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The Turdn Number of the Graph 3P5

Liquan Feng?, Yumei Hu?

#School of Mathematics, Tianjin University, Tianjin 300072, China

Abstract. The Turan number ex(n, H) of a graph H, is the maximum number of edges in a graph of order
n which does not contain H as a subgraph. Let Ex(n, H) denote all H-free graphs on n vertices with ex(n, H)
edges. Let P; denote a path consisting of i vertices, and mP; denote m disjoint copies of P;. In this paper, we
give the Turdn number ex(n, 3Ps) for all positive integers n, which partly solve the conjecture proposed by
L. Yuan and X. Zhang [7]. Moreover, we characterize all extremal graphs of 3Ps denoted by Ex(1, 3Ps).

1. Introduction

The graphs considered in this paper are simple and undirected. For a graph G = (V(G), E(G)), where
V(G) is the vertex set and E(G) is the edge set. Let the Turdn number ex(n, H) denote the maximum number
of edges in a simple graph of order n which does not contain H as a subgraph. Let P; denote a path of order i
and C,; denote a cycle of order g, mP; denote m disjoint copies of P;. For two vertex disjoint graphs G and F by
G UF we denote the vertex disjoint union of G and F, and by G + F the graph obtained from G U F by joining
all vertices between G and F. By G we denote the complement of the graph G. We denote by N(v) the set of
vertices adjacent to v in G, if V' C V(G), then Ng(V’) = U,y Ne(v), and degg(v) = INg(v)l. For u,v € V(G),
(u,v)is the edgebetweenuand v, and for A, B C V(G) withANB = 0,1et E(A, B) = {e € E(G)lenA # 0,enB # 0},
Gla denote the subgraph of G induced by A. For {vq,vs, ..., v,} € V(G), uis adjacent to {v1, vs, . .., v;y} means
that u is adjacent to each vertex in {v1, vy, ..., v;}. The basic notions not defined in this paper can be found
in [1].

In 1941, Turan [2] proved that the Turan graph T,_;(n) (balanced complete (r — 1)-partite graph on n
vertices) is the extremal graph without containing K, as a subgraph. Later, Moon [3] and Simonovits [4]
showed that Kx_; + Tr_1(n — k + 1) is the unique extremal graph containing no kK, for sufficient large n. In
1959, Erd6s and Gallai [5] proved that ex(n, Px) < (k — 2)n(1/2) with equality if and only if n = (k — 1)t. In
2011, N. Bushaw and N. Kettle [6] determined ex(n, kP;) for arbitrary I/, and n appropriately large relative to
kand .

ForF, = Py, UP, U---UPy , ki > ko >--- >k, Liu, Lidicky and Palmer [7] extended N. Bushaw and
N. Kettle’s result and determined ex(n, F,,) for n sufficiently large. But they didn’t solve the case for n with
minor conditions. In 2014, H. Bielak and S. Kieliszek [8] determined ex(n,3P;) for all n. L. Yuan and X.
Zhang [9, 10] determined the value of ex(n, kP3) for all n, and characterized all extremal graphs. Later, for
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small n, they determined ex(n, F,,) for k1, ks, ..., k;, are all even or there is at most one odd. If there are two
odds, they just obtained a result for ex(n, Py U P3). Finally, they proposed an important conjecture.

For convenience, we introduce the following definitions first.

Definition 1.1. [12] Let n > m > | > 3 be given three positive integers. Then n can be written as n =

(m-1)+t(l-1)+r, wheret >0and 0 <r <!-1. Denote by

=" o (!
e 2 2 2
Moreover, if n < m — 1, denote by [n,m,l]z(;).

Definition 1.2. [12] Lets =Y., L%J and k; be positive integers. If n > s, then we denote

[n,s] = (S R

1
5 )+(s—1)(n—s+1).

Conjecture 1.3. [10] Letky > ky > -+ 2 ky, 23 and k; > 3. F; = Py, UP, U --- U Py, then

ex(n/ PWI) = maX{[T’l, kl,k]], [7’1, kl + k2/ kz]/ cecy [n/ Z ki/ km]r [nl Z LE_” + C}/
i=1 1

i=

where c = 1ifall of ky, ky, ..., ki are odd, and c = 0 for otherwise. Moreover, the extremal graphs are

m
Ex(n, Py,), ..., Kyn 1 U Ex(t - Z ki+1,P)
i=1

and

K +(K; UK ifall of ki,ky, ..., kyare odd,

AL y )

K K otherwise.

LIRIALSEREIRY

Later, H. Bielak and S. Kieliszek [11] partly confirmed the conjecture 1.3, they determined ex(n,2Ps)
for all positive integers n and gave the extremal graph. In 2017, ex(n,2P;) was determined by Y. Lan, Z.
Qin and Y. Shi [12]. And ex(n, Ps U Py41) was proved by Y. Hu and H. Tian [13] recently. However, all of
them studied two disjoint paths with odd vertices. In this paper, we consider three disjoint odd paths, and
propose the result as follows.

Theorem 1.4. Let n be a positive integer.
ex(n,3Ps) = max{[n, 15,5],5n — 14}.

Moreover, the extremal graphs are K, for n < 15, K14 U H where H C Ex(n — 14, Ps) for 15 < n < 24 and
Ks + (K, U K-,,_7)f07’ n>24.

This result determine the value of ex(n, 3Ps) for all positive integers n that partly confirm the conjecture
1.3, and characterize all extremal graphs of 3Ps denoted by Ex(n,3Ps). We will prove it detailedly in the
next section.
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2. Proof of Theorem 1.4
For convenience, we first present the following important lemma which is used to prove our result.

Lemma 2.1. (Faudreeand Schelp [14]). If G is a graph with |V(G)| = kn+r(0 < k,0 < r < n) and G contains no P41,
then|E(G)| < kn(n—1)/2+r(r—1)/2 withequality ifand only if G = kK, UK, or G = tKnU(K(n_l)/z+E(,,+1)/2+(k_t_1)n+r),
for some 0 < t <k, where nis odd, and k > 0,r = (n £ 1)/2.

