For a function ¢ : N - N we write 7 <, J if I C ¢(J), i.e, p"}(A) € J forany A € I ([17]);

<ks : I <xp J if there is a finite-to-one function ¢ : N — N such that I <, J ([15]).

3. I ar-Spaces and 7 a4-Spaces

This section is devoted to studying 7 a,-spaces and J ay-spaces. In particular, we shall put effort to find
characterizations of these properties.

We say that a countable set converges to x if it has a bijective enumeration converges to x. When saying
A €Ty or I-T'y, we always assume that the index set of A is IN (that is, bijective enumeration).

Theorem 3.1. Let 11, 15, J1, 92 be ideals on IN such that I1 <gp 12, X being a topological space.
(1) If Cy(X) is an I1az-space, then it is an I raz-space.
(2) Moreover, assume that 1 <xp J2. If C,(X) is an (12, J1)az-space, then it is an (Z1, J2)az-space.

Proof. Since 11 <kp I, assume that ¢ : N — IN is a finite-to-one function such that 7y <, 7>. Let
(Ay : n € IN) be a sequence valued in I'y. Assume that for each nn € IN,

An = (f' 1k €N).

Since Cp(X) is an 1 jaz-space, there exists A € 71-I'5 such that A N A, are infinite for all n# € IN. Assume that
A= (fr:keN).

Now, we rearrange via ¢ each A\, as ( f;;(k) :k € N),and A as (fy() : k € IN). Note that for each A, its indexed

setis IN, so { (Z(k) :k € N} C {f] : k € N}. This ensures that the sequence (fy) : k € IN) intersects with each

A, infinitely. It is enough to show that (f,) : k € IN) € 7>-T. Note that, for each x € X, each ¢ > 0,

(k) : fpu () > €} € @~ ({k : [fl(x)] = €})

We finished the proof.
(2) We also assume that the finite-to-one function ¢: @ — @ witnesses that 7 <, 75, and the finite-to-one
function ¢: N — IN witnesses that J1 <y J>. Let (A, : n € N) be a sequence from 7;-I5. Assume that

An = (f]' 1k €N).
We rearrange each A, via ¢ as

Au=(fiy, keN).
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Then for each n € N, ;\; € I,-T'j. Indeed, for each x € X and each ¢ > 0
(P ¢ f7y @) 2 £} € @tk : [£7()] 2 e)).

Since CP(X) is an (1o, J1)az-space, there exists A € J1-I'y such that it intersects with each /Tn infinitely.
Assume that A = (fi : k € IN). Again, we rearrange A, by

l

>

n = Ugipu K €ND-
and

A = (fyp : k€ N).
Then Ae J>-T5 for each n € N since for each x € X and ¢,

{Y(k) : Ifpr@)| = e} S Y1k : [fi(x)] > &}).

Since ¢ is finite-to-one, A intersects with each X,, infinitely. Note also that { f$(¢( : ke IN} C{ fk" 1k e N},

k)
so A intersects with each A, infinitely, and then we complete the proof. [

With the same argument of the proof of Lemma 1 in [23], it is easy to get the following result.
Lemma 3.2. Let I be an ideal on IN. The following hold true.
(a) (fu:neN)eI-Tyifand only if (|f,| : n € N) € I-T}.
(b) If (f;, : m € IN) € I-T'g for every n € N, then (Y« fam : m € N) € I-Tg for any k € IN.
Let C € N, and A € P(IN). Recall that C is called a pseudounion of A if
e IN '\ C is infinite;
e AC"Cforany A€ HA,

where A C* C means A \ C is finite.

It is well known that 7 has a pseudounion if and only if 7 <gp Fin (see, e.g, [26, Remark 4.2]). Recall
that if 7 has a pseudounion, then X is a wQN-space if and only if X is an TwQN-space ([5], Corollary 3.4).
So, under the assumption of I <gp Fin, Ia; property is equal to a; fori = 2,3,4.

Definition 3.3. ([26]) Let 7, J be ideals on IN. 7 is called a weak P(J) ideal if for each sequence {A, : n €
N} C 7, thereexist A € 7+ such that AN A,, € T for each n € IN.