Corollary 2.2. Let n be a positive integer and n = r (mod 4). Then ex(n,Ps) = [2](3) + (}) = B'HrT(HD.
Lemma 2.3. (Erdds, Gallai [5]). Suppose that |V(G)| = n. If the following inequality

n-1)(I-1)

<
> +1 < [E(G)]

is satisfied for some | € N, then there exists a cycle C; C G for some q > 1.

Proof. [Proof of Theorem 1.4] Obviously, the extremal graph K, gives the lower and upper bounds of
ex(n,3Ps) for n < 15. Thus, ex(n, 3Ps) = (3) for n < 15.

For 15 < n < 24 (see Table 1), H does not contain 3Ps as a subgraph, so E(H) gives the lower bounds on
ex(n, 3Ps) for respective n. For n > 24, note that the graph G = K5 + (K, U K,,—7) dose not contain 3Ps as a
subgraph, this also gives us the lower bounds, ex(n, 3P5) > 5n — 14. Let 6 = |[E(H)| — (51 — 14), and 6 = 0 for
n>24.

Therefore, we would like to prove that 5n — 14 + ¢ is the upper bound for n > 15. Let us assume that
there exists a graph G such that |[V(G)| = n,|E(G)| = 5n — 13 + 6 and without a subgraph 3Ps. Applying
Lemma 2.3 to the graph G, we obtain

W+l§5n—l3+d
1311—18_26.
n-—1

We get G contains a Cg, table 1 gives the value of q for 15 < n < 24; for n > 24,6 = 0, we get [ < 10, then
g >10. Let0,1,2,...,q9 — 1 be the consecutive vertices in G,

n H |E(H)| q 5Sn—14 | 6
15 K14 UK, 91 14 61 30
16 K14 UK, 92 13,14 66 26
17 K14 UK;3 94 12,13,14 71 23
18 K14 UKy 97 12,13,14 76 21
19 | K14 UKy UKy 97 11,12,13,14 81 16
20 | Ky UKy UK, 98 11,12,13,14 86 12
21 | Ky UKy UK; 100 11,12,13,14 91 9
22 K14 U 2K, 103 10,11,12,13,14 96 7
23 | K14 U2K4 UKy 103 10,11,12,13,14 101 2

Table 1: The lower bounds on ex(n, 3Ps) for 15 < n < 24, with the cycle C; C G.

We should consider the following cases:

case 1. g > 15. We have P5 in C;, then 3Ps is a subgraph of G, a contradiction.

case 2. ¢ = 14. Let F = G — V(Cy4). Note that there are no edges between Cy4 and F, otherwise for some
f € V(F), without loss of generality, let (f,0) € E(G), thenwe getaPis = f012 ... 1112 13,50 3P5 is a
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subgraph of G. The minimum number of edges in F is equal to 51 — 13+ 0 — (124) =5n—-104 + 0. By Corollary
22,

3n—14) +r(r — 4)

ex(n — 14, Ps) = > ,

where n —14 =r (mod 4). We get ex(n — 14, P5) < 5n — 104 + 6 for n > % - r(4—7_r) - % Therefore, for n > 15
with different 6, we get Ps in F, then there exists 3P5 in G, a contradiction.

Remark 2.4 If we connect a vertex to two adjacent vertices in cycle simultaneously, we will get a longer
cycle. For example, there is a cycle C = vgv; ... 0,09, without loss of generality, let the vertex u be adjacent
to vy and vy, then we get a longer cycle C' = vouv; ...v,00. When a vertex is adjacent to some vertices in
a complete graph, some edges in complete graph should be deleted to avoid creating a longer cycle. For
instance, there is a complete graph K,,, V(K,) = {v1,v2,...,v,}, the longest cycle is C,. Let the vertex u be
adjacent to v; and v}, i,j € {1,2,...,n},j > i+ 1. Then we need to delete the edge (vi;1,vj+1), since otherwise
we get a longer cycle Cyy1 = u00;1...0...0j410;110;12 ... 0ju. In the same way, the edge (vi-1,vj-1) also
should be deleted.

case 3. g = 13. By table 1, for n = 15 with 91 edges, G does not contain C;3, so we just consider the
situation for n > 16. Let F = G — V(Cy3). If there does not exist any edge between Cy3 and F, then similar

to the case 2, |[E(F)| = 5n— 13+ 06 — (123) > ex(n — 13, Ps) for n > 12 — @ — %, where (n — 13) = r (mod 4).

Therefore, for n > 16 with different 6, there exists Ps in F, and we get 3Ps in G, a contradiction.

Let V; denote the vertex set that each vertex from V; has exactly i neighbors in C;, i = 0,1,2,...,9 -1,
V5o = V(F) = Vy. Note that in this case, V5 is an independent set, and the vertices from V), can be connected
only between themselves.

Without loss of generality, let (f,0) € E(G) for some f € V.. Then for all f’ € V.o — f, N¢,(f') €
{0,3,5,8,10}, otherwise, if f’ is adjacent to 1 or 4, we get Ps with {f",1,2,3,4},and P1p =56 ... 11120 f;
if (f’,2) € E(G), we get Ps = f012 f,PL =34567,P7 =89101112; if (f',6) € E(G), we get
Ps=12345,P, = f'6789,P =1011 120 f; the other situations are similar to above with symmetry. If f
is adjacent to other vertex on cycle, the property is preserved, that is if f is adjacent to v;, v; € V(Ci3), then
Ne, (f) € So, = {04, Vit3, Viss, Viss, Vir10) {f 143 > 13, then f” is adjacent to v;,3-13, the rest may be deduced by
analogy). With the property, if f is adjacent to {v;,, v;,,...,v;,} € V(Ci3), then N¢,,(f') € Sv,.1 N Svi2 N NSy, .
By Remark 2.4, f can be adjacent to nonadjacent vertices on Ci3, so I[Nc,,(f)| £ 6. Now we consider the
following subcases:

case 3.1. For all f € V., INc,,(f)| < 3 (see Figure 1). To make the edges of G as more as possible, let
INc,,(f)] = 3, the only situation is that N¢,,(f) = {0, 3, 8}. By Remark 2.4, there are at least 6 edges should be

deleted from K3, the dotted lines in the figure denote the edges in E(G). We get

r4—-r)
2

1 1
IE(G)| < (23) +3[Vsol — 6 + ex(|Vy, Ps) < (23) +3(n—13)— 6 — §|V0| - <5n-13+0,

r(4—r)
4

forn > 23—
contradiction.

- %, where |Vy| = v (mod 4). Therefore, for n > 16 with different 9, there exists 3P5 in G, a
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Figure 1: A graph with Ci3, and all vertices in V5o have three neighbors in Cy3.

case 3.2. There exists some f € V, that [Nc,,(f)| = 4 (see Figure 2). Then |[Nc,,(f')| < 2forall f' € Voo—f,
such as N¢,,(f) = {0,3,8,11} (or {0,5,8,10}), Nc,,(f") = {3,8} (or {0,5}). By Remark 2.4, there are at least 12
edges should be deleted from Ki3. We get

1 1 1 4 —
EG)| < (23) +2(|Vagl = 1) + 4 — 12 + ex(|Vy|, Ps) < ( 23) +2(1-13) =10 - 5|Vl - M0 5134,
forn > % - MT_” - %, where |Vy| = 7 (mod 4). There exists 3P5 in G, a contradiction.
T~
Ve N
/ \
| |
\ /
N /7
~ -
Vo

Figure 2: A graph with Cy3, and for some f € Vs, [Nc,, (f)| = 4.

case 3.3. There exists some f € Vg that [INc,(f)] = 5. Then |[Nc,(f')] < 1 for all f* € V¢ — f, such
as N¢,,(f) =1{0,2,5,7,10} (or {0, 3,5,8,10}), Nc,,(f') = 10 (or 0). By Remark 2.4, there are at least 19 edges
should be deleted from Kj3. We get

13
2

r(42_ D oCsn_13+5,

|E(G)| < (123) + Vool =14+ 5-19 +ex(|Vyl, P5s) < ( ) + g(n -13)-15-

forn > % - r(4—7_') - %, where |Vy| = r (mod 4). There exists 3P5 in G, a contradiction.

case 3.4. There exists some f € V that [INc,(f)| = 6. Then N¢,(f") = 0 for all f’ € Vo — f. By Remark
2.4, there are at least 20 edges should be deleted from K3, we get

r(4

IE(G)| < (123) +6— 20+ ex(n — 14, P5) < (123) - 14+ g(n —14) - M0 5134 5,

12 _ rd-rn 25

forn > %% — === — 2, where (n — 14) = r (mod 4). There exists 3Ps in G, a contradiction.
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case 4. g = 12. By table 1, we just consider the situation for n > 17. Let F = G — V(Cy2). Note that
V.o # 0, since otherwise E(F) > 5n — 13 + 6 — (%) > ex(n — 12, Ps) for n > 12 — @ -2 where(n-12)=r
(mod 4). Therefore, for n > 17 with different 6, there exists Ps in F, and we get 3P5 in G, a contradiction.

case 4.1. Suppose that there exists P, = fi /> in Gly,.

Since fi, f» € Vo, there are no more edges in Gly,,. Without loss of generality, let (f;,0) € E(G).
For f' € Voo — {fi, fo}, Nc,(f") € {0,2,5,7,10}, otherwise, if f’ is adjacent to 1 or 4, we get P5 with
{f',1,2,3,4}, and P1p = 56 ... 11 0 f; fo; if f’ is adjacent to 3 or 6, we get P5s with {f’,3,4,5,6}, and
P, =7891011,PY = f,, f1,0,1,2; the other situations are similar to above with symmetry. Moreover, f;
and f, are symmetric, if f, is adjacent to the vertices on cycle, the property is preserved, that is if f, is
adjacent to v;, v; € V(C12), then N¢,,(f") € Sy, = {0i, Vixa, Viss, Vir7, Vir10) (If i +2 > 12, then f’ is adjacent to
Ui+2-12, the rest may be deduced by analogy). With the property, if Nc,,(f2) = {vi,, Vi, ..., v;,} € V(Ci2), then
Ne,(f) ¢ Sv,.1 ol Svi2 N---NS,, . What’s more, by Remark 2.4, f2 can be adjacent to nonadjacent vertices in Ciy.
And f, can be adjacent to nonadjacent vertices in {0, 3,4, 5, 6,7, 8,9}, otherwise, if (f,,2) € E(G), there exists
alonger cycle C13 =0 f; /23 ... 10 11 0, the situations of vertices 1, 10, 11 are similar. So |[N¢,,(f2)| < 5.
Now we consider the following subcases:

case 4.1.1. INc,,(f2)| = 1 (see Figure 3). Without loss of generality, let Nc,,(f1) = N¢,,(f2) = 0, as previously
mentioned, f’ has at most five neighbors in Ci;. When |[N¢,,(f’)] = 5, by Remark 2.4, there are at least 17
edges should be deleted from Kj,. We get

r(d—r)

IE(G)| < (122) +5(Vsol = 2) + 3 = 17 + ex(|Vo), Ps) < (122) +5(n—12) — 24 — %IVol - <5n-13+5,

for -5 — @ — 0 < 0, where |Vy| = r (mod 4). So there exists 3P5 in G, a contradiction.

Figure 3: A graph with Cy, and P in Vs, [N, (f2)l = 1.

case 4.1.2. |Nc,(f2)| = 2 (see Figure 4). Then |Nc,(f')| < 4. When |N¢,(f")| = 4: if N¢,(f2) = {0,5}(or
{0,7}), then N¢,,(f") = {0,5,7,10}(or {0,2,5,7}), meanwhile, Nc¢,,(f1) = {0,5}(or {0,7}). By Remark 2.4, there
are at least 11 edges should be deleted from Kj,. We get

12

IE(G)| < ( ; ) +4([Vagl = 2) + 5 — 11 + ex(|Vol, Ps) < (122) 4 4(n—12)— 14— ;|VO| _ré-n

<5n—-13+5,

r(4-r)
2

forn > 17— — 0, where |Vy| = r (mod 4). There exists 3P5 in G, a contradiction.
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2
3 1 _-=x
AN " =
! an 7/ \ 7 N\
N~ Z : \ !/ \
5, T_ 311 12 [ I
6/...--'\ > /I \ /
‘::"'--.,\/ ' / \ /
4 N f ~ -
8 Vo Vo