Lemma 3.4. ([26, Lemmaa 2.2]) Let 1, J be ideals on IN. The following are equivalent:
(1) g is not a weak P(T)-ideal.
(2) There is a partition {A, : n € N} € J of N such that for any {B, : n € N} C I we have

UB:NnA)ed.

nelN

Theorem 3.5. Let 1,7 be ideals. If J is not a weak P(I)-ideal, then for each topological space X, C,(X) is an
(L, J)ay-space.

Proof. By the assumption there is a partition {A; : k € N} € 9 of N such that for any {By: k € N} € T
(1) UkenBcNAp) €.

Let (A, : n € IN) be a sequence from 7-I'5. We may assume that for each n € IN,
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Ay = (ff:meN).
Claim 3.6. (f, :m € A,,n € N) € J-T}.
Proof. For each x € X and each ¢ > 0, we have that {m € N : |f, ,(x)| > €} € T since A, € 7-T'5. Note that

U]N{m €A : |fn,m(x)| >el = U]N(An N{melN: |fn,m(x)| > 6})

By (1), the right side of the equation belongs to 7, and then {m € A,,n € N : |f, u(x)| > €} € J. This implies
that (f) :meA,neN)e J-Iy. O

It is easy to see that the sequence (f. : m € A,,n € N) intersects with infinitely many A,. O

Corollary 3.7. If 1 is not a weak P-ideal, then for every topological space X, Cy(X) is an I ay-space.

4. T a1-Space

In [27], Tsaban-Zdomskyy obtained an elegant characterization of a;-spaces via Borel images in IN™:
For any perfectly normal space X, C,(X) is an o space if, and only if each Borel image of X into NN is
bounded. We are interested in finding a similar characterization for 7 a;-spaces. The natural candidate for
the bound is the following key definition.

Definition 4.1. ([13]) Let 7 be an ideal on IN. For any f,g € NN, we say that f <7 gif [f > g] = {n: f(n) >
g(n)} € I. X € NN is I-bounded if there exists g € NN such that (Yf € X)(f <1 g).

Let 7 be an ideal on IN. Recall that 8 C 7 is a basis if (VI € 7)(dB € B)(I C B).

Theorem 4.2. Let I be an ideal with a pseudounion, X being a perfectly normal space. Then the following statements
are equivalent.

(1) Cp(X) is an I ay-space.
(2) Each Borel image of X in NN is T-bounded.
(3) X satisfies Uiy (B, I-Tg).

According to Corollary 3.4 in [5], if 1 is an ideal with a pseudounion, in the realm of perfectly normal
spaces, C,(X) is an Zaj-space if, and only if it is an aj-space. Among the result of Tsaban-Zdomskky
mentioned above, the implication (1) = (2) is obvious. The following lemma shows (2) = (1).

Lemma 4.3. Let X be a perfectly normal space, I being an ideal on IN with a pseudounion. If each Borel image of X
in NN is T-bounded, then Cy(X) is an Lay-space.

Proof. Let C € IN be a pseudounion of 7. That is, N \ C is infinite and A c* C for every A € 7. Let
(An : n € IN) be a sequence from I'y. Assume that for each n € N,
Ap = (fir :meN).
Define a map 1: X — NN by
Y(x)(0) = minfk : A(Ym > k) | f2(x) < 1}.
Foreachn > 1,
P(x)(n+1) = minfk : k > P)(n) A (Ym > k) | fi(x) < =)

This is a Borel map, so ¢[X] is 7-bounded in NN, and assume that g € NN witnesses this. Moreover, we
may assume that g is nondecreasing (Otherwise, we can replace g by g: §(n) = X g(i)). Note that for each

i<n
x€X,N\Cc [Y(x) <g]. Seth =go (N \ C), we have that
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P(x) < Px) o (N\C) <™ h

The first inequality holds due to the fact that each 1(x) is nondecreasing, and the second one thanks to the
assumption that g is nondecreasing. Put

A= (fr:m>h(n),neN).

Therefore, Y[X] <* h, which implies that A is convergent to 0. O
Lemma 4.4. X satisfies Ugiy(B, I-T'g) if and only if each Borel image of X in NN is T-bounded.

Proof. (=) For each n, m, let
s = fx: f@)(n) < ml.

Then for each n, {U;, : m € N} is a Borel cover of X. Since X satisfies Uy;,(B, Z-T'g), there exists a g € NN
such that

UV, :ne N}
is an Z7-Br-cover of X, where V,, = {U”, : m < g(n)}. For each x,
[g<f)]Ci{n:x¢guV,}el.