Figure 4: A graph with Cy2 and P in Vs, IN¢c,, (f2)] = 2.

case 4.1.3. [Nc,,(f2)| = 3 (see Figure 5). Then [N¢,,(f")| < 3. When |[N¢,,(f")| = 3: if N¢,,(f2) = {0,5, 7}, then
Nec,(f) =10,5,7}, meanwhile, Nc¢,,(f1) = {0,5}(or {0,7}). By Remark 2.4, there are at least 6 edges should be
deleted from Kj,. We get

<5n—-13+96,

IEG)| < (122) +3(1Vs0l —2) + 6 — 6+ ex(|Vol, Ps) < (122) +3(n-12) -6~ glVO' - Mz_ :

forn > % - r(44—_r) - %, where |Vy| = 7 (mod 4). There exists 3P5 in G, a contradiction.

Figure 5: A graph with Cy, and P in Vs, IN¢,, (f2)] = 3.

case 4‘1'4' |Nclz(f2)| = 4/ |NC12(f/)| S 1 When |NC12(fI)| = 1: lf NC]Z(fZ) = {Ol 3/ 5/ 7} (Or {OI 5/ 7/ 9})/ then
Nec,(f") = 5(or 7). By Remark 2.4, there are at least 9 edges should be deleted from Kj,. We get

_r4-r)

|E(G)| < (122) + (|[Vsol =2) + 6 =9 +ex(|Vy|, Ps5) < (122) + ;(n -12)-5 <5n—-13+5,

forn > &76 - &7_7) - %, where |Vy| = 7 (mod 4). There exists a 3P5 in G, a contradiction.

case 4.1.5. [Nc,,(f2)| = 5, thatis N¢,,(f2) = {0,3,5,7,9}, then N¢c,,(f’) = 0. By Remark 2.4, there are at least
17 edges should be deleted from K;,. We get

r(4—r)
2

IE(G)| < (122) +7—17 + ex(n — 14, Ps) < (122) 10+ %(n —14) - <51—13+6,

forn > % - @ - %, where |Vy| = r (mod 4). There exists 3P5 in G, a contradiction.
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case 4.2. Suppose that V. is an independent set.

Let Vo, = {g € VoIN(g9) N V5o # 0} and V- = Vy — Vo, Let us consider the following subcases:

case 4.2.1. Vy, # 0.

There exists at least one vertex f in V5 that has neighbors in Vj,, then Vj, is an independent set and
deg(g) = 1,Yg € Vi, it means that |[E(Vo, Vi)l = Vol

For [Nc,,(f)| = 1, (see Figure 6). Similar to the case 4.1, f* € V.o — {f} has at most five neighbors in Cj5.
If INc,,(f)l = 5, by Remark 2.4, there are at least 17 edges should be deleted from Kj,. We get

12 12 7 4-
IE(G)| < (2 )+5(|V>0|—1)+1—17+|V0+|+ex(|V0_|,P5) < (2 )+5(n—12)—21—4|V0+|—§|V0_|—¥ < 5n—13+9,

for -2 — @ — 0 < 0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

Figure 6: A graph with Ci; and Vo, # 0.

For |Nc,(f)l = 2, INc,(f")] < 4. When |N¢,(f)l = 4: if N¢,(f) = {0,5}(or {0,7}), then Nc,(f") =
{0,5,7,10}(or {0,2,5,7}). By Remark 2.4, there are at least 11 edges should be deleted from K;,. We get

12
2

12
2

r4d—r)
2

|E(G)|§( )+4(|V>0|—1)+2—11+|V0+|+ex(|V0_|,P5)s( )+4(n—12)—13—3|V0+|—gIVO_I— < 51n—13+9,

forn > 18 — @ — 0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.
For |N¢,(f)l = 3, INc,(f))] £ 3. When |N¢,(f)] = 3: if N¢,(f2) = {0,5,7}, then N¢,(f") = {0,5,7}. By
Remark 2.4, there are at least 6 edges should be deleted from Kj,. We get

rd—r)
2

12 12
IE(G)| < (2 )+3(|V>0|—1)+3—6+|V0+|+ex(|V0|,P5) < (2 )+3(n—12)—6—2|V0+|—§IV0|— < 5n—13+9,

forn > % - 7(44—_7) — %, where |Vo_| = (mod 4). There exists 3Ps in G, a contradiction.

For [Nc,,(f)l = 4, INc,,(f')l < 1. When [N, (f')] = 1: if Ne,,(f2) = {0,3,5,7}(or {0,5,7,9}), then Ne,,(f') =
5(or 7). By Remark 2.4, there are at least 9 edges should be deleted from Kj,. We get

r(4d—r)

12 12
|E(G)| < (2 ) +([Vsol = 1) +4 =9+ |Vos| + ex(|Vo-|, P5) < (2 ) + ;(n -12)-6 - <5n-13+9,

1o _ &7_7) - %, where |Vy_| = (mod 4). There exists 3P5 in G, a contradiction.

For [N¢,,(f)l =5, N¢,, (f') = 0, by Remark 2.4, there are at least 17 edges should be deleted from Kj,. We
get

12 12 4-
IEG)| $(2)+5—17+|V0+|+ex(|V0|,P5) < (2)—1z+ %m-m-% <5n—13+3,
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forn>14 — r(4—7_r) - 276, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.
case 4.2.2. Vo, = 0.
By Remark 2.4, the vertices in Vo can be adjacent to at most 6 vertices in Cyp. Let V] = V50— Vi =
1,2,3,4,5,6.
case 4.2.2.1. Vs # 0. We have |Vg| = 1 and [V1]| = [Vs| — 1, or [Vg| = 2 and V! = 0, otherwise there exists
3Ps in G. For the two situations, there are at least 15 edges should be deleted from Kj,. We obtain

|E(G)| < (122) +6XxX1—-15+|V5o| =1+ ex(|Vy|,P5) < 5n—13 + 6,

102 _ rd-r) 2%

forn > =5 — === — 2, where |Vj| = r (mod 4), or

12
IE(G)| < (2)+6><2—15+ex(|V0|,P5) <51-13+6

forn > % - &7—0 — ?, where |[Vy| = v (mod 4). We get 3P5 in both situations, a contradiction.

case 4.2.2.2. Vg =0, Vs # 0. We have |Vs| = 1 and |[Nc,,(V!)| < 2, or |[Vs| = 2 and V! = () otherwise there
exists 3Ps in G. For the two situations, there are at least 14 edges should be deleted from Kj,. We obtain

|E(G)| < (122) +5x1-14+2(|Vsol = 1) + ex(|Vo|, P5) < 5n — 13 + 6,
forn > % - @ - g, where [Vy| = r (mod 4), or

IEG)| < (122) +5x2—14+ex(|Vyl, Ps) < 51— 13 + 6,

forn > % - r(4—7_r) - 27‘3, where |Vy| = r (mod 4). We get 3Ps in both situations, a contradiction.

case 4.2.2.3. Vg = V5 = 0. For V;,i = 1,2,3,4, let V; be the first nonempty setin Vy, V3, V2, V1, by Remark
2.4, there are at least (];1) — 1 edges should be deleted from Kj,. Then

4 .
IE(G)| < (122) + Z i Vil - ((] ’; 1) — 1) +ex(|Vol, Ps) < 51— 13 + 6,
i=1

for n > 17 with different 5, we get 3Ps in G, a contradiction.
case 5. g = 11. By table 1, we just consider the situation for n > 19. Let F = G — V(Cy1). Note that

V.o # 0, since otherwise E(F) > 5n — 13 + 0 — (121) > ex(n — 11, Ps) for n > % - @ - %, where (n —11) =r
(mod 4). Therefore, for n > 19 with different 6, there exists Ps in F, and we get 3P5 in G, a contradiction.
case 5.1. Suppose that there exists P3 = fi f,f3 in Glv,.

Since fi, f», f3 € Vo, there exists exactly one P3 and no more edges in V.o, Vo, = 0. Without loss of
generality, let (f1,0) € E(G). For f' € Voo — {f1, fo, f3}, Nc,, (f') € {3, 8]}, otherwise, if f” is adjacent to 0, we
getPs=f"0f1 fo f3,and Pi1p =12 ... 10; if f’ is adjacent to 1 or 4, we get Ps with {f’,1,2,3,4}, and Py =
56 ...100 f1 f f3;if f’ isadjacent to 2 or 5, we get Ps with {f’,2,3,4,5},and P, =678910,P7 =10 f1 f> f3;
the other situations are similar to above with symmetry. Moreover, f; and f; are symmetric, if f3 is adjacent
to other vertices on cycle, the property is preserved, that is if f; is adjacent to v;, v; € V(Cy1), then f’ can be
adjacent to Sy, = {viy3, virg} (If i + 3 > 11, then f’ is adjacent to vj,3-11, the rest may be deduced by analogy).
With the property, if f3 is adjacent to {v;,, vi,, . .., v;,} € V(Cy1), then N¢, (') € Svl1 n Sv,.Z N---N Sy, . Note that
f3 can be adjacent to nonadjacent vertices in {0, 4,5, 6,7}, otherwise, if (f3,3) € E(G), there exists a longer
cycleCi2 =0 f1 f f33 ... 100, the situations of vertices 1, 2, 8,9, 10 are similar. So |[N¢,,(f3)| < 3. In the same
way, f> can be adjacent to nonadjacent vertices in {0, 3,4, 5, 6,7, 8}. What’s more, if N¢c,, (f3) = vi, Nc,,(f2) = v},
v;,vj € V(Cp1), then j =1i,0r j <i—2,0rj>i+2. Now we consider the following subcases:
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case 5.1.1. For |Nc, (f3)| = 1 (see Figure 7). Without loss of generality, let Nc,,(f3) = Nc,(f1) = 0, as
previously mentioned, [Nc,, (f2)| < 4. Nc,(f’) € {3,8}, by Remark 2.4, there are at least 2 edges should be

deleted from Kj;. We get
r(4—r)

1
IE(G)| < (121) +2([Vsol = 3) + 8 = 2 + ex(|Vol, Ps) < (121) +2(n = 11) = 5Vol = =5 <51 - 13 +5,

for %6 - @ - ‘—; < 0, where |Vy| = r (mod 4), so there exists 3P5 in G, a contradiction.

Figure 7: A graph with Cy; and P3 in Vs, [INc; (f3)| = 1.

case 5.1.2. For [N¢,, (f3)| = 2 (see Figure 8). Then N¢,,(f3) = N¢,,(f1) =10,a},a € {4,5,6,7}. |[N¢,,(f2)| < 3,
and |[N¢,, (f')| < 1. By Remark 2.4, there are at least 2 edges should be deleted from K;;. We get

M<5n—13+5,

|E(G)| < (121) +([Vsol =3) +9 =2 +ex(|Vo|, P5) < (121) + %(n -11)+4 - >

forn > % - r(4—7_r) - 276, where |Vy| = r (mod 4). There exists 3P5 in G, a contradiction.

3 2
1 - T~
4 // N —
’ \ ~N
~ o ’ / \
- F—t2 \/
\ B '\ /
6 f’r / AN 7/
g / ~ _ -
7 ~— v
8 Voo 0

Figure 8: A graph with Cy; and P3 in Vs, INc, (f3)] = 2.

case 5.1.3. For [N¢, (f3)] = 3, N¢,,(f3) = {0,4,6}(or {0,4,7} or {0,5,7}), then N¢,,(f') = 0, and N¢,,(f1) =
Ng¢, (f2) = 0. By Remark 2.4, there are at least 6 edges should be deleted from K;;. We get

@<5n—13+6,

[E(G)| < (121) +7—-6+ex(n—14,Ps5) < (121) +1+ %(n —14) -
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forn> % — 180 _ 2 where (n - 14) = r (mod 4). There exists 3P5 in G, a contradiction.

case 5.2. Suppose that there exists P, = fi > in Gly.,.