This shows that f[X] is 7-bounded in NN,
(<) For any sequence {U,, : n € IN} of Borel covers of X. Assume that for each ,

U, = {U" :n € NJ.

Without loss of generality, we may assume that for each n, U, is consisting of pairwise disjoint Borel sets.
Define a function f: X —» NN by

f()(n) = mif m = minfk : x € U}'} for each n € N.
Then f is a Borel map, so there exists g € NN that is an 7-bound for f[X]. Put
Vo ={U} 1k < f(m)}.
For each x € X,
minguV,)Clg< fx)]el
Then {UV, : n € N}is an 7-Br cover of X. [

Let 1 be an ideal on IN. Denote by b the minimal size of 7-unbounded families in NN ([13]).

A sequence A = (f, : n € N) € I; is called monotonically convergens to 0 if for each x € X, f,(x) = f41(x)
for each n € IN. Modifying the monotonic sequence selection property introduced in [22], we define the
following notion.

Definition 4.5. ([8]) Let 7 be an ideal on IN, and X being a perfectly normal space. We say that X has the
Z-monotonic sequence selection property (written, S™(I'y, 7-Tp)) if for each sequence (A, : n € N) such that
each A, is monotonically converges to 0. There exists A € 7-I'g such that |A N A,| = 1 for each n.

Definition 4.6. ([10]) Let 7 be an ideal on IN, X being a topological space. X is called has the 7-Hurewicz
property if for any sequence (U, : n € IN) of y-covers, there exists for each n a finite V,, C U, such that
{UV,, : n € N} is an J-y-cover (that is, foreach x € X, {n : x ¢ UV,,} € 1).

Theorem 4.7. Let I be an ideal on IN. The minimal size of X C R such that C,(X) is not an I ay-space is by.



M. Liu et al. / Filomat 34:10 (2020), 3369-3380 3376

Note that the minimal size of X C R such that X does not have 7-Hurewicz is by ([11], Theorem 3.1). In
addition, it is easy to see that if C,(X) is an Z a;-space, then it has the S(I'y, 7-I'g) property, and then has the
511\/1 (T, Z-T'p) property.

For any topological space X, if X has the 7-Hurewicz property then C,(X) has the Sjl\/[(r(), I-Tp) ([8],
Theorem 3.4). Moreover, almost literal repetition of the proof of Theorem 1 in [22], give us the following.
For the reader’s convenience, we present here the proof.

Lemma 4.8. Let X be a perfectly normal space. If Co(X) has the SM(Tg, I-T), then X has the T-Hurewicz property.

Proof. Let (U,, : m € IN) be a sequence of y-covers of X, and assuming
Uy, = U :neN).
Thanks to the perfect normality of X, we further assume that for each m, each n,

m _— m
Uy = U unk’
keN 7

where (U7, : k € IN) is a increasing sequence of closed sets. Define for each m, each 1, each k, a continuous
function f": X — [0,1] by

o, ifxeurn, 1
fn,k(x)_ 1’ lfx¢ u:ln ( )

Define for each m, n a function gy (x): X — [0,1] by
gn0) =TI ).
jsn
Then for each m, let A,, = (g} : n € N), then A,, € T and is monotonically. By the property SM(I'5, 7-T),
there exists A € 7-I'g such that |JA N A,| = 1. Assume that
A = (g, :meN), where g, €A,.

Now, let V,,, = {U}” i j < ny). Then {UV,, : m € N} € ZI-T. Indeed, for each x € X, let A, = {m : |g}! (x)| > 1},
then A, € I since A € I-T5. So

(¥ € N\ A)@] < ma)(f7 () < 1).
This implies that x € U}", and then x € UV,,. Therefore, {m:x ¢ UV, } CA, €e1. O

Proof of Theorem 4.7 For each X C R with [X| < by, C;(X) is an Za;-space by Theorem 4.3. Taking
X € R with size by such that it is not an 7-Hurewicz space. Then C,(X) is not an Z a;-space.

Remark 4.9. It was showed that for each analytic P-deal 7, b = by ([13], Corollary 5.5). Thus, in the realms
of analytic P-ideals, the minimal size of X C IR such that C,(X) is not an Z«a;-space is by.

The next work is motivated by Lemma 30 in [27]. For h € NN, let Aj, = {(n,m); m < h(n),n € N} and
I, ={BCINxN:(dheNN)BCA),).

This is an ideal on IN X IN. The following notation can be viewed as a generalization of the 7-convergence
property introduced by Tsaban and Zdomskyy in [27].

Definition 4.10. Let 7, J be ideals on countable sets D;, D, respectively. We say that X has IC(Z, J)-
property if for each sequence (f, : n € IN) of continuous functions that 7-converges to 0, there exists F € I*
such that (f, : n € F) is J-convergent to 0.
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It is easy to see that the IC(J}, Fin)-property is just the bounded-ideals convergence property. If we
require that (fy,, : n € IN) is J-convergent to 0 for

F = {7’l’lo < m <1’I12<"'}.
Then the IC(Z, Fin)-property coincides with the IC(J)-property defined in [16].

Theorem 4.11. Let T be an ideal on IN, and X being a perfectly normal space. Then the following conditions are
equivalent.

(1) X has IC(Iy, I)-property;
(2) Cy(X) is an I as-space.

Proof. (1) = (2) Let (A, : n € IN) be a sequence from I';. Assume that for each n € IN,
Ay = (f} :meN).

Putting all these functions together, and viewing it as a double indexed sequence, we have that
Claim 4.12. (f} : (n,m) € N X N) € I-T}.
Proof. Foreachx € X, each ¢ > 0. We need to show that {(n,m) e NXIN : |f}(x)| > €} € T}. Define h: N — IN
by

h(n) = minfk : (Vm > k)(|f1(x)] < €)}.
Then

{(n,m) e NxIN :|fr(x)] > e} C Ay

Note that A, € T}, we finish the proof of Claim. [

By (1), there exists A € I} such that (f;, : m € Aw),n € N) € I-I, where A, = {m : (n,m) € A}. In
addition, there exists h € NN such that A° C Aj,. Let

A= (fl:m>h(n),n eN).

Then A € I-T5, and A, \ A is finite for each n € IN.
(2) = (1) For each double indexed sequence (f;. : (n,m) € IN X IN) that belongs to 7,-I';. Let A, = (f; :
m € IN).

Claim 4.13. Foreachn € N, A, € T.

Proof. Note thatforany x € Xand anye > 0, {(n,m) € NXIN : |f}(x)| > €} € I}. So there exists li, . € NN such
that {(n,m) € N X N : [fi(x)| > €} € Ay, .. Therefore, for eachn € N, {m : |f;i(x)| > e} C {m:m < h,(n)}. O

Since Cp(X) is an Za;-space, there exists A € 7-I'g such that A, \ A is finite for each n € IN. Assume that
A = (fi, : m € N), and define i: N — N by

h(n) = max{k : (Ym = k)(fn € Ap)} + 1.
Then A, € I and (fy : (n,m) € Aj) € I-T5. O

Theorem 4.14. Let I be a P-ideal on IN, and X being a topological space. Then the following conditions each one
implies the next.

(1) X has IC(Fin, QN)-property;
(2) Xisa QN-space;
(3) X has IC(Z, QN)-property;
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(4) X has IC(I)-property.

Proof. (1) = (2) Let (f, : n € N) be a sequence from C,(X) that converges to 0. By IC(Fin, QN), there exists
F € Fin" such that (f, : n € F) is QN-convergent to 0. This implies that (f, : n € IN) is QN-convergent to 0.
(2) = (3) Assume that X is a QN-space. For any sequence (f, : n € IN) from C,(X) which 7-converges
to 0, since 1 is a P-ideal, there exists F € 1™ such that (f, : n € F) is convergent to 0 (see, [20]), and then it
QN-converges to 0 since X is a QN-space.
(3) = (4) Obvious. [

Remark 4.15. Note that every QN-space has IC(Fin, QN)-property, so these properties are coincide.

The following result shows that in the realm of P-ideals, the assumption of X having IC(J)-property in
Proposition 6.10 in [26] can be removed.

Proposition 4.16. Let 1 be a P-ideal on IN, X being a QN-space. Then for any ideal J that extends I, X is an
(£, J)QN-space

5. (I, J-a1) and (£, J-a4)
Definition 5.1. ([5]) Let 7, J be ideals on IN, X being a topological space.