Note that |E(Vso, Voi)| < [Voi| + 1. And Glv,, could contain more edges. Without loss of generality, let
f1, f» are adjacent to 0. Then other edges in V' can be adjacent to 2,4,7,9, otherwise, if there exists P, = f3f;
in Glv.,, f3, fa are adjacent to 0, we get Ps = fi 0 f3 fy, and Pyp =12 ... 10; if P, = f3f; is adjacent to 1,
wegetPs = f3 4123, PL=45678, P =9100 f; fo; if P, = f3f4 is adjacent to 3 or 5, we get Ps with
{f3,f2,3,4,5},and P, =6 78910, P = f1 f> 01 2; the situations of vertices 6, 8, 10 are similar to above with
symmetry. Generally, let f; or f, be adjacent to v;, v; € V(C11), then other edges in V. can be adjacent to
So; = {Vis2, Visa, Vis7, Viro} (If i+2 > 11, then f” is adjacent to vj;2-11, the rest may be deduced by analogy). With
the property, if N¢,,(f1) U N¢,, (f2) = {vyy, vi,, ..., i} € V(C11), then N¢,, (f3) U N¢,, (fs) € Sv,.1 N Sz,,.2 N NSy, .
Note that there are at most three independent edges in Gl|y,,. What’s more, since (fi,0) € E(G), f> can be
adjacent to nonadjacent vertices in {0, 3,4, 5, 6,7, 8}, otherwise we get a longer cycle. So [N¢,, (f2)| < 4. Now
we consider the following subcases:

case 5.2.1. For IN¢, (f2)| < 2 (see Figure 9). To make the edges of G as more as possible, let N¢,,(f1) =
Nc, (f2) = {0, 5}, then there exists a second edge (f3, f1) € E(Glv.,), Nc,,(f3) = Nc, (fa) € {7,9}, and there are
at most three independent edges in Gly,. Similar to the previous case, [Nc, (f')| < 5 for all isolated vertices
f" € Voo. When |N¢,,(f")] = 5, by Remark 2.4, there are at least 14 edges should be deleted from K;;. We

obtain

r(4—r)
2

|E(G)| < (121) +5(|Vsgl=2)+5+2—-14+|Voy |+ 1+ ex(|Vo-|, P5) < (121) +5(n—-11)-16— <5n—-13+9,

for -3 — @ — 0 <0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

Figure 9: A graph with Cy; and P in Vs, INc,, (f2)] = 2.

case 5.2.2. For 3 < |N¢, (f2)| < 4, then |N¢,,(f1)| < 2 and there exists only one edge in Gly_,. Moreover,
INc,,(f) £5,Vf" € Voo — {1, 2}. When |Nc, (f')] = 5, by Remark 2.4, there are at least 14 edges should be
deleted from K;;. We obtain

rd—r)

11 11
IEG)| < (2 ) +5(Vagl —2) + 7 — 14 + [Vou| + 1 + ex([Vo_|, Ps) < (2 ) +5(n—11)—16 - <5n-13+6,

for -3 — @ — 0 <0, where |Vy_| = r (mod 4). There exists 3Ps in G, a contradiction.

case 5.3. Suppose that V. is an independent set.

Let Vo_y = {h € Vo_INg(h) N Voy # 0}, Vo = Voo — Vo

case 5.3.1. Vo, # 0 (see Figure 10). Without loss of generality, let f g h be a path in F such that
f e Vs, g€ Vo, h € Vo_r. Then Vj_, is an independent set and |E(Vy:, Vo)l = [Vo-+|. Then for all
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f" € Voo—1{f}, Nc,,(f) € {3,8}, and Ny, (f’) = 0. Therefore, Ny_,(Vo+) = {f}, and V. is also an independent
set. By Remark 2.4, there are at least 2 edges should be deleted from Kj;. We obtain

4_
IEG)| < (121)+2(|V>0|—1)+1—2+|Vo+|+|V0_+|+ex(|V0__|,P5) < (121)+2(n—11)—3— " : D < 51-13+0,

forn > % - M% - g’, where |Vy__| = r (mod 4). There exists 3P5 in G, a contradiction.

Figure 10: A graph with Cy; and independent set Vo, Vo_4 # 0.

case 5.3.2. Vo_, =0, Vo, # 0.

case 5.3.2.1. Gly,, contains P, (see Figure 11). Then there exists only one edge (g1, g2) in Gly,, . It is same

to the previous case that Nc,, (f') € {3, 8}, Ny, (f") =0, so Nv_,(Vo+) = {f}. By Remark 2.4, there are at least
2 edges should be deleted from Kj;. We obtain

11 11 4-
|E(G)|s(2)+2(|V>0|—1)+1—2+|V0+|+1+ex(|V0|,P5)$(2)+2(n—11)—2—r( : D 5n-13+5,

we getn > 43—4 - @ - g, where |Vy_| = 7 (mod 4). There exists 3P5 in G, a contradiction.

/"Th\
/ | N
&l | \

g2 | ]

, | !
\ & /
\\levu_/
Vo

Figure 11: A graph with Cy; and P in Vo,.

case 5.3.2.2. V), is an independent set. In this case, [Ng(g)| = 1, or [Ng(g)| = 2 and |Vo.| = 1,Yg € V..

What's more, INc,,(f)| <£5,Vf € Voo. When |[N¢, (f)| = 5, by Remark 2.4, there are at least 14 edges should
be deleted from Kj;. Then we get

11 11 4-
IEG)| < (2 ) +5[Vaol = 14 + [Vos| + ex(IVo_|, Ps) < (2 ) +5(n—11)— 14 - r(Tr) <5n-13+5,
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for -1 — @ — 0 <0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

case 5.3.2.3. Vi, = 0. INc,(f)l £5,Vf € Vso. If INc, (f)lmax = i, by Remark 2.4, there are at least (izl) -1
edges should be deleted from Kj;. Then we obtain

|E(G)| < (121) +1i|Vsol = ((Z ; 1) - 1) +ex(|Vol,P5) <5n—13 4+,

for all n > 19 with different 6. Therefore we get 3P5 in G, a contradiction.

case 6. g = 10. By table 1, we just consider the situation for n > 22. Let F = G — V(Cyp). Note that
Vo # 0, since otherwise E(F) > 5n — 13 + 6 — (120) > ex(n — 10, Ps) forn > % — @ -2 wheren-10=r
(mod 4). Therefore, for n > 22 with different 6, we get Ps in F, and there exists 3Ps in G, a contradiction.

case 6.1. Suppose that there exists Py = f1 f» f3 fa in Glv,, (see Figure 12).

Since fi, f2, f3, fa € V5o, then Vj, is an independent set, and the vertices in Vo, just can be adjacent to f,
or f3, 50 E(Vso, Vi) = [Voil. Vot = 0. Without loss of generality, let (f1,0) € E(G), then N¢,,(x) € {0, 5} for
X = fi1, fs, otherwise we get a longer cycle. [Nc,,(f2)| + INc,, (f3)| < 4: if N¢,,(x) = 0, then N¢,,(f2) = N¢,,(f3) €
{0,b}, b € {4,5,6}, or N¢c,,(f2) = 0, N¢,(f3) € {0,4,6}; if N¢,,(x) = {0,5}, then N¢,,(f2) = Nc¢,(f3) € {0,5}.
For f" € Voo = {f1, f2, f3, fa}, f' can be adjacent to nonadjacent vertices in {0,2,3,5,7, 8}, otherwise, if f’ is
adjacent to 1 or 4, we get P5 with {f’,1,2,3,4}, and Pip =56 ... 90 fi f» f3 fs; the situations of vertices
6 and 9 are similar to above with symmetry. So |[Nc,(f')] < 4. Note that G|y, could contain more Py,
however, they just can be adjacent to {0,5}. Above all, to make the edges of G as more as possible, let
Nec,,(fi) = N¢y (f2) = Neyo(f3) = Ny (fa) = {0,5), and [N¢,, (') = 4. By Remark 2.4, there are at least 11 edges
should be deleted from K;p. We get

r4d—r)
2

IEG)| < (120) + 4(|Vagl = 4) + 11 = 11 + [Vos| + ex(IVo_], Ps) < (120) +4(n—10)—16 - <5n-13+35,

forn>2-

@ — 0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

Figure 12: A graph with Cyg and P4 in V.

case 6.2. Suppose that there exists P3 = f; > f3in Glv,,.

Since fi, fo, f3 € Vo, then V_. is an independent set, and E(Vo+, Vo-+) = [Vo—4|. IE(Vso, Vo)l < [Vou| +2
(when |E(V>o, Vo)l < [Voil +2, Vo_y = 0 and |V, | = 1). Gly,, contains at most one edge. Without loss
of generality, let (f1,0) € E(G). By Remark 2.4, f3 can be adjacent to nonadjacent vertices in {0, 4, 5, 6}, so
Nc,(f3) < 3. fo can be adjacent to nonadjacent vertices in {0,3,4,5,6,7}, and if Nc,,(f3) = v;, Nc,(f2) = v,
v;,vj € V(Cyo), then j=1i,0orj<i—2,0rj>i+2. For f' € Voo —{f1, fo, f3}, f’ can be adjacent to nonadjacent
vertices in Cyp, so N¢,,(f") < 5. Note that G|y, could contain more P3 or edges, however, they just can
be adjacent to {0,5}. Above all, to make the edges of G as more as possible, let Nc, (fi) = N¢,,(f3) =
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{0,4}, N¢,,(f2) = {0,4,7}, and |Nc,,(f")] = 5. By Remark 2.4, there are at least 10 edges should be deleted
from Kjp. We get

rd—r)
2

1 10
|E(G)| < (20)+5(|V>0|—3)+9—10+|V0+|+2+|V0_+|+ex(|V0__|,P5) < (2 )+5(n—10)—14— <5n-13+0,

for —6 — @ — 0 <0, where |Vo__| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.3. Suppose that there exists P, = f; f, in Gly.,.

Since fi, f» € Vs, then Vy_. is an independent set, and E(Vo., Vo—+) = [Vo—il. IE(Vs0, Vo)l < [Voul + 2,
and Gy,, contains at most one edge. Without loss of generality, let (f1,0) € E(G). By Remark 2.4, f;, f> can
be adjacent to nonadjacent vertices in {0,3,4,5, 6,7}, and if N¢,,(f1) = vi, Nc,,(f2) = v}, v;,vj € {0,3,4,5,6,7},
thenj=i,orj<i—2,0rj>i+2 So|Nc,(fi)l+INc,(f2)l <5, such as N¢,,(f1) = 0, N¢,,(f2) = {0,3,5,7}, or
Nec,,(f1) = 10,3}, N, (f2) = {0, 3, 6}. There exist at most five independent edges in Gly,,. For f* € Voo—{f1, f2},
f’ can be adjacent to nonadjacent vertices in Cyg, so N¢,,(f’) < 5. By Remark 2.4, there are at least 10 edges
should be deleted from K;o. We get

10
2

r(42_ D su_13+6,

1
IE(G)| < ( )+5(|V>0|—2)+6—10+|V0+|+2+|V0_+|+ex(|V0__|,P5) < (20)+5(n—10)—12—

for -4 — @ — 0 <0, where |Vy__| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.4. Suppose that V is an independent set.

Let Vo__y ={we Vo__INg(w) N Vo_y #0}, Vo = Vo = Vp__,.

case 6.4.1. Vo__. # 0 (see Figure 13). Without loss of generality, let f g h w be a path in F such that
feVa, g€ Vo, heVo_randw € Vy__,. Forall ' € V5o — f, f’ is adjacent to nonadjacent vertices in
{0,2,3,5,7,8}, otherwise, if f’ is adjacent to 1 or 4, we get Ps with {f",1,2,3,4},and P19y =56 ... 90 f gh w;
the other situations are similar to above with symmetry. So [N¢,,(f")| < 4. And if N¢,,(f’) contains vertices 2,
3,7, 0r 8, then Ny, (f') = 0. So to make the edges of G as more as possible, let [Nc,,(f")| = 4, N¢,,(f) = {0,5}.
f can’t be adjacent to g/, for all ' € V. — g, otherwise we get P5s = ¢’ f g hwin F. Therefore, Ny, (Vo-+) = g,
and V_, is anindependent set, otherwise, if there exists an edge 11 1" in G|y, _, , then there exists Ps = f gh’ hw
in F. so [E(Vo+, Vo-+)| = [Vo-+]. Vo——+ is an independent set and degg(w) = 1, so |E(Vo-+, Vo--)| = [Vo——4|. By
Remark 2.4, there are at least 11 edges should be deleted from K;g. We get

10

» 5n—-13+56,

4 —
IE(G)| s( )+4(|V>0|—1)—11 +3+|Voos |+ Vol +ex(|Vo__]|, Ps) < (120)+4(n—10)—12—¥ <

— 0, where |Vy___| = r (mod 4). There exists 3P5 in G, a contradiction.

forn>6—@

Figure 13: A graph with Cyy and independent set V., Vo__; # 0.

case 6.4.2. Vo__, =0, Vo_, #0.
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case 6.4.2.1. Suppose that there is a P, = Iy hp in Gly,_,.