(1) Cy(X) has the property (7, J-a1) if for each sequence ((fy; : m € IN) : n € IN) such that for eachn € N,

(fr: m € N) € I-T. There exists a sequence (B, : n € N) from J with |J B, = N such that
nelN

(Ve > 0)(Yx € X)AJ € T)(¥n,m)(m & JU B, — |f1(x)] < ).

(2) Cp(X) has the property (I, J-ay) if for each sequence ((f,; : m € N) : n € IN) such that for each n € IN,
(fy : m € N) € I-T5. There exists a sequence (m,, : n € IN) such that (f;; :n € N) € J-T5.

my

According to the definition, the property (7, J-a4) coincides with the S1(7-I'y, J-T'5) property. What's
more, we have the following.

Theorem 5.2. Let X be a topological space, and I, J being ideals on IN. Then C,(X) has the property (I, J-ay) if,
and only if it is an (I, J)as-space.

This result was implied by the following Lemma. The implication (1) = (2) is the same as Theorem 2
in [23], and the implication (2) = (3) is the same as Lemma 1(3) in [23]. To make the paper self-contained
and accessible to a wide audience, we supply proofs in the follows, all of these constructions are due to
Scheepers.

Lemma 5.3. Let 7, J be ideals on IN, X being a topological space. Then the following conditions each one implies
the next.

(1) Cy(X)isan (I, )ay-space;
(2) Cp(X) has the S1(I-T5, J-T) property;
(3) Cp(X)isan (I, T )az-space.

Proof. (1) = (2) Let ((f : k € N) : n € IN) be a sequence from Z-I'y such that for each 1, each k, each x € X,
fii(x) 2 0. Let

gr= X fi

0<i<m
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By Lemma 3.2, ((g}" : k€ IN): m e IN) € I-T;. By (1), there exist my < my <mz < --- and ny,np,n3,- -+, such
that (g, : k € N) € J-T5. That is, for each x, each ¢ > 0,
{k:lgni(x)l > e} € J.
Let mg = 0, choose for each i a k; by
fito) = fi formjq <i<m;.
For each i let ¢(i) be the unique j such that m;y < i < m;. Then ¢ is a finite-to-one function and

790 (x). Therefore, for each x € X, each ¢ > 0,

nondecreasing. So for each 7, each x € X, 0 < flf,(x) < Gngy

Me(i)

lilf @Iz el Clitlgn' W2 el e d.

Thus, j—lim,‘_,oof]é =0.
(2) = (3) Let (g : k € N) : m € N) C Z-T}. For each m € IN, construct a sequence (A« : k € N) C Z-T§
by
Ay = (gl :n = k).
We apply the 51(Z-15, J-T) to the sequence
Ao, Noa, Aoz, -+, Ao, Mg, A, oo Ano, Ant, M, e
There exists A € J-I'g such that [AN A, x| =1 foreachm, ke N. O
Lemma 5.4. Let 7, J be ideals on IN, X being a topological space. If Cy(X) is an (I, J)as-space, then it has the
property (I, J-ay).
Proof. Assume that C,(X) is an (£, J)a;-space. Let (A, : n € IN) from 7-I'. Assume for each n € IN that
Ay = (ffr:meN).
There exists A € J-T'y such that A, \ Ais finite foreachn € IN. Let A, = {m: f}i € A,\A},and A =IN\ U A,
and enumerate A as {a,, : n € IN}. We construct (B, : n € IN) as follow. If A is finite, "
By=AUAy, B, =A,forn>1.
If A is infinite, put for each n € IN,
B, = A, U{a,}.
Then the sequence (B, : n € IN) witnesses that C,(X) has the property (7, J-a1). O

We have the following diagram.

Z, T L, Jay ——— (I, J)ay
L, J-a1) (I, T-as)

(%)
Corollary 5.5. Let I be an ideal on IN, X being a topological space. If I <gp Fin. the following are equivalent:
(1) Cp(X) is an I as-space;
(2) X is an TwQN-space.

Proof. (1) = (2) is clear from the diagram & above. (2) = (1) is also clear since 7 <gp Fin (in this case
JwQN-spaces are 7 QN-spaces([5], Corollary 3.4)). O
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The following result shows that in some case, the (7, J)a; property is different from the property
(I s j _0(1)'

Proposition 5.6. If I is not a weak P-ideal, then there exists X C R such that C,(X) is not an I ay-space, but it has
the property (Fin, I-a).

Proof. Put together Theorem 4.7, Corollary 5.3 in [26]. O
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