Without loss of generality, let f g h1 h, be a path in F such that f € Vo, g € Vo4, 1, hy € V_,. Similar to
the previous case, for all f* € Vo — f, f’ is adjacent to nonadjacent vertices in {0, 2,3, 5,7, 8}, so [N¢,,(f')| < 4.
And if N¢, (f’) contains vertices 2, 3, 7, or 8, then Ny, (f’) = 0. Let |[N¢,(f")] = 4, N¢,(f) = {0,5}. So
Ny,.(Vo-1) = g. Moreover, there are at most one edge in Gly, ., otherwise, if there exists P = h3 hy in Gly,_,,
we get P5 = hy hy g hs hy in F. By Remark 2.4, there are at least 11 edges should be deleted from K;o. We get

4_
EG)| < (120)+4(|V>0|—1)—11+3+|V0_+|+1+ex(|V0__|,P5) < (120)+4(n—10)—11— " - D

<5n-13+5,

forn>7- @ — 0, where |[Vy__| = v (mod 4). There exists 3P5 in G, a contradiction.

case 6.4.2.2. Suppose that V(_, is an independent set.

Without loss of generality, let f g hbe a pathin Fsuchthat f € Vg, g € Vo, h € Vo_,. Forall f' € Voo—f,
f’ is adjacent to nonadjacent vertices in Cy, [Nc,,(f")| < 5. And if N¢,,(f’) contains vertices 1, 2, 3,4, 6,7, 8
or 9, then Ny, (f') = 0. Let INc,,(f")] =5, N¢,,(f) = 10,5}. Glv,, contains at most one P,. If thereisa P, = g ¢’
in Gly,,, then [Vo_,| = 2. If Vj, is an independent set, all vertices in Vo, can’t be adjacent to ' € V_, — h.
So [E(Vs0, Vo)l £ IVoil, [E(Vo+, Vo-+)l £ |Vosl. By Remark 2.4, there are at least 10 edges should be deleted
from Kjp. We get

r(d—r)

IE(G)| < (120) +5(Vaol = 1) = 10 + 1 + 2|Vou| + ex(|Vo——|, Ps) < (120) +5(n—10) — 14 — <5n-13+5,

for —6 — @ — 0 <0, where |Vy__| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.4.3. Vo_,. =0, Vo, #0.

case 6.4.3.1. Suppose that there is a P3 = g1 g2 g3 in Gly,, .

Without loss of generality, let (g1, f) € E(G). Forall f* € Voo — f, f’ is adjacent to nonadjacent vertices
in{0,2,3,5,7,8}, INc,,(f)| £ 4. And if N¢,,(f") contains vertices 2, 3, 7, or 8, then Ny, (f’) = 0. To make the
edges of G as more as possible, let |N¢,,(f') =4, N¢,,(f) = {0, 5}, then |E(Vso, Vo)l = [Vo+]. And there are no
more vertices in V., otherwise we get Ps in F. By Remark 2.4, there are at least 11 edges should be deleted
from Kjp. We get

<5n-13+9,

IE(G)| < (120) +4(|[Vaol = 1) = 11 + 6 + ex(IVo_|, Ps) < (120) +4(n—-10)—9 - “42_ )

forn>9-— @ — 0, where |[Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.4.3.2. Suppose that there is a P, = g1 ¢, in Gly,, .

Forall f" € Voo — f, f’ is adjacent to nonadjacent vertices in Cyg, INc,,(f')| £ 5. And if N¢,,(f’) contains
vertices 1,2, 3,4,6,7,80r9, Ny, (f') = 0. Let IN¢,,(f)] =5, Nc,(f) = {0,5}. Then [E(Vo, Voi)l = [Voil. Glv,,
contains at most one edge, otherwise we get Ps in F. By Remark 2,4, there are at least 10 edges should be
deleted from Kjg. We get

10
2

r(4

IEG)| < ( ) +5(Vaol = 1) =11+ 1 + [V | + 1 + ex(|Vo_|, P5) < (120) +5(n —10) — 14 — M0 5134 5

for —6 — @ — 0 < 0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.4.3.3. Suppose that V., is an independent set.

For all f € Vg, f can be adjacent to nonadjacent vertices in Cyg, so |[N¢,,(f)| < 5. Since Cjo contains Py,
then F can’t contain Ps. To make the edges of G as more as possible, let [N¢,,(f')| = 5. By Remark 2.4, there
are at least 10 edges should be deleted from Kjp. We get

10
2

r(4d—r)

1
IEG)| s( )+5|V>0| —10 + ex(n — 10, P5) < (20)+5(n— 10)~10 - =——— <5113 +¢,
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for -2 — @ — 0 <0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

case 6.4.4. Vo, = 0.

Recall that Vg is an independent set, for all f € Vs, f can be adjacent to nonadjacent vertices in Cyg, so
INc,, ()l <5. When [N¢,,(f')| = 5, by Remark 2.4, there are at least 10 edges should be deleted from K;o. We
get

1 1 4-
IE(G)| < (20) +5|Vsol = 10 + ex(|Vol, P5) < (20) +5(n—10) — 10 — ¥ <5n-13+5,

for -2 — @ — 0 <0, where |Vy_| = r (mod 4). There exists 3P5 in G, a contradiction.

In conclusion, the proof is completed. O
